ASYMPTOTIC PROPERTIES OF INFINITESIMAL
CHARACTERS AND APPLICATIONS

ANDRES SAMBARINO

ABSTRACT. Inspired by Benoist, we study objects linked to integrable tangent
vectors on the character variety of a semi-group I' with values in a semi-simple
real-algebraic group G. We prove the cone of Jordan wvariations has non-
empty interior and, when G is split, establish non-empty interior of the set of
length-normalized variations. We apply these techniques to pressure forms on
Anosov representations and higher-rank Teichmiiller spaces. We identify an
explicit functional ¢ € a* whose pressure form is compatible with Goldman’s
symplectic form at Fuchsian points in the Hitchin component. Finally, we
show the degeneration of the Hausdorff dimension of higher-quasi-circles is
governed by a Diophantine equation.
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1. INTRODUCTION

Let T be a semi-group and G a Zariski-connected semi-simple real-algebraic Lie
group of the non-compact type. The character variety of I with values in G, of
morphisms up to conjugation, is denoted by ¥(I', G) = hom(I", G)/G. In this paper
we investigate several objects associated to an integrable tangent vector

veT,X(,G).

We will think of v as the (quotient projection of the) derivative of a curve (pt)se(—e,e)
in hom(T', G) with py = p and such that for every v € " the curve ¢ — p;(7y) is real-
analytic in some neighborhood of 0.

Let a be a Cartan subspace of G, a* C a a closed Weyl chamber and A : G — a™
be the Kostant-Jordan-Lyapunov-projection: up to signs, exp(A(g)) is conjugated
to the R-diagonalizable element of Jordan’s decomposition of g. Commonly, g is
lozodromic if A(g) € intat. For v € T we let A7 : X(TI', G) — a be the map

0
N'(n) = A(n(3)) and AN (v) = |~ Alpe(7)) € @
its differential at v. For ¢ € a* we let 7 : X(I', G) — R be the composition
p7 =poN in = o(A(n())).

Recall that Benoist’s limit cone of p is defined by £, = {Ry - AY(p) : v € T'}. Its
dual (£,)* consists on linear forms ¢ € a* such that ¥|£, > 0.

1.1. The cone of Jordan variations. We introduce the cone of Jordan variations

vy, = {IR+ -dA7(v) : v € T with loxodromic p(’y)} Ca

and for ¢ € int (£,)* we introduce the set of normalized variations
v ._ {d?ﬂ(v)
v LY(e)
We will rule off variations that occur in proper normal subgroups of G. Write
g =P, 9: with g; a simple ideal and assume we’ve chosen the Cartan subspaces
a; of g; so that a = €, a;. Let p; : a — a; be the associated projections. Then
v has full loxodromic variation if for every ¢ € I one has p;(7Z#,) # {0}, so full
stands for 'non-trivial variation in every simple factor of G’ and loxodromic stands
for ’the variation is seen on loxodromic elements’. A «y € T with loxodromic p(7)
has full variation if Vi p; (d\Y(v)) # 0.
Let us simplify terminology and say that v has Zariski-dense base-point if v €
T,X(T",G) and p(T') is Zariski-dense in G. The following statements can be found
(respectively) in Corollary 8.4, Proposition 9.1 and Proposition 9.6.

: v € I' with loxodromic p(w)} Ca.

Theorem A. Letv € T,X(I',G) have Zariski-dense base point and full loxodromic
variation. Then, Zf, is convexr and has non-empty interior. Moreover, full varia-
tion elements of p(T) are Zariski-dense in G and their Jordan projections intersect
any open subcone of L,. For every ¢ € int (£,)* the set VY is conve.

The most involved statement is to guarantee non-empty interior of Z_#,. This is
of course analogous, and inspired by, the classical result by Benoist [3] stating that
if p(T") is Zariski-dense then £, is convex and has non-empty interior.



3

Theorem A is stablished by means of the affine geometry Gx aqg. If (g, x) € Gx g
has loxodromic linear part, i.e. g is loxodromic, then its Margulis projection is well
defined. This is a conjugacy invariant introduced by Margulis [54, 55] for the
affine group SO2,1 xR3, when he proved existence of non-abelian free groups acting
properly discontinuously on R? by affine transformations. In the current context,
this projection was defined by Smilga [70].

The bridge between Theorem A and the affine geometry is given by Proposition
8.1 below, independently established Kassel-Smilga [41] and also by Ghosh [27] who
further requires that G is split. Recall that a variation v € T,X(T', G) induces a
1-cocycle u, : I' — g defined by

? i
u(7) =z pe()p(N) (L.1)
t=0
and (p,u,) is a group morphism I' — G x g. Then, Proposition 8.1 states that
dA7(v) coincides with the a-coordinate of the Margulis projection of (p(7), uy(7)).

We then study more general affine groups G x4 V for a class of representations
¢ : G = SL(V) and establish non-empty interior results in this setting (Corollary
4.6 for irreducible ¢ and Corollary 6.6 when ¢ is reducible but disjoined). Similar
versions of Corollary 4.6 will also appear in Kassel-Smilga [11] and in Ghosh [29],
in particular [41] obtains the convexity stated in Theorem A.

To mimic Benoist’s proof in [3] we introduce the concept of affine ratio, an
invariant of four affine flags in general position; that can also be found in the
independent work of Ghosh [27] (for split groups, who also proves convexity of
spectrum in this case). We then rely on Smilga’s work [71] to relate the defect of
additivity of Margulis’s invariants to this affine ratio. These results are achieved in
Part 1, however this viewpoint is used in the sequel, specially for Theorem C.

As a consequence we obtain the following, generalizing previous work of Mess
[57], Goldman-Labourie-Margulis [31] (see also the alternative proof given by Danciger-
Guéritaud-Kassel [21]) on HZ. If H is rank 1 and simple, and p : T' — H is convex
co-cocompact, then we let 4(p) be the Hausdorff dimension of its limit set. Recall
from Bridgeman-Canary-Labourie-S. [14] that Z is analytic about p.

Corollary (Corollary 11.5 - Deformations along level sets of # give non-proper
actions). Let H be the (identity component of the) isometry group of Hy n # 3,
HE n > 2, or the Cayley hyperbolic plane. Let v € T,X(T,H) have Zariski-dense
and convex-co-compact base-point, if d%4(v) = 0 then the action (p,u,) on b is not
proper.

1.2. Base point LivSic-independence. Denote by A the set of simple restricted
roots associated to at. For ¢ € A let g, be its root-space (Eq. (2.1)). For a
non-empty ¢ C A the subspace ay = (), ca_y ker o comes equipped with a natural
projection my : a — ay (see §2.6). We let
)\19 = Ty © )\,
\/Zg,v =Ty (V;ﬂ) :
In Corollary 10.5 we prove the following:

Theorem B (Double-density for roots with multiplicity 1). Let v € T,X(T',G)
have full loxodromic variation and Zariski-dense basepoint. Let ¥ C A be such that



dimg, =1 for all o € ¥, then the additive group spanned by
{(dN}(v),N(p)) : v € T with lozodromic p(v)}

is dense in ag x a. In particular, for any ¢ € int (£L,)* the convex set \/?U has
non-empty intertor.

Before passing to the next subsection we show two applications of Theorem B.
The first one can be found in Corollary 11.7, we refer the reader to §2.12 for the
definition of Anosov representations, introduced by Labourie [48] and generalized
by Guichard-Wienhard [35]. Recall also that for p € X(I',SL(3,R)) the Hilbert
entropy is defined by

féy = lim %log#{[’y} E m < t}.

t—o00 2

Corollary (No proper actions above level sets of entropy). Consider a A-Anosov
p: T — SL(3,R) with Zariski-dense image and v € T,X(T,SL(3,R)). If dA"(v) =
0 then the affine action on sl(3,R) wvia u, is not proper. Moreover, there is a
neighborhood U of (p,v) in TX(T,SL(3,R)) such that for all (n,w) € U the action
via Uy, 1S also mot proper.

The second one can be found in Corollary 13.5, the definition of the Hitchin
component Hy(S) of S associated to a simple split g can be found in §1.3.

Corollary (Curves with arbitrary small root-variation). Let g be simple split, ¢ €
A, ws € a* be the associated fundamental weight and 0 # v € T,H4(S) have
Zariski-dense base-point. Then, there exists h > 0 such that for positive € and §
there exists C > 0 with

eht

#{[7] € [mS] primitive : w}(p) € (t —e,t] and |do” (v)| < 6} ~ Ct3/2'

In particular, for every § > 0 there exists v € m1.S with arbitrary large translation
length and such that |do”(v)] < 4.

1.3. Pressure forms for higher-rank Teichmiiller spaces. A fundamental
question in higher rank Teichmiiller theory consists on finding an analog of the
Weil-Petterson Kahler metric for the Hitchin component.

Let now g be a simple split Lie algebra and Inng be its group of inner auto-
morphisms. Recall from Kostant [46] that g contains a remarkable Inn g-conjugacy
class of sl3(R) embeddings called the principal sla’s. The Hitchin component of g
(or of Inng, or of the type of g) of a closed connected orientable surface S with
genus > 2, is a(ny) connected component of the character variety

Hy(S) C X(m1 5, Inn g)

characterized by the following fact: there exists a discrete and faithful p € Hg(S)
whose Zariski-closure is a principal PSL(2,R) in Inng. The latter representations
are called Fuchsian and the space of Fuchsian representations forms a natural em-
bedding of the Teichmiiller space I (S) = Ha, (S) of S inside Hy(S).

Hitchin [37] showed that 34 (S) is a contractible analytic manifold and Labourie
[48] - Beyrer-Guichard-Labourie-Pozzetti-Wienhard [6] show that every p € 3 (S)
is faithful with discrete image (see also Fock-Goncharov [25]).
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The space Hy4(S), being a subset of a surface-group character variety, is naturally
equipped with Goldman’s [30] symplectic form w. Moreover, Bridgeman-Canary-
Labourie-S. [14] construct, for each p € Hy(S) and each linear form ) € int (£,)*,
a semi-definite symmetric bilinear form P}f on T,H4(S), called the ¢-pressure form
(see §2.11 for references on similar constructions).

The question from the beginning of this section can be interpreted as a compat-
ibility question between the pressure forms P¥, for different choices of v, and w.
Combining Labourie-Wentworth [52] with Corollary 8.6 and §14 we establish:

Corollary (Corollary 16.4). We let g have type A, B, C or Go. Then there exist
a unique (up to scaling) and explicit form @ € a* such that P is compatible with
Goldman’s symplectic form on Fy(S) at the Fuchsian points.

The form ¢ is explicit but rather involved to compute. For the rank 2 simple

split Lie algebras one has (see Remark 16.5), up to scaling:

Ps1(3,R) (a) = a1 — a3 — —/—a2;

2
i (0) = (34 S e+ (1= Yo
vi Va2
('P@z(a') = (8 + m)al + (2 - Tlo)ag. (12)

Observe that in all these cases @ € (a*)* so Theorem C below implies that P? is
Riemannian on the corresponding Hitchin component. It would be interesting to
understand the relation between P® and the 1-parameter family of Kahler metrics
on rank-2 Hitchin components, found by Kim-Zhang [43] and Labourie [50].

Although P is compatible with w at Fuchsian points, it is unclear it should
be compatible elsewhere. It seems moreover natural that the form 1 whose pres-
sure metric is compatible with w depends on the basepoint p € H((S). Thus we
introduce the following definition:

Definition 1.1. A length function on Hy(S) is a smooth Out (71 S)-invariant map
P : Hy(S) — a* such that for all p one has P(p) € int (£,)*.

The forms P¥ only depend on v € a* up to scaling, so non-constant length
functions are purely a higher-rank phenomenon. A natural choice is, for example,
Quint’s growth form: we fix a norm N on a and let P(p) = the unique ¢ in the
critical hyper-surface of p minimizing the dual norm N* (see Eq. (2.14)). In this
paper we prove the following (see Corollary 12.11 for the ©-positive case).

Corollary (Corollary 12.13). For any length function P : Hy(S) — a* the asso-
ciated pressure semi-norm p — P¥() induces a Mod(S)-invariant path metric on
Hqy(S). If moreover g has type A, B, C, D, or Gy and  is chosen as to not verify
any of the degenerations in Theorem C, then p — PV is q Mod(S)-invariant
Riemannian metric on 3Hy(S), as regular as .

The proof boils down to understanding the degeneration set of P¥ for a fixed
¢ € int (£,)*. This is the content of Theorem C below which we now explain.

Let us chose a principal sls, s, whose semi-simple element lies in a (and with
Weyl chamber contained in a™). Recall from Kostant [16] that the decomposition
of g into irreducible ad s-factor has rank g factors, each of them of odd dimension



2e + 1. The numbers e appearing in this decomposition are called the exponents of
g and we denote by V. the associated irreducible factor, so that

i= P
e exponent of g

is the decomposition of g into irreducible ad s-factors. Table 2 in §14 gives the
exponents for each type of g.

Definition 1.2. If e is an exponent of g then we consider the line »¢ =V, Na and
call it the e-th Kostant line.

The family {>° : e exponent of g} spans a.

Identifying the tangent space at p to the character variety with the first twisted
cohomology group H}\dp(mS, g) as in Eq. (1.1), the above decomposition of g in
s-modules yields a splitting at a Fuchsian point § € H4(.59),

T5J_CQ(S) = @ Hidé(ﬂlsv‘/e) = @ gv

e exponent of g e exponent of g

where we have simplified notation and writen T¢ = Hj 45(m15, Vo).

Denote by i : a — a the opposition involution. If non-trivial, it is realized
by an external involution of Inng that induces an involution i : X(7.S,Inng) —
X(m.S,Inng). Points in Hy(S) that are fixed by i will be called self-dual. If p is
self-dual then d,i is an involution on T,J(4(S5).

In the special case of Dy, its Dynkin diagram has an order three automorphism
T that induces an order three automorphism T of Hp,(S). Also, in this case 3
appears twice as an exponent (see Table 2), let us denote by V3, the ads-factor
that is not contained in the natural representation s0(3,4) — s0(4,4) preserving a
non-isotropic line, see § 14.3.1 for details.

With these notations at hand we can completely describe the degenerations of
pressure forms on the Hitchin component of classical type.

Theorem C (Pressure degenerations are Lie-theoretic). Let g be simple split of
type A, B, C, D or Gg. Consider p € Hy(S) and ¢ € int (£,)* then, the pressure
form PZ’ is degenerate at v € T,Hy(S) if and only if either of the following hold:

p is Fuchsian and
v E @ T;,

e:p(3¢)=0
- p is self dual, v is i-invariant and v is d,i-anti-invariant.
g is of type Ag or Cs, the Zariski closure of p(m1S) is conjugate to the 7-
dimensional irreducible representation of the real split group Gg, (%) = 0
and v € H}\dp(m& Vs).
- g is of type Dy, the Zariski closure of p(m1S) has Lie algebra conjugate
to the spin representation s0(3,4) — s0(4,4), v € H}Xdp(ﬂ'ls,l(‘/&a)) and
Y(=1,1,1,-1) = 0.

For example, in PSL(4,R) the Kostant lines are
w=R-(3,1,-1,-3),
W =R-(1,-1,-1,1),
W =R-(1,-3,3,-1),
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so the strongly dominant weight 2co; + @y : a — 3a1 + as contains s in its kernel.
Consequently, Theorem C implies that the Pressure form P2¥1+®2 degenerates only
at the Fuchsian locus and in the directions given by Ti. See Table 3 in §14 for the
list of Kostant lines on sl(d,R) for d < 8.

Remark 1.3. The question of non-degeneration on the Hitchin component has been
dealt with in the previously mentioned work by Bridgeman-Canary-Labourie-S.
[14], where it is stablished that:

- if we let w; be the first fundamental weight w; : a — aq, then P®! is
Riemannian on Hgqr (S) and,
- for every strongly dominant weight x the form PX is Riemannian on the
space {p € Hy(S) : p(m1S) is Zariski-dense};
and in B.-C.-L.-S. [15] where it is stablished that P°! is Riemannian, where o :
a — ay — ag is the first simple root. In [14] it is also established the following
(to be compared with Theorem B): Let p; : ' — SL(d,R) be an analytic curve of
irreducible representations with speed v and assume there exist g,h € T such that
po(g) and po(h) are bi-prozimal and transverse (see Def. 2.5), assume also that
dw{(v) # 0, then the set of pairs

{(d=] (v), @] (p)) : v € T with po(7) prozimal} C R

is not contained in a line.
Finally, pressure forms for w; and o; are Riemannian on the Hitchin components
of geometrically finite Fuchsian groups by Bray-Canary-Kao-Martone [12].

1.4. Hausdorff dimension of higher-quasi-circles. We use Theorem C to study
deformations of higher-rank Teichmiiller spaces inside the complexified group.

Let us fix p € Hy(S). Then it follows from Labourie [48] that there exists a
p-equivariant Holder-continuous map

Cp:0mS — Fa(Inng) (1.3)

from the Gromov-boundary of 1.5 to the full flag space of Inn g. While the circle
¢(0m1S) C Fa(Inng) is Lipschitz, each of its projections into the maximal flags

L, o :=(;(0mS) C F,(Inng),

for 0 € A, is a C1* circle (Labourie [15] and Pozzetti-S.-Wienhard [62]). In this
paper we deform these circles inside the complex maximal flag variety F,(Inn(gc)).
More precisely, the equivariant map from Equation (1.3) can also be defined for
representations neighboring p in the complex characters X (1S, Inn(gc)) ([1]).
Moreover, there exists a neighborhood U of Hy(S) C X (7r17 Inn(gq;)) such that for
every n € U and every ¢ € A the function

Hff, : U — [1,00)
n — Hif(L, »)

is real-analytic', where Hff denotes the Hausdorff dimension for a Riemannian
metric on F,(Inn(ge)). We can thus study its Hessian at the critical points Hy(.S).

Ldue to [62] together with Bridgeman-Canary-Labourie-S. [14]



If we let J be the tensor squaring — id on the complex characters X (1.5, Inn(gc)),
induced by the complex structure of Inn(gc), then the tangent space at a Hitchin
point p € H4(S) naturally splits as

T, X (8, Tn(ge)) = T,3,(S) © J(T,3() ).

Deformations along T3(4(S) are understood, Hff, = 1, so we turn into the comple-
mentary factor. By means of Bridgeman-Pozzetti-S.-Wienhard [16] and Theorem C,
in § 17 we establish the following (an analogous result for ©-positive representations
can be found on Corollary 12.8):

Corollary (Corollary 17.1). Let v € T,Hy(S) be non-zero and have Zariski-dense
base point, then
Hess, Hff ,(Jv) > 0.

In particular there exists a neighborhood (in the complex characters) of points in
Hqy(S) with Zariski-dense image where Hff, is rigid, i.e. such that if Hff,(n) =1
then n has values in the real characters.

The second statement is a local analog of a classical result of Bowen [10] who
deals with g of type A;. The first one is inspired by Bridgeman-Tayor [17] and
McMullen [56], again for PSL(2,C). We note that a higher-rank version of Bowen’s
Theorem, by considering the Hausdorff dimension in the full flag variety, has been
recently obtained by Farre-Pozzetti-Viaggi [23].

Actually we can be much more precise. Zariski closures of Hitchin representations
have been classified (Guichard [33], S. [68]) so we can also look at the intermediate
strata. It turns out that the most subtle situation is actually the Fuchsian case,
which we now explain, the complete picture can be found on §17.

Corollary (Corollary 17.1). Let v € TsHy(S) be tangent to a Fuchsian represen-
tation d. If v € TS and »° C ker o, then Hesss Hif ,(Jv) = 0. If g has classical type
then the converse is also true: if Hesss Hif ,(Jv) = 0 then v € @ TS.

e:x¢Ckero

For example, when g = sl(d,R) with the standard Cartan subspace a = {a €
R?: > a; = 0} and simple roots 0;(a) = a; — a;+1; the above corollary reduces the
question of understanding Hesss Hff 5, Ju = 0 to describing the triples of integers
(d,e,j) such that »° C kero;. This condition can be rephrased in terms of an
explicit Diophantine equation (see Equation (14.8)). For example, understanding
degenerations on the second Grassmannian ¢(?(9715) C Gra(R?) C Gry(C?) reduces
to the (elementary) equation

_ele+1)

d—1=22"2
2 )

so Hess Hff 5, is only degenerate when d =4,7,11,16... However, for the remaining
Grassmannians the equation is more involved. For Gr3(C?) the equation becomes

et — 6de? + 2€® + 6d*> — 6de + 11e* — 18d + 10e + 12 = 0,

which turns out to be a genus-1 complex curve, whose integer solutions can be com-
pletely described via the Elliptic logarithm method &llog (see for example Tzanakis
[75]), so we obtain in §17.2:

Corollary 1.4. Consider v € T,Hsyar)(S), then one has Hess, Hff 5, (Jv) = 0 if
and only if one of the following holds :



- d =6, p has values in PSp(6,R) and v € T, & T},
- d =17, p is Fuchsian and v € T;l, T3,

- d =58, p is Fuchsian and v € Tls).

The Diophantine equation associated to the 4th root is

13 23 19 31 1 1 13 3 3 1
11d—?e—362—§e3—ﬂe‘l—§e5—ﬁeﬁ—i—?de—nge—i—?deQ—§d262+d63+§de4+d3—6d2 =06,

which according to Maple is a genus-4 complex curve with one singular point. To
our knowledge, no general method to solve this kind of equation over Z is known.

Acknowledgements. 1 would like to thank Luca Battistella, Martin Bridgeman,
Richard Canary, Jeffrey Danciger, Francois Labourie, Marco Macullan, Alejandro
Passeggi, Rafael Potrie, Germain Poullot and Maria Beatrice Pozzetti for enlight-
ening discussions related to this paper.

2. PRELIMINARIES

Throughout this paper we will let G be the real points of a Zariski-connected
semi-simple real-algebraic group of the non-compact type with Lie algebra g. We
will also let V' be a finite-dimensional real vector space, I' a semi-group and ' a
finitely generated word-hyperbolic group.

2.1. Notations from Lie theory. Let us fix 0 : g — g a Cartan involution with
associated Cartan decomposition g = £@®p. Let a C p be a maximal abelian subspace
and let ® C a* be the set of restricted roots of a in g. For a € ® let us denote by

go ={u€g:|a,ul =ala)uVa € a} (2.1)

its associated root space. One has the (restricted) root space decomposition g =
90 ® D, co 9o, Where gg is the centralizer of a. Fix a Weyl chamber a’ of a and let
& and A be, respectively, the associated sets of positive roots and of simple roots.

Let us denote by (-, -) the Killing form of g, its restriction to a, and its associated
dual form in the dual of a, a*. For x,v¥ € a* define

_ oY)
<Xa¢>"2(w’w)'

The Weyl group of @, denoted by W, is the group generated by, for each o € P,

the reflection 7, : a* — a* on the hyperplane o™,

7o(X) = x = (6 @)
It is a finite group with a unique longest element wqy (w.r.t. the word metric on the

generating set {7, : @ € A}). This longest element sends a™ to —a™.
The restricted weight lattice is defined by

MN={p€a®:{pa)€ZVac d}

it is spanned by the fundamental weights: {w, : ¢ € A} where w, is defined by
(@y, B) = dydop for every o, 8 € A, where d, = 1if 20 ¢ &1 and d, = 2 otherwise.
The set My of dominant restricted weights is defined by My = M N (a™)*.

If g has reduced root system, then it is customary to denote by

1
525 Za:Zwm

acodt cEA
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where the last equality can be found in Humphreys [38, §13.3]. For every ¢ € A
one has (d,0) =1 ([38, §10.2 ]).

2.2. Some sly’s of g. For ¢ € a* let u, € a be such that for all v € a one has

p(v) = (ugp,v).

For oo € ® let hy € a be defined by, for all ¢ € a*, ¢(h,) = (p, ). The vectors
uq and h, are related by the simple formula h, = 2us/(uq, us). Recall that for
T € gq one has [z,0(x)] = (z,0(x))us. Thus, for each o € T and x, € g, there
exists y, € g such that

(8(1))'_”(0“ ((1)8)'_>yoz and ((1J—01)'_>hom

is a Lie algebra isomorphism between sl3(R) and the span of {xa,Ya,ha}. Let us
fix such a choice of x, and y, from now on.

One says that g is split if the complexification a ® C is a Cartan subalgebra of
g ® C. Equivalently, g is split if the centralizer 3¢(a) of a in £ vanishes. Assume
that g is split. Following Kostant [16, §5], consider the dual basis of {u, : 0 € A}
relative to (-,-): (€a,ug) = dap, and let €g = > A €5 € a. Upon writing

2¢g = Z Toly
ST
for some 7, € Z~g, define et = Z X and e~ = Z ToYeo. Since (2¢g, u,) = 2 for
cEA ocEA
every o € A, the identification
(86)—e" (98) e and (5 %) 26,

is also a Lie algebra isomorphism between sly(R) and the span s of {et,e™,2¢o}.
The Lie algebra s is called a principal sl and the Inn g-conjugacy class of this
representation is called the principal sls of g.

2.3. Cartan decomposition. Let K C G be a compact group that contains a
representative for every element of the Weyl group W. This is to say, such that the
normalizer Ng(A) verifies Ng(expa) = (Ng(exp a) N K) exp a. Cartan’s decomposi-
tion asserts the existence of a map, called the Cartan projection of G,

pw:G—at
such that for every g € G there exist k,l € K with ¢ = kexp(u(g))! and such that
Vg1, g2 € G one has g; € KgoK if and only if u(g1) = n(g2).

2.4. Jordan decomposition. It states that every g € G can be written as a
commuting product ¢ = gegngn, Where g. is elliptic, g, is unipotent and g is
conjugate to en element z, € exp(at). We let A(g) = p(z,) € a™, and the map
A: G — a™ is called the Jordan projection of G.

2.5. Flag manifol(}s of G. A subset ¢ C A determines a pair of opposite parabolic
subgroups Py and Py whose Lie algebras are defined by

Py = @ ga D @ 9707
)

ocedt+U{0} A

= P 70 P .

ocedtU{0} oce(A-0)
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The group Py is conjugated to the parabolic group P;y. We denote the flag space
associated to ¥ by Fy = G/Py. The G orbit of the pair ([Py],[Py]) is the unique

open orbit for the action of G in the product Fy x F;y and is denoted by 3"1(92).

Remark 2.1. If g € Gis such that o(A(g)) > 0 for all o € ¥ then g acts proximally on

F9.We will denote by (¢7,97) € fr"éz)(G) the corresponding attracting and repelling
flags, so that every flag y € Fo(G) in general position with g~ verifies g"y — g™.

2.6. The center of the Levi group PyN FV),@- ‘We now consider ay = ﬂ ker o.
cEA—-Y
Denoting by Wy = {w € W : w(v) = v Yv € ay} the subgroup of the Weyl
group generated by reflections associated to roots in A — 1, there is a unique
projection 7y : a — ay invariant under Wy.
The dual (ay)* is canonically identified with the subspace of a* of my-invariant
linear forms. Such space is spanned by the fundamental weights of roots in 99,

(a0)" = {p € 0™ poms = 9} = (mylay : 0 € V). (2.2)
We consider the projections pyg = mgop:G— ay and Ay =mgoA: G — ay.
2.7. Representations of G. The standard references for the following are Fulton-
Harris [26], Humphreys [38] and Tits [73]. Let ¢ : G — GL(V) be a finite dimen-
sional rational” representation. We also denote by ¢ : g — gl(V) the Lie algebra
homomorphism associated to ¢. If ¢ : g — gl(V) is irreducible then we say that
¢ : G — GL(V) is strongly irreducible. Equivalently ¢(G) does not preserve finitely
many subspaces of V. Since G is Zariski-connected, an irreducible representation
is strongly irreducible.

The weight space associated to x € a* is the vector space

VX ={veV:d(a)v=x(a)v Va € A}.
We say that x € a* is a restricted weight of ¢ if Vx # 0 and let
Ny ={x€a":Vx#{0}}.

Tits [73, Theorem 7.2] (see also [38, §13.4 Lemma B])) states that My has a unique
maximal element with respect to the partial order x = % if x — v belongs to the
semi-group spanned by A. This is called the highest weight of ¢ and denoted by
X¢- Thus, every x € lNg has the form

X — Z nyo for n, € N.
gEA

If we let A1 be the logarithm of the spectral radius then for every g € G one has

M (d(9)) = xo(A(9))- (2.3)

Definition 2.2. Let ¢ : G — PGL(V) be a representation. We denote by ¢ the
set of simple roots o € A such that x4 — o is still a weight of ¢. Equivalently

Vg = {0 € A: (xg,0) #0}. (2.4)

2Namely a rational map between algebraic varieties.
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We denote by || ||¢ an Euclidean norm on V invariant under ¢K and such that
¢ expa is self-adjoint, see Benoist-Quint [5, Lemma 6.33]. We also let || || be the
induced operator norm. By definition of x4, || ||¢ and Eq.(2.3), for every g € G

log [[dglle = xo (1(9))- (2.5)

Denote by W, The stabilizer in G of W,

is Fv’gd)7 and thus one has a map of flag spaces

(Co+C3) : TG (G) = Gy, (V). (2.6)

This is a proper embedding which is an homeomorphism onto its image. Here, as

the pA-invariant complement of V,

& ¢

above, Grgzn Vig (V) is the open PGL(V)-orbit in the product of the Grassmannian

of (dim V,, )-dimensional subspaces and the Grassmannian of (dim V' — dimV,, )-
dimensional subspaces. One has the following (see Humphreys [39, Chapter XI]).

Proposition 2.3 (Tits [73]). For each o € A there exists a finite dimensional
rational irreducible representation ¢, : G — PSL(V;), such that x4, is an integer
multiple I, @, of the fundamental weight and dimV,, = 1.

We will fix from now on such a set of representations and call them, for each
o € A, the Tits representation associated to o.

2.8. Gromov product, additive cross ratio and representations. Consider
¥ C A. Recall from [66] that the Gromov product (-|) : 3"1(92) — ay is defined by

Ll
[llpaollvllgao
for all a € ¥, where v € {p,x — {0} and kerp = &j,_y. Note that

Wa((x|y)) = —logsin Aid,ao(gd)ax’gz)ay) = —log

max wao((z|y)o) = —log min sin Lpaol§pat  Ep,Y)- (2.7)

and that, since {wy|ay}acy is a basis of (ay)*, the right hand side of equation (2.7)
is comparable to the norm ||(z|y)||. One has the following:

Remark 2.4. Let ¢ : G — PSL(V) be a proximal irreducible representation. If

(,y) € Fy) then (Epz|Z3y),, = xo ([@9)) = D (Xe,0) @ ((2]y))-
acdy

Consider now the space 51(94) of pairs (z,y), (z,t) € 3"1(92) with the extra transver-
sality condition that both pairs (z,t) and (z,y) are also in general position. The

(aditive) cross ratio is the G-invariant map €y : 3"1(94) — ay defined by
Co(2,y,2,t) = (2ly) — (x[t) + (2[t) = (z]y).

2.9. Proximality. Recall that g € End(V) is prozimal if it has a unique eigenvalue
with maximal modulus and it has multiplicity 1. The associated eigenline is denoted
by g7 € P(V) and g~ is its g-invariant complementary subspace. We consider
then 3, € V* and vy, € ¢g* such that ker 8, = ¢~ and B4(v,) = 1, we also let
7g(w) = Bg(w)vg be the projection over g with kernel g—. We finally let V5(g) be
the generalized eigenspace of g associated to the second (in modulus) eigenvalue
and 7, be the only projection over V5(g) whose kernel is g-invariant.

Definition 2.5. If g,h are proximal, we say they are transversally proximal if
Bg(vn)Br(vg) # 0 and strongly transversally proximal if moreover By, (14vp) # 0.
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We say that ¢ € G is 9-prozimal if ¢,(g) is proximal Vo € ¢. For such g
there exists (g;,9;)) € 3"1(92), defined by, for every o € 9, Zg,(95) = do(9)".
Every flag * € Jy in general position with g, verifies g"z — g:; . Two ele-
ments g, h € G are transversally ¥-prozimal if they are ¥-proximal and moreover
{(g95 . hy), (hE,95)} C ?1(92). One has the following from Benoist [3].

Theorem 2.6 (Benoist [3]). Let g,h € G be transversally ¥-prozimal then,
T Ay (g"h") = Ao(g") = Ao (h") = €o(g5, 95 . hy ) = Ga(g, D).

Lemma 2.7 (Benoist-Quint [5, Lemma 7.10]). Let g,h € G be lozodromic, then
there exists a non-empty Zariski-open subset Gy, of G* such that whenever (f,q) €
Gy the limit

lim A" fh"q) —mA(g) — nA(h)

min{n,m}—oco

exists. If g and h are transversally loxodromic, then (id,id) € Ggp.

Lemma 2.8. Let g € G be lozodromic, then there exists a mon-empty open subset
G, of G* such that whenever (f,q) € Gy the following limit exists:

Jlim A(fg"q) — nA(g)-

Proof. The equation (f(g*), q(g’)) ¢ ?(AZ)(G) with variables f and ¢, is described
by polynomials, so its complement Gy is a (non-empty) Zariski-open set of G2. We
commence by writing, for every o € A,

d)a(gn) = (i €xXp (wa()‘(g)))>n7rg,a + P’na

where 7, , is the projection with image (,(¢g") and kernel (¥(¢~) and where the
spectral radius of P, is < exp(n(wy, — 0)(A(g))). Thus, if (f,q) € G, one has

- bo(f9"q)
n—oo (£)™ exp(wy (nA

@) et

By the condition on (f,q), one has Trace(fmy,q) # 0, thus for big enough n,
Go(fg™q) is proximal and together with the above we get that Ald)g((fg"q)) —
nw,(M(g)) converges as n — co. Since this holds Vo € A the lemma follows. O

Given r, e positive we say that g is (r,e)-prozimal if it is proximal,

g~ lg ") <
and for every z € Fy with ||(¢~|z)|| < e~ ! one has dy,(gz,9") < e. The following
is from Benoist [2, Corollaire 6.3], a proof can also be found in S. [65, Lemma 5.6].

Theorem 2.9 (Benoist [2]). For every 6 > 0 there exist r,e > 0 such that if g € G
is (r,e)-prozimal then ||19(g) — Mo (9) + (95 lgg)|| < 0.

Lemma 2.10. There exists C' only depending on G such that for every 9-proxzimal
g € G and a flag B € Fy transverse to g~ one has

d(gB,g") < Cel9 |1Be~ min{o(A(9)):0€9}+(1(g™ 19
Proof. See, for example, Bochi-Potrie-S. [8, Lemma A.6]. O

We record the following lemma that will be needed in § 6.
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Lemma 2.11. Consider a finite collection of irreducible representations {¢; : G —
Vitier. For each i € I fixv; € V; — {0} and a non-empty finite collection of strict
subspaces {W,z : k€ F;} onV;. Then {g €eG:Vielgy¢ UkeF,‘, Wk} 18
Zariski-open and non-empty.

Proof. The lemma follows as the required equations are described by polynomials.
Moreover, since as G is a group, Zariski-connected implies Zariski-irreducible; thus
a finite familly of Zariski-open non-empty subsets has non-empty intersection. [J

2.10. Zariski-dense sub-semigroups of G. Let A < G be a semi-group. Its limit
cone is Ly = {R4A(g) : g € A} C at. One has the following fundamental result:

Theorem 2.12 (Benoist [3, 1]). Let A < G be a Zariski-dense sub-semi-group,
then L is convex and has non-empty interior. Moreover, the group spanned by
{N\(g) : g € A} is dense in a.

We will moreover need the following:

Proposition 2.13 (Benoist [3, Proposition 5.1)). Let A < G be a Zariski-dense
sub-semi-group and let € C L be a closed conver cone with non-empty interior.
Then there exists a Zariski-dense sub-semi-group N < A such that Ly = €. If €
18 i-invariant then A’ can be furthermore chosen to be a group.

Moreover, the proof of Benoist [3, Lemma 4.3] gives:

Remark 2.14. If g € A is loxodromic and € is a convex closed cone with non-empty
interior and A(g) € € C Ly, the semi-group A’ from the statement can be chosen
to be a Schottky semi-group that contains a high enough power of g.

2.11. Thermodynamics. We begin by recalling some facts on Thermodynamical
formalism over hyperbolic systems developed by Bowen, Ruelle, Parry, Pollicott
among others, see for example [11] and Parry-Pollicott [58].

We work with metric-Anosov flows, also called Smale flows by Pollicott [59]
who transferred to this more general setting the classical theory carried out for
hyperbolic systems. We will only state some needed results and refer the reader to,
for example, Pollicott [59] or Bridgeman-Canary-Labourie-S. [14] for the definition.

Let X be a compact metric space equipped with a continuous flow ¢ : X — X.
The space of ¢-invariant probability measures on X is denoted by M?. The metric
entropy of m € M? will be denoted by h(¢,m). Via the variational principle, we
will define the pressure of a function f: X — R as

P(f)= sup h(¢,m) +/ fdm. (2.8)
meM? X
A probability measure m realizing the sup is called an equilibrium state of f.
Two continuous maps f,g : X — V are Livsic-cohomologous if there exists a
U:X —V,of class C! in the direction of the flow?, such that for all 2 € X one has

0

f(@) —glx) = 5

t=0

3

F) . .
AP U(¢ix) is continuous

i.e. such that if for every x € X, the map t +— U(¢ix) is of class C!, and the map z
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The f-period of a periodic orbit 7 with period pe(7) is

/f /p(T) flpsz)ds € V.

Let f: X — Rso be continuous. For every z € X the function k7 : X x R = R,

defined by x(x,t) fo x)ds, is an increasing homeomorphism of R. There is
thus a contlnuous functlon a: X x R — R such that for all (z,t) € X x R,

oz, k(z,t) = k(z, a(z,t) =t

The reparametrization of ¢ by f : X — Ry is the flow ¢/ = (¢{ X = X)er
defined, for all (x,t) € X x R by

The Abramov transform of m € M? is the measure m# € M?” defined by
. L 2.9
= Trdm (29)

We assume from now on that ¢ is a Holder-continuous metric-Anosov. In this
situation, LivSic proved that the LivSic-cohomology class of a Holder-continuous
function is uniquely determined by its periods. Moreover, if f is real-valued and
Holder-continuous, it has a unique equilibrium state, denoted by vy. We also let
L be the unique probability measure maximizing entropy of ¢.

Recall that the co-variance is defined, for Holder-continuous g, h : X — R with

0= fgd\/f = fhd\/f, by

¢ ¢
covars(g,h) == tlggo . % (/0 g(d)sx)ds> (/0 h(d)sx)ds) dvy,

and the variance by vary(g) = covary(g,g) > 0.

Theorem 2.15 (Parry-Pollicott [58, Prop. 4.10,4.11]). Let f,g : X — R be Hélder
continuous. Then one has (0/0t)|=oP(f + tg) = [gdvy. If [ gdvy =0 then

O?P(f +tg)
ot?

and if vary(g) = 0 then g is Livsic-cohomologous to zero.

= varg(g),
t=0

The space of Holder-continuous functions with exponent « is naturally a Ba-
nach space, and by the previously mentioned result by Livsic, the space of LivSic-
cohomologically trivial functions is a closed subspace. The quotient Hol%(X)/ ~
is thus a Banach space. Since P is invariant under Livsic-cohomology, Proposition
2.15 equips the space of (classes of) pressure zero functions for a fixed exponent

P*(X)={f e Hol*(X)/ ~: P(—f) =0}
with a natural Riemannian metric: if g € T;P(X) = {g: [ gdvy = 0} then we let

vars(g)
P((g) = .
1) [ fdvy
We now turn to concepts from Bridgeman-Canary-Labourie-S. [14]. Similar ideas

also appeared in Bonahon [9], Bridgeman [13], Burger [18], Croke-Fathi [20], Fathi-
Flaminio [24], Katok-Knieper-Weiss [12], Knieper [15] and McMullen [56].
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Let f: X — R be Holder-continuous and positive, consider, for ¢ > 0, the finite
set Ry(f) = {T periodic : £4(7) < t} and define the entropy of f by

1
f—
V2 _thm tlog#Rt(y‘).

It is the topological entropy of ¢/ and Wgsr = vfkﬁff (see S. [69]). If g : X —» R is

also Holder continuous then in [14] they define its dynamical intersection with f by
1 y(T)
7 .
() br(™)

The functions # and I are well defined and vary analytically on H6l*(X,R;)

and HoOl*(X,R,) x Hol* (X, R) respectively. If g is also positive then we define its
normalized dynamical intersection with f by

31(9) = 3(.9) = 7714(0)

We have the following two rigidity results: one global and one infinitesimal.

Ir(g) =1(f.9) = tll>nolo #R:(f) reR,

Theorem 2.16 ([14]). One has J(f,g) > 1 and equality holds only if for every
periodic orbit T one has %7 (1) = #90y(7). Let (fi)ie(—c,e) € HOI*(X,Ry) be a

- = — —

C? curve with fo = f, then Hessy J¢(f, f) = P¢(f), in particular Hesss J(f, )=0
if and only if for VT periodic one has

9
—| sl =0 2.10
9zl (1) =0, (2.10)

or equivalently, 0'°/4 and '8 f are Livsic-cohomologous w.r.t. the flow ¢7.

In the above we have denoted by 0'°% the logarithmic derivative at 0
(9/0t)|1=09¢
9o

We record the following consequence of J #(-) being critical at f, giving the following
formula for the variation of entropy, to be compared with Katok-Knieper-Weiss [412].

alog g =

Corollary 2.17 ([11]). Let (ft)ie(—c,) be a C* curve of Hélder-continuous positive
functions with fo = f and denote by %, = %5, then

7‘[ fdv_ﬁf
Jfdv sy
Assumption A. Let now F': X — V be Holder-continuous and assume the vector

space spanned by the periods of F'is V. Assume moreover that F and 1 are LivSic-
cohomologically independent.

alogﬁ/ — 7/810gfdp¢f =

The compact convex subset of V

M¢(F):{/)(qu:u€3\/[¢}

has hence non-empty interior. On the other hand, for each ¢ € V* one can consider
the pressure of the function ¢(F): X — R:

P(p) = P(=po F).
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Proposition 2.15 implies that P : V* — R is analytic and strictly convex. Moreover,
using the natural identification (V*)* =V, one has, for ¢ € V* that

dapP = /de_¢(p). (211)
One has the following;:

Proposition 2.18 (Babillot-Ledrappier [I, Prop. 1.1]). Under Assumption A, the
map p : V' = V defined by ¢ — d, P is a diffeomorphism between V* and the
interior of M?(F).

Observe that our Assumption A is slightly weaker than that of Babillot-Ledrappier
[1], however this does not affect the proof of [I, Prop. 1.1].

Remark 2.19. By Proposition 2.18 one has pp := p(0) = /de.¢ € int M?(F).

2.12. Anosov representations. Anosov representations where introduced by La-
bourie [18] for fundamental groups of closed negatively curved manifolds and ex-
tended to arbitrary (finitely generated) word-hyperbolic groups by Guichard-Wie-
nhard [35]. They have, since then, been object of numerous works. We will present
here a very summarized situation based on [18], [35], Guéritaud-Guichard-Kassel-
Wienhard [32], Kapovich-Leeb-Porti [10] and Bochi-Potrie-S. [8].

Let I be a finitely generated group and denote, for v € T, by |v| the word length
w.r.t. a fixed finite symmetric generating set of I'.

Definition 2.20. Let ¥ C A be non-empty then, a representation p : I — G is
J-Anosov if there exist ¢, u positive such that for all v € I and o € 9 one has
U(u(p(v))) > ply| = (2.12)

We will denote by y(I,G) C X(I', G) the space of ¥-Anosov characters. If G =
SL(d,K) for K =R or C, a {07 }-Anosov representation is called projective Anosov.

If follows readily that for every o € ¥ the representation ¢, 0 p: I — GL(V,) is
projective-Anosov. The theorem below can also be found in Bochi-Potrie-S. [3].

Theorem 2.21 (Kapovich-Leeb-Porti [10]). If p : T — G is ¥-Anosov then T is
word-hyperbolic.

The group I has thus a Gromov-boundary OI and a space of geodesics

0°T = {(z,y) € (ON)* 12 # y}.

The following proposition can be found in Bochi-Potrie-S. [3, Lemma 4.9], Kapovich-
Leeb-Porti [10] and Guéritaud-Guichard-Kassel-Wienhard [32] and relates Defini-
tion 2.20 to Labourie’s original definition.

Proposition 2.22. Ifp: T — G is 9-Anosov then there exist p-equivariant Holder-
continuous maps

€00 = Fy(G) and €7 : 0T — Fi9(G)

such that if x,y € OF are distinct, then (£°(z),&7(y)) € 3"1(92). Moreover, if vy € T
is hyperbolic, then p(v) is 9-prozimal with attracting point £ (yT) = p('y)j;.
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By Labourie [48] and Guichard-Wienhard [35] 2(y(I", G) is an open subset of the
character variety. We also let Q(;’;Z(F, G) be the space of regular points p such that
p() is Zariski-dense in G. Since we are assuming that G is connected, one has the
following:

Proposition 2.23 (Bridgeman-Canary-Labourie-S. [14, Proposition 7.3]). Assume
¥ contains at least one simple root of each factor of G. Then the space qu’;’z(l', G)
is an analytic manifold.

For surface groups one has the following description of the regular points of
characters, that can be found on Labourie’s book [19, § 5], from which we borrow
the terminology of very regular points:

hom"(m1.5,G) = {p : Zg(p(m S)) = Z(G)}.
Since G is connected, morphisms with Zariski-dense image are very regular.

Theorem 2.24. Both hom"" (m.5,G) and hom"" (m1.5,G)/G are analytic manifolds.

2.12.1. A reference flow for a group admitting an Anosov representation. Assume
that I admits a ¥-Anosov representation pg, onto some G and some non-empty .
Fix o € 9. Then, ¢, 0 pg : [ = GL(V},) is projective Anosov and thus there exist

¢hor 5 P(V,) and ¢ ar — P(VY)

such that for every (x,y) € 0T one has ker£471(z) @ ¢1(y) = V,. We use the
equivariant maps to construct a bundle R — F — 92T whose fiber at (z,y) € 9°T is

Flaw = {(pv) € &7 @) x €1 (y) 1 p(v) = 1}/ ~,
where (p,v) ~ (—¢,—v). This bundle is equipped with a l-action y(¢,v) = (¢ o
p(v)71, p(v)v) and an R-action ¢; - (¢,v) = (e’p, e v). Let
Ur =T\F

and denote by ¢ = (¢, : F — F)tem2
called the geodesic flow of Gs 0 po).

the induced flow on the quotient (it is usually

Theorem 2.25 (Bridgeman-Canary-Labourie-S. [14]). The above I-action is prop-
erly discontinuous, co-compact, and ¢ is Hélder-continuous and metric-Anosov.

The flow-space Ul' and flow ¢ will be fixed from now on and used as a reference
flow. The set of hyperbolic elements of I' will be denoted by Iy, and for v € ', we
will denote by £(v) the period for ¢ of the periodic orbit [y] associated to 7.

2.12.2. The Ledrappier potential. We now recall a combination of facts from Bridgeman-
Canary-Labourie-S. [14], Potrie-S. [60] and S. [65, 67]. Recall from the previous
subsection that a base flow is fixed for I'.

Theorem 2.26. Let p: [ — G be ¥-Anosov. Then there exists a Holder-continuous
map J, : Ul — ay, called the Ledrappier potential of p, such that for every v € I'y

U1(@,) = N3 (p)-

Moreover, if {p, : T = Gluecp is an analytic family of ¥-Anosov representations,
then the map u — J,, s analytic.
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Let us consider the ¥-limit cone of p defined by

Lop={Re-Ag(p(7)) : v €T} =Ry - M?(3,) C ay. (2.13)

Elements of int (£ ,)* will be called length functionals. Indeed (see S. [67, Lemma
3.4.2]), ¥ € int (Ly,,)* if and only if ¥(d,) is Livsic-cohomologous to a strictly
positive function, or equivalently there exist ¢ positive such that for every v € I'

P (p) > cl().

We can thus define the entropy of ¢ as ﬁlpz’ = %%(3r) and the critical hypersurface

Qy, = {zp € int (Lg,p)" 1 AY = 1}. (2.14)

It follows that Qy , is a closed co-dimension-one analytic sub-manifold that
bounds a convex set, which is strictly convex if p(I') is Zariski-dense, see S. [(7,
§5.9 and 5.10] where details and more information can be found.

The Ledrappier potential embeds the space of ¥-Anosov representations in the
space of Holder-continuous potentials Hol(UT, ay)

J:Ay(T,G) — Hol(UT, ay)
p = dps

and by Bridgeman-Canary-Labourie-S. [14] it is a real analytic map. Its differential
at v is (a LivSic-cohomlogy class of) a Holder-continuous map

—

Jo : Ul — ay

whose periods are, by definition, g, = dA)(v).
By continuity of p — Ly , (Eq. [EY]Q.B))7 every ¥ € (ay)* defines an open subset
Uy ={n € Ay(I,G) : ¢ € int (Ly )"} (2.15)
and gives in turn a map U, — HOI(UM,R), p — 9(d,).

Definition 2.27. The v-pressure form P¥ on U, is the pullback of the pressure
metric on P (UT) by the map p — %Y - ¢(J,).

For ¢ € Qy , and n € Uy, we define the 1)-dynamical intersection of (p,7) as

Z ¢(7\(77(7))) (2.16)

d) — =
(p,n) =1(¢(3,),¥(dy)) = 1 WGRgJ(p)w(A(p(v)))’

im ”
t=o0 AR (p)

where RY (p) = {y eTn:97(p)) <t}. By Theorem 2.16, upon denoting by J¥ the
associated normalized intersection, one has Hess, J fé’ = P;f’.

The opposition involution i of a is induced by an external automorphism i : G —
G, which acts whence on characters i : X(I',G) — X(I', G). Eq. (2.16) gives:

Corollary 2.28. For every ¢ € Qg , and 1 € Uy, one has I¥(p,n) = 1% (ip,in). In
particular, the involution i on X(I',G) is an isometry of any pressure form P¥.
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2.12.3. Entropy regulating form. Consider the set of ¥-normalized variations of v
dA?
gvz{iﬁ(v) N erh}
v LA (p))

Remark 2.29. By Eq. (2.10), the Pressure form Pg’ degenerates at v if and only if
w(\/g,v) = 08 5% in particular \/Zf’v must be contained on a level set of 1.

Lemma 2.30. If p is ¥-Anosov then \/zgv is compact and conver. Moreover the

map v — \/g » 8 continuous on the open set TUy.

Proof. Recall we have a base-flow ¢ = (¢ : UI' — UlN);cg. Consider the Ledrappier
potential J : UI' — ay together with its variation J : UI' — ay associated to v. By
definition, for every v € [

Lg:xv(p) and /vj':d?\g(v).

If we let $¥@ be the reparametrization of ¢ by ¢(J) (recall §2.11) and we let
i+ 17 be the Abramov transform on invariant measures, then

dAjv) 1 / J
VY (p) Lown (V) Jy# ¥(3)
o \/g,v — et (371/)(3)), which yields the desired conclusion. O

It is convenient to name a particular point of \/Zg’v, to do so we introduce the
length cone-bundle that fibers over Anosov representations:

£0(1,6) = {(p.¥) € Ap(T,G) x (a9)" : ¥ € int (£,)" |-
Corollary 2.31 (Entropy regulating form). There exists an analytic fibered map
p:Ly(M,G) = T Ay(I, G) @ ay
such that if (p,)) € L9(I',G) and v € T,A(, G) then py(v) € rel-int \/g’U and
¥(py(v)) = —dlog ¥ (v). (2.17)

Moreover, ij and ¥(J) are Livsic-cohomologically independent, then \/3” has non-

empty interior and thus py(v) € int \/:ﬁ,v'

Proof. For (p,) € £4(T,G) and v € T,Ay(I, G) we let pyv = [ ¢é)du¢¢. The

corollary follows from Corollary 2.17, Proposition 2.18 and Remark 2.19. (I

2.12.4. A needed Lemma. The following is only needed in Corollary 11.5.

Lemma 2.32. Assume G is simple and has rank 1. Let p € UAa(T, G) have Zariski-
dense image and consider a non-zero v € T,X(I',G). Then, the set

R

is a compact interval, has non-empty interior and —dlog % (v) € int V,,.

v

:VEF}CIR
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Proof. Since G has rank 1 the Ledrappier potential J and J are real valued. In
order to apply Corollary 2.31 we need to show that they are Livsic-cohomologically
independent, a fact contained in Theorem 2.33 below. O

We conclude the section by stating the following result from Bridgeman-Canary-
Labourie-S. [14]. If p: T — G C SL(d,R) then we say that p is G-generic if p(I')
contains an element that is loxodromic in G.

Theorem 2.33 ([14, Lemma 9.8+Prop. 10.1]). Let p : I — G C SL(d,R) be
projective Anosov and irreducible. Let (pt)ie(—c,e) be a smooth curve through p of
G-generic representations. If there exists K € R such that for all v € ' one has

0
—| A = KA\
52 l,_ M (Pe7) 1(p7)
then K =0 and the class u € ngdcp(r, G) associated to p is trivial.

2.12.5. Cross ratios. A decomposition R? = ¢ @ V into a line and a hyperplane
defines a rank-1 projection denoted by 7,y If R? = r @ W is such that dimr = 1
and moreover r NV = {0} = {NW (we say in this case that the decompositions
are transverse) then we define the (multiplicative) cross ratio by

B1(¢,V,r,W) = Trace(me,v mr.w ). (2.18)

Let now n : I — PGL(d,R) be a projective Anosov representation with equi-

variant maps &' : OF — P(R?) and ¢4-1 : oF — P((RY)*). A pair (z,y) € 9°T

defines a decomposition R? = £!(y) @ £~ (x). If we let 9T the space of pair-

wise distinct four-tuples then an element (x,y, z,t) € OWT defines two transverse
decompositions so we define the cross ratio map by, OWr — R by

by (9, 2,8) = By (€1 (), €1 (@), €1(0), €41 (2)).
If p € Ay(T", G) then we define the ay-valued cross ratio map o, : OWT — ay by,
for every o € ¥, w,(b,(2,y, 2,t)) =log |be., (z,y, 2, t)|.

Theorem 2.34 ([11]). If {putuep C As(l,G) is an analytic family then for every
four-tuple (x,y, z,t) € 0T the map u 0. (2,9, , 2,t) is real-analytic.

Part 1. Affine actions
3. MARGULIS INVARIANT: BASICS

3.1. An elementary lemma. Let V be a finite dimensional real vector space and
consider the affine group Aff(V) = GL(V) x V. An element f € Aff(V) has a linear
part f € GL(V) and a translation part vy so that Yu € V one has

flu) = f(u) + vy
Let us consider the (possibly trivial) generalized eigenspace of f associated to
the eigenvalue 1

0=0(f)={weV:3n>0with (f —id)"w =0}
and define the un-normalized Marqgulis invariant of f, rﬁ.( f) € O, as follows. Jor-

dan’s decomposition of f guarantees the existence of a f-invariant decomposition
V=Wa®0,let 7' : V — O be the associated projection and define

m(f) =7 (vg). (3.1)
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Remark 3.1. Tt follows at once that m(f~1) = —m(f).

Lemma 3.2. Consider f € Aff(V'), then there exists o € V' such that the translate
VO(f) = O(f) + o is invariant by f. Moreover, the transformation O — O defined
by v = f(v—+0) — o has linear part f|O and translation part m(f).

Proof. Indeed, 1 is not an eigenvalue of f|W and thus f|W — idy is invertible.
Let # : V. — W the projection following the decomposition V. = W @ O. The
transformation 7f =wo (fIW): W — W

wf(w) = fw+ m(vy)

has a unique fixed point 0 = oy, defined by 0 = —(f — id)~!x(vs). For v € O one
has

flo+v) = flo+v) +uvy
(0) + f(v) + vy + m(f)
(0) + mup + f(v) +(f) =0+ f(v) +M(f) €0 +0,
concluding the proof. O

f
/

We end this subsection with the following remarks:

Remark 3.3.
- For every h € GL(V) one has h(m(f)) = m(hfh™).
- Assume that f|O = id, then for all u € V the maps f and f +u — fu have
the same un-normalized Margulis invariant, that is

m(f) = m(f +u— fu).
Indeed 7 (u — f(u)) =0.

3.2. Around the 0O-restricted-weight of an irreducible representation. We
consider now a reductive real-algebraic group G and an irreducible representation
¢ : G — SL(V) with 0 € Mg, and define

I'IZ;O = {XG Mg :Xou)o:)(}7
N= P v~
X€EML°
The vector space N will be called the ideally neutral space of ¢. For v € a we let
My™ ={x €Ny :x(v) >0}
Ny~ ={x€Ng:x(v) <0}

An element of Fix(i) necessarily annihilates all x € |_|$°. We fix an Xy €
at NFix(i) which does not belong to the finite union of kernels ker x, x € Mg \ Mg°.
This choice provides a partition Mg, = I_I$0 U I_I$ UMy, where

+ . ¥Xo,+
Mg =T,
- . X, ,—
My ==T5"",
with the advan‘gage that wo(l_lj;') =M, and {x € Mg : x(Xo) = 0} = M°.
We now consider the set of simple roots 0 such

A-0={oeA:r,(NF) =N}
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Then one has the following (observe we are using the opposite convention for par-
abolic groups than Smilga [71]).

Proposition 3.4 (Smilga [71, Prop. 6.4, Lemma 6.5]). If 0 € A — 0 then 7,
necessarily fizes each x € I_Izo. The set 0 is i-invariant and the parabolic group P°
is the stabilizer in G of each of

at = @ VX and AT :=at @ N.

x€eny
The group PO s the stabilizer of a” := @xel'l; VX and A= :=a= & N.

Lemma 3.5 (Smilga [71, Lemme 7.12]). Consequently, for each x € |’|$0 the algebra
g¥ Doecia_oy8° © a7 acts trivially on VX and thus Le acts as $(MA) on N.

Proof. Fix 0 € (A —0), the reflection 7 also stabilizes ﬂ$. Since x is wo-invariant

one readily sees that x + o is not. Now, »¢(x) € Mg° UMy (or else x = 7¢(70X) €

I'I;g) So if x + 0 € Mg then necessarily x + 0(Xo) > 0,ie. x +0€ I'I$. However,
7o (X + 0)(Xo) = (ox — 0)(Xo) <0,

ie. ro(x +0) € M, achieving a contradiction. Whence x + 0 ¢ Mg and thus

#(gs)VX C VX7 = {0} concluding the proof. O

We now consider the action of ¢(MA) on N. The first remarkable subspace, the
neutralizing space of ¢, is the fixed point subspace of &(MA) on N, and coincides
with the fixed point set of ¢(M) on V0. It is denoted by

T = VMO — p0.0M = [y e VO p(M)v = v}
Definition 3.6. The neutralizing dimension of ¢ is neudim ¢ := dim 7.
Let T4 C N be the ¢(M)-invariant complement, the decomposition
N=JmgT (3.2)
is canonical given ¢. Let 77 : N — T the associated projection.

Example 3.7.
- If G is split then T = V°, see for example Ghosh [25, Lemma 2.5].
- For the defining representation of SO, ,, the neutralizing space is trivial.
-If welet = Ad : G — SL(g) then N = g° = m @ a, and writing m =
[m, m] @ 3(m) one has that M preserves each factor of [m, m] @ 3(m)® a and
acts trivially on 3(m) @ a so

T=3m) ®a.
The typical situation when 3(m) # {0} is when G is a complex group

considered as a real group, in which case 3(m) = m and 3(m) @ a is a
Cartan subalgebra of g (as a complex Lie algebra).

If we let k¥ = dima™ then, as ¢(wp)a™ = a~, one has k = dima™, let also
n = k + dimN, and denote by Fy ,, the space of partial flags (ur C u,) where
u; € Gr;(V). Proposition 3.4 and Eq. (2.6) give an algebraic ¢-equivariant map

: ?@(G) — Fk,n(V)
X — (.’K¢,,X¢) (33)
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such that if (z,y) € ?é2)(G) then (zd,, X¢) and (y¢,Y¢) are in general position.
Corollary 3.8. There exists C only depending on ¢ such that if (x,y) € 3"((32) then

||(’I|Z/)|% < (@ 1w Y) [ 4 < Clllw)I-
Proof. Follows from Proposition 3.4 and Remark 2.4. (]
A pair (z,y) € Srgz)(G) determines the n — k-dimensional space
XpNYy.

By Lemma 3.5, such a space carries a natural decomposition into its neutralizing
space and the ”M-invariant complement”. Indeed, if gg,g1 € G are such that
go(z,y) = ([Pe], [pe]) = g1(x,y) then gog; " belongs to Lg, which preserves the
decomposition (3.2). Consequently, both subspaces of X¢, N Yy

TED = ¢(go) 71T
g (Ty)im — d)(go)—l(TLM)

are independent of gq. For each (z,y) € ?éQ) we fix ¥, ) € G such that

D) ([P, [PO]) = (z.9). (3.4)
By Bochi-Potrie-S. [8, Prop. 8.12] it can be chosen so that [|i(t(s.y))| is coarsely
comparable to the norm of the Gromov product (z]y)?.

3.3. (¢, Xo)-compatible elements. If § € G is 0-proximal we have, via (3.3),
V= (93 @ dg) © G (3.5)
where GO, = G$ N G; Observe that

(1) ¢(g)|c':g, decomposes as sum of roto-hometheties,
(ii) the subspace g;g is not necessarily attracting for ¢(g) on Grg (V). This only
happens if A(g) lies in a specific neighborhood of Xj: the open cone

{fveat : xT(w) >x"(v), ¥xt e N x" e Mg}
Symmetrizing in order to deal with inverses we consider the sub-cone of a™:
Xg={veat: ﬂ$(v) > My°(v) > I_I;(v)} (3.6)
Because of item (ii) one introduces the following definition.
Definition 3.9. An element g € G x V is ($, Xo)-compatible if A(§) € Xg.
Lemma 3.10. A ($, Xo)-compatible element g has 0-prozimal linear part. More-
over the flag (g':g, G$) € Fi (V) is attracting for &(g) with repelling flag (g;, G%)

Proof. By definition, for every o € 0 there exists x € I'I$ such that »,x ¢ I'I$.
Thus, if g is (b, Xo)-compatible one has, for such x,

X)) > (7ox)(A(9))
= (x = (o)) (M9))
=x(A(9)) = (6 0)a(A9)),
giving o(A(g)) > 0. The second statement follows by definition. O
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Observe that although the action ¢(g) on G?b = G$ N G; might have some
expanding/contracting spaces, this expansion is dominated by the one on g';f and
the same holds for the contraction and 9 Moreover, recall notation from § 3.1,

-+ . — . .
TYede) C O(g) C GY,.

Let now g € G x V be (¢, Xo)-compatible. Equation (3.1) provides an unnor-
malized Margulis invariant

m(g) € 0(g) C GY = T4:98) @ T049¢)Lu
that we further project onto T(35:9%) and push to T via ¢+ 4-) to obtain the
Margulis invariant of g:
Definition 3.11. The Margulis invariant of a (¢, Xy)-compatible g € G x V is
m(g) := 7r7(¢(g+yg~—)(rﬁ(g))) ed.

Remark 3.12.
- By both items on Remark 3.3, it is invariant under conjugation by G x V.
- The Weyl group acts on T and Remark 3.1 yelds m(g~1) = wy - (— m(g)).

3.4. Invariant flags. Assume g € G x V' is (¢, Xo)-compatible and consider the
projections parallel to the decomposition in Equation (3.5)

7r;IE V= g$ ® Gy
7r2 V= G%
Definition 3.13. The unique fixed point of the affine map ng 0g: g$ ® gy —
gj; ®Jg will be denoted by o,.
Whence, each of the following affine flags is g-invariant:
Gt =G} + o, G~ =Gy + o, G® =G + o,
Moreover, inside G* the notion of parallel to g;g is preserved by g. Indeed
9(g4, +0g) = g, + 0g + 7" (vg).

The same thing happens for G~ and g,.

FIGURE 1. Dynamics of a (¢, Xo)-compatible element of G x V.
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For an affine p-dimensional subspace U C V we consider U = {u—v : u,v € U},
it is a vector subspace of V. We also consider the distance on the space of affine
p-dimensional spaces defined by

dag (U, W) := dGrp(V)(U,W) +inf {|lu —w|¢ : uw €U and w € W}.
Lemma 3.14. There exists ¢ only depending on & so that if g is (&, Xo)-compatible

and B C 'V is affine, co-dimension k, transverse to 9¢ and {b} = BN 9e then,

Cc

dAff(gB, G+) < e~ min{o(A(9)):0€0}+|(gF g7l + ||g|g(;||||b _ OQH'

e (051800
Proof. One has ¢B = ¢B + g(b). Since by Lemma 3.10 G$ is attracting for ¢ with
repelling flag g, the distance between gB and ng is controlled by Corollary 3.8
together with Lemma 2.10 giving the first term in the inequality.

To control the second term, recall we have defined m(g) = 70 (v,), s0 05 +m(g) €
G™. By definition b = v + o, for some v € gy, s0 gb = gv + 04 + m(g). Whence

inf {llgw —ull :w € B,u e G+} < ||gb— (o, + m(e))]| < vl

completing the proof. O
Remark 3.15. We remark that, as g is (¢, Xo)-compatible, the spectral radius of
g|gd§ is strictly smaller than 1, so ||g”|g;H — 0 as n — oo. Moreover, Smilga [71,

Proposition 7.26] states that given C' > 1 there exists ¢ such that every (¢, Xo)-
compatible g with ||(¢7[¢7)|| < C it holds

e~ min{o(u(g)):0€d} CHglg(;”'
Definition 3.16. The affine-contraction of a (b, Xo)-compatible g € G x V' is
s(9) = l191gg | - g7 |Gl - el
We conclude the section with the following perturbation Lemma.
Lemma 3.17. Let h € G x V be ($, Xo)-compatible and loxodromic. Then, there

exists a non-empty Zariski-open subset Gp, of G? such that for every pair f,q € GXV
with (f,q) € Gy the following holds.

(i) The sequence Ry - A(fh™4) — Ry - A(h) as n — oo. In particular fhq is
(b, Xo)-compatible for all large enough n.
(ii) The attracting affine flag of fh"q converges, as n — oo, to f(H™') and the
repelling affine flag converges to ¢~ (H ™).
Proof. We commence by considering the Zariski-open subset G C G? of Lemma
2.8. For every (f,q) € G, the Lemma implies
A(fh"g) — nA(h)

n n— oo

0,

giving the first statement in item (i). Since A is loxodromic, A(h) lies in the interior
of X¢ and thus item (i) follows readily.
Now, if f, ¢ moreover verify

fHG) Mg () = {0} (3.7)
then, there exists a neighborhood U of f(H™) such that for all B € U one has
q(B) M hy. Lemma 3.14 implies that h"q(B) — H™, so fh"q(B) — f(H") as
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n — oo; i.e. if n is large enough, there is a small neighborhood of f(H™) that is
sent to itself by fh™q, entailing that the attracting affine flag of fh"q is arbitrarily
close to f(H™) as n — co. To deal with the repelling flag, the argument follows by

G (Hy )N f(h) = {0}. (3.8)

The lemma is settled by observing that, since all the flags h;, h;g, H o and Hc‘g
are fixed, Equations (3.7) and (3.8) determine Zariski-open non-empty subsets of
G2, which we further intersect with G to conclude the proof. [l

4. THE AFFINE RATIO AND AFFINE LIMIT CONE

4.1. The Affine Ratio. Let us consider a real vector space V of dimension 2k + [
and the incomplete flag space

Fk’l(V) = {([, W):te Grp(V),W e Grp(V), £ C W}

It is a self-dual flag space of V' and two such flags, (a, A), (b, B), are in general
position if aN B =bN A = {0}, in this case AN B has dimension I. For v € V, let
us denote by (a, A) + v the affine flag (a + v, A + v).

Consider four flags (a™, A"), (a=, A7), (b*,B"),(b~,B™) in Fy;(V), pairwise in
general position, and consider also two arbitrary vectors v,w € V. We will define
an invariant of the four-tuple of affine flags

a+:(a+7A+)+w> aiz(aiaAi)‘i’w,

bt = (b, BT) + v, b =({b",B")+wv,
which we call, by analogy with the cross ratio of four lines in the plane, the affine
ratio. Let us denote by A° = A* N A~ (and BY = Bt N B~). This invariant will
be an affine map from A° 4+ w to itself,

f(a=,bt,b7,a"): A% = A°,
defined by following procedure.
Consider u € A° so that u +w € A° + w C A~ 4 w, translate v + w parallel

to a~ + w until one reaches A~ + w N (BT + v), call this vector u;. Translate u;
parallel to b™ + v until reaching us € (BT + v) N (B~ + v), translate us parallel

to b~ + v until reaching uz € (B~ +v) N A, translate ug parallel to a™ + w until
reaching again uy € (AT +w) N (A~ + w) = A® + w. Then we let (see Figure 2)

t(a”,b",b7,a")(u) ;= uy —w € A°.

Remark 4.1. The affine ratio is invariant under the action of GL(V) x V in the
following sense: if f € GL(V) x V then

fea™,bt, b7, a") fTh =E(fa", fa=, fbF, fb7).

Given a decomposition V = U@ W let us denote by 7" : V' — U the projection
along it, so id = 7" @ 7>V The next lemma computes the translation part of z.

Lemma 4.2. One has f(a,bt,b=,a")(0) = gA"a @ zbT®a™.B% () _ 4.

Proof. Without loss of generality we may assume that w = 0. Using the defini-
tion of ¥ and the fact that © = 0 one directly observes u; = ra BT
decomposition u; — v =" B (u; — v) + 78 " (u; — v), one obtains that

v. From the

+ +p- —+ .-t
Uy =u; — B (ulfv):wb BTy 4 gB b gam BTy,
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u+w A%+ w

FIGURE 2. Definition of the Affine Ratio

Now one has ug = 7rA+b7U2; so finally we get
oty T,y )(0) = ug = 7rA—¢z+u3 — gATat ATeT (ﬂ_b*'B_v + 7TB—b+7ra—B+U)
— gAY eb” (v — 7TB7b+1} + Tl'BibJrTf'aiBﬁU)
Ao,zﬁ@b (v—|—7r - B*U_U))

AO ateb™ (v a8~ b+ B*a*v))
Db (4 _ BmB*b*@a )

A0 at@eb™ 71_bJrEBa (v)’

as desired. O

In particular, if all affine flags have one point in common p = a*Na~NbT Nb™,
then the translation part of ¢ is 0 since we can then then take v = w = p.

An affine 0-flag of Gx V' is an affine partial flag (z¢,, X¢)+v, for some z € Fy(G)
and v € V. We now consider the affine ratio as an invariant of four affine 0-flags.
We will also normalize it so as to consider it as a map of N to itself.

Definition 4.3. Let X, X~ YT, Y~ be a four-tuple of pairwise transverse affine
0-flags of G x V, and define

(XYY, XT) NS N
by conjugating #(X~, Y, Y™, XT) with the map
d)(w(:r*,x*)) oT

that sends the pairs of affine flags X+ = (:Ed), X+) +wand X~ = (z,,X,)+wto
(a*,A") and (a=, A7). Finally, let us define the Translation Affine Ratio

(XYY, XT)eT

as the translation part of ex (X, YT, Y, XT) : N — N along the neutralizing
space T, this is to say

(XYY X = a7 (X, Y Y T, X )(0)).
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For a subset A < Gx V we let A < G be the subset consisting on its linear parts.
The purpose of this section is the following result.

Proposition 4.4. Assume G is Zariski-connected. Let A < G x V be a Zariski-
dense sub-semi-group such that £, N Xy has non-empty interior. Then the set

{en(G=,FT,F~,G")(0) : f,g € A are (b, Xo)-compatible and transverse}
is mot contained in a hyperplane of N. Consequently, the set
{ZT(G_7F+,F_,G+) : fyg € A are (d, Xo)-compatible and tmnsver’se}
s mot contained in a hyperplane of T.

Proof. By Zariski-density, and since £ ; N X4 has non-empty interior, there exists
a pair g,h € A such that the corresponding linear parts ¢ and h are (b, Xo)-
compatible, loxodromic and transverse.

By conjugating A we may, and will, assume that (recall Definition 3.13)

05 =0, §* =[P%, and g~ = [PY],
so that (g$,G$) = (a™,AT), (gd:,G;) = (a=,A7), A = N, Gt = A" and
G~ = A~. Applying Lemma 4.2 we see that we have to understand the vector

h) — WN,a+®h;Wﬁ$®a_,Ho (Oh)

= a0k (o= @ ) N HO), (4.1)

for different choices of h. More precisely, we fix ¢ and h as above and a hyperplane
U C N, we will find f,q € A and n € N such that v(g, fh"q) € U.

We apply Lemma 3.17 to find a non-empty Zariski-open subset G, C G2 such
that if f,q € G x V verify (f,4) C Gy then, for all large enough n one has fh™q is
(¢, Xo)-compatible with attracting flag arbitrary close to f(H™) and repelling flag
arbitrary close to ¢~ *(H ™) (as n — 00).

To find elements f,q € A such that v(g, fh"™q) € U for big enough n, we use
Equation (4.1) and the above descriptions of the invariant affine flags of fh"q to
see that we must find f, g, € A such that (f, q) € Gy, and

Ueat®q ' (hy)N ((a_ @ f(hy) N (fHT)N q_l(H_))) = . (4.2)

This last equation defines a Zariski-open subset of (G x V)2, the variables being
(f,q). Since (G x V)? is Zariski-connected, it is Zariski-irreducible and thus a
finite collection of non-empty Zariski-open subsets has non-trivial intersection. We
already now that Gj, is non-empty, so provided (4.2) defines a non-empty set we
have: since A is Zariski-dense in G x V, the product semi-group A x A is Zariski-
dense in (G x V)2 and thus a pair (f,q) € A% with (f,4) € G, and satisfying
Equation (4.2) will exist.

To complete the proof it remains thus to show that there exist f,q € G x V that
verify (4.2). Consider then f=¢=1id. It suffices to find v € V such that

(Uoat @hg)n(hfoa)n (T, (H nH)) =0. (4.3)

v(g,

In order to do so, we observe that
dim (U@ a* @hg) 0 (i @a”)) =2k -1,
dmH"NH =1
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The second equality is obvious, the first one follows since U @ a™ & h; has co-

dimension 1 and h$ @ a~ is 2k-dimensional (by transversality of g and h) and not
contained in the former.

Thus, as the dimensions do not add up to dim V' = 2k + [, we can translate the
latter as to not intersect the former. i.e. there exists v € V such that Equation
(4.3) holds, as desired. U

4.2. The affine ratio and additivity default of Marguils’ invariants. Given
C > 0, we say that two (¢, Xp)-compatible elements gg,g1 € G x V are a C-
transverse pair if for all 7,5 € {0,1} one has ||(gl+|gj_)|| <C.

Theorem 4.5 (Smilga). Given € > 0 there exists C > 0 such that if f,q € GXV
are a (¢, Xo)-compatible C-transverse pair with affine contraction < 1/C, then

Im(fg) — (m(f) +m(q)) —2o(Q™,QT, F~, F¥)|| <.

Quick sketch of proof. The proof is essentially contained in Smilga [71, Proposition
9.3], however the statement is not exactly the same us ours so we just explain the
main ideas.

We want to understand the Margulis invariant of fq by decomposing it into its
factors f and q. The former is, up to normalizing its invariant flags, the translation
part of fq restricted to the neutralizing space

g(Go*G07) « (poy.

If the angles between the invariant flags of f and ¢ are controlled, and moreover the
affine contraction ¢(f) is small enough (Definition 3.16), Lemma 3.14 implies that,
the attracting flag of fq is close to F*. An analogous control for quantities related
to ¢~ ! implies that the repelling flag of fq is arbitrarily close to Q~, so the ideally
neutral space (FQ)Y of fq is close to F* N Q™. Similarly ¢f has attracting flag
close to QT repelling flag close to F'~, and ideally neutral space close to QT N F ™.
See Figure 3.

Now, the map ¢ conjugates fq and qf, so ¢ sends (FQ)° so (QF)°, and analo-
gously, f sends (QF)° to (FQ)°.

The idea is then to decompose the map ¢ : (FQ)? — (QF)? as the projection
from (FQ)° to Q° parallel to ¢—, followed by the projection Q° to (QF)° parallel
to ¢* and some quasi-translation of (FQ)?. Some errors have to be taken into
account here as (FQ)° is not exactly F N Q~ but only close to it, these errors
tend to be negligible. However, for the approximation of ¢ : (FQ)? — (QF)° with
this composition of projections and a quasi-translation to be good, a control on the
total separation of the spaces, namely, for example a control on ||o4|| and |lof]| is
sufficient (together with the previous control on angles/size of ¢ and f). This is
resolved in Lemmas 9.8 and 9.10 and Corollary 9.9 of Smilga [71].

On readily sees then the Affine Ratio of Figure 2 appearing as the corresponding
default, giving the result. O

4.3. The affine limit cone is convex and has non-empty interior. We define
the affine limit cone o of a Zariski dense sub-semigroup A < Gx V as the smallest
closed cone of T that contains the set of Margulis invariants

Ap = {[R+ m(f): feEAIs (d),Xo)—compatible}.
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F+ ! Q-

(FQ)°

FIGURE 3. Schematic situation in Theorem 4.5, the ideally neutral
spaces (FQ)® and (QF)° are very close (but do not coincide with)
FtNQ™ and QT N F~ respectively.

In light of Proposition 4.4 and Theorem 4.5 one has the following result. Similar
versions will also appear in Kassel-Smilga [41] and in Ghosh [29].

Corollary 4.6. Let ¢ : G — GL(V) be an irreducible representation with non-
trivial neutralizing space and let A < GX 'V be a Zariski-dense sub-semi-group such
that int £ 3 N Xy # 0. Then A is convex and has non-empty interior.

In contrast with Benoist’s limit cone, it is fairly common for /5 to be the whole
space 7. Indeed, this is the case when wy acts trivially on 7.

Proof. We first establish convexity. To that end, we fix a pair g,h € A of (b, Xo)-
compatible, loxodromic elements, we have to find an element in A whose Margulis
invariant lies about R4 (m(g) +m(h)). We consider the Zariski open sets §, and Gy,
given by Lemma 3.17 for g and h. Since g and h are fixed, each of the equations

fHE) Nhy ={0},  H{ ng '(hy) = {0},
Gy Ny ' (9g) = {0}, fo(G§) N gy = {0},
Hingo'g,) =10},  Gyng '(h)=A{o},

defines a Zariski-open non-empty subset of G. Since G is Zariski-irreducible finite
collections of non-empty open sets intersect and thus there exist f,q, fo, g0 € /A such
that (f,q4) € Sn, (fo.do) € Gy, that moreover verify the corresponding equations
above. For large enough n we have thus, by means of Lemma 3.17, that

- fh™q and fog"qo are (¢, Xo)-compatible,

- fh™q and h are transverse,

- fog™qo and g are transverse,

- for all m > 1 the elements h™ fh™q and g™ fog™qo are also transverse (and
(¢, Xo)-compatible by Lemma 2.7).
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Applying now Theorem 4.5 we see that, for big enough n,

. m(g"fog"aoh* fh"q) . m(g"fog"qo) + m(h* fh"q)
lim = lim
k—o00 k k—o0 k
— i M@0 4 m(fog"q0) + m(h") + m(fh"q)
k— oo k
=m(g) + m(h),

proving convexity of o/ .

To prove that &/ has non-empty interior we use Theorem 4.5 together with
Proposition 4.4. Indeed, if there exists a hyperplane U C T such that m(g) € U for
every (¢, Xg)-compatible g € A, then for any transverse pair of (¢, Xp)-compatible
elements f,q € A we have

w5(Q, F*,F~,Q) = lim m(f"") — n(m(f) + m(g)) € U,
contradicting Proposition 4.4. Finally, a convex cone that is not contained in a
hyperplane has non-empty interior, completing the proof. O

5. THE CASE OF REDUCIBLE REPRESENTATIONS

We now consider a finite collection of non-trivial irreducible representations {¢; :
G — SL(V;) }ier with 0 € Mg, and study the representation

b:=Pdi:G-V:=PV.

Fix Xy € at NFix(i) which does not belong to the finite union of kernels ker x, x €
Mg, \Mg°. Let 6; C A be the set of simple roots stabilizing I'I;:i and 0 := .., 6;.
It we let

i€l

ai = U VX and A} = U VX
xeng, xeng ungo
then the parabolic group Pg is the stabilizer in G of a* := @, a; and of AT :=

D, Aj and, if we denote by p; : Fg — Fo, the natural projection, then we have a
map Fo — Gry: 1, 5. n, (V) defined by

2 (24, Xo) = (DEi@)o BP0, ).

? ?

(recall Equation (3.3)). We let Xg, := (), X¢,, where X, is defined as in Equation
(3.6), and we say that g € G x¢ V is (¢, Xo)-compatible if A(g) € Xg.
For each i let us denote by 7; the associated neutralizing space and define the
trivializing space of ¢ by
T=EP7.

Define also, for a (¢, Xo)-compatible g = (g,v) € G x4 V its Margulis invariant by
m(g) = Z m(g7vi)a

where v = ), v; in the decomposition V' = €, Vi. We extend the definitions of

affine ratio and affine limit cone and the proof of Corollary 4.6 gives the following:
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Corollary 5.1. Let ¢ : G — SL(V) be as above and let A < G x V be a Zariski-
dense sub-semi-group such that int £ ; "Xy # 0. Then the affine limit cone dn C T
is convexr and has non-empty interior.

6. THE COCYCLE VIEWPOINT: ZARISKI DENSITY

Let us fix a (possibly reducible) representation ¢ : G — SL(V). If ' < G is a
semi-group, a cocycle over ¢ is a map u: ' — V such that for every ¢g,h € T’
u(gh) = u(g) + b(g)u(h);
it is a co-boundary if there exists v € V with u(g) = v — ¢(g)v. The vector space

1 3
HA(T,V) = {cocycles over ¢}

{co-boundaries}

is called the first twisted cohomology group. Semi-groups of G x¢ V whose linear
part is I', are in bijective correspondence with cocycles over ¢ via

u—T={(g,u(g) eGxg V:geT}

Two such groups are conjugated by a pure translation if and only if the associated
cocycles differ by a co-boundary, i.e. are cohomologous.

One has the following result of Ghosh [28] that crucially uses Whitehead’s Lemma
on the vanishing of the first cohomology of semi-simple Lie algebra representations.

Proposition 6.1 (Ghosh [28, Proposition 6.2]). Let ¢ : G — SL(V') be irreducible
and non-trivial. Let T < G be Zariski-dense and u € H(})(F, V') be non-trivial. Then
the group T\, is Zariski-dense in G x4 V.

Proof. We add some details for later use. Let X be the Zariski closure of I, and
consider ’the linear part’” morphism L : X — G. Since T' is Zariski-dense in G we
have that L(X) is surjective. Thus Vg € G there exists uy, € V with (g,u,) € X.

If L were injective then such u, would be unique giving a well defined cocycle,
g — ug € V of G over ¢, extending u. Whitehead’s Lemma (see Raghunathan’s
book [64]) implies that uy is cohomologicaly trivial, and so is u contradicting our
assumption. Thus L is not injective, which gives a pure translation (id,u) € X.
Since (g,ug)(id, u)(g,us) "' = (id, ¢(g)u), the Proposition will be proved once we
have stablished that the additive group spanned by ¢(G)u is V.

Lemma 2.11 provides a g € G such that for all x € Mg one has (¢p(g)u), # 0,
where, for a vector w € V', we have denoted by w,, its componenent in the restricted
weight space VX, following the restricted weight decomposition of V.

Since the additive group spanned by ¢(G)u and that of ¢(G)d(g)u coincide, we
assume from now that the pure translation (id,u) € X is such that u, # 0 for all
X € |_|¢,.

Since Mg is finite we can consider z € a such that the values x(z), for x € Mgy,
are pairwise distinct. In particular x(z) # 0 for any non-vanishing x.

Let us fix a weight p € Mg, \ {0} and consider the linear map

. log 2
R* = (d(exp(z))—id) H (Qd)(exp(z)) - d)(exp ((1 + 2% )z))) € gl(V).
- x(2)
x€Ny—{0,u}
One readily sees that
- R*u belongs to the additive group spanned by ¢(G)uw,
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- the order on the above product is irrelevant as we are only considering
elements of exp(a), which commute; whence R*u, = 0 for all x # p.

In particular,

RFfu = R*(uy,)
- <(6M(Z) - 1) H (26M(Z) - eu(Z)HogZZEZ )> (Uu) =C Uy # 0,

x€Mg—{0,u}

as the coefficient ¢ is non-zero since x(z) # p(z) for all x # p.

One concludes that ¢(exp(a))R*u = exp(u(a))cu, for all a € a, so by also
considering differences, we get that the line R(w,,) is contained in the additive group
spanned by ¢(G)u. Now, the additive group spanned by ¢(G)R(u,) coincides with
the vector space spanned by ¢(G)(u,,), which is V' by irreducibility of ¢. O

Lemma 6.2. Let & : G — SL(V) and ¥ : G — SL(W) be two representations
with ¢ irreducible and such that there exists 0 # p € Mg \My,. Let T < G be a
Zariski-dense semigroup, uy : I' — V' a non-coboundary cocycle and uy : T'— W a
cocycle. Denote by

u=uy +uyp:Fr—=Vaow
Then the Zariski closure X of Ty contains G x V. If moreover I, is Zariski-dense
inGx W, then X=Gx (Va&W).

Proof. Let X be the Zariski closure of T,,. Consider the projection 7 : Gx (VW) —
GxV given by 7(g,v+w) = (g,v). Since [u]y # 0, Proposition 6.1 implies that 7|X
is surjective. Whence, for every v € V there exists w € W such that (id,v+w) € X.
Fix p € Mg \ My, and choose v so that v, # 0.

We consider now the restricted weight space decomposition

Vow= Y (VoW
x €My UMy,
and denote, for u € V& W by u, € (V & W)X the associated component. Observe
that (V @ W)# = V# and thus (v+w), = v,.
We now proceed again as in the proof of Proposition 6.1 by considering the
(modified) operator

@) -0 [T (200w - oo (04 22)2))).
X€Mp UMy, —{0,} X

and applying it to u = v + w. The same arguments lead to the desired inclusion.
To prove the last item, we consider the projection 7V : G x (VO W) — G x W
given by (g,v +w) + (g,w). By assumption 7"V (X) = G x W whence for each
w € W and g € G there exists v € V with (g,v + w) € X. However, as we have
established that G x V' C X, we obtain that (g, w) = (g,v+w) - (id, —v) € X. Thus,
X contains both G x V and G x W, giving the result. O

Let us introduce the following definition.

Definition 6.3. A finite collection of irreducible representations {¢; : G = V; }ier
is disjoined if we can order I = [1,k] such that ¢; is non-trivial and for each
i > 2 there exists 0 # p; € Mg, \U;;i Mg,. A representation ¢ is disjoined if the
collection of its factors is.
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Remark 6.4. Observe that the Adjoint representation is always disjoined (regardless
that G has isomorphic factors) since the restricted weights of each irreducible factor
of this representation lie on different factors of a*.

Corollary 6.5. Let {¢p; : G — SL(V;)}¥ be a disjoined collection. Let T < G be a
Zariski-dense semigroup. Consider for each i a non-coboundary cocycle u; : T' = V;

and define u =73 u; : T — @, Vi. Then Ty is Zariski-dense in G x (@’f Vi).
Proof. Follows by induction applying Proposition 6.1 and Lemma 6.2. O

We fix from now on a disjoined representation ¢ : G — V and a cocycle u :
I' = V over ¢. Remark 3.3 implies that if g € T is a (¢, Xo)-compatible element
then m(g,u(g)) only depends on the class [u] € Hy(I', V), so we consider the map

m: TP x Hl})(l", V) — 7 defined by

mu(g) = m?(u) := m(g, u(g)),
where we have denoted by I'* = {(¢, X¢)-compatible elements of I'}. By definition,
the map is linear on the second variable and m, identically vanishes when u is a
co-boundary. So from Corollary 4.6 we conclude the following:

Corollary 6.6. Let ' C G be a Zariski-dense sub-semi-group. Let {¢; : G —
SL(V;) }ier be a disjoined collection and for each i let u; : T'— V; be a cocycle over
bi. Let & = P, di, and assume there exists, for each i, a (¢, Xo)-compatible g; € T
such that m(g;,u;i(g;)) # 0. Denote by V =@, V; and byu =73, u;: T = V. Then
the affine limit cone 9r, has non-empty interior.

Proof. By Remark 3.3, [u]; # 0 as m(g;, u;(g;)) # 0. Corollary 6.5 then implies that
I, is Zariski-dense in G x4 V' and the statement is reduced to Corollary 5.1. O

Remark 6.7. Under the assumptions of Corollary 6.6 for u, if I' is a group and wyq
acts trivially on T then o, = T. Indeed, since m(g,u(g)) = —wom((g,u(g))~*) for
every g, convexity gives 0 € int o,.

7. COMPATIBLE AND 6-ANOSOV LINEAR PART, NORMALIZED MARGULIS

SPECTRA
Consider p € Ag(I',G) and a disjoined ¢ : G — SL(V'). A cocycle u € Hy (T, V)
induces a T-valued translation cocycle ¢ : T x 9° — T as in S. [67] (see also

Ledrappier [53]), defined by

(. (@.9) =77 (§ (0], ) w¥e v (u(y 1) ).

Indeed we have to check that for every pair v,h € T one has c(vh, (z,y)) =
c(h, (z,y)) + c(v, h(z,y)), which follows from a straightforward computation. By
S. [67, Proposition 3.1.1] there exists a Holder-continuous J, : UI — 7 such that
for every hyperbolic v € T

g[’y] (3u) = m(77 U(V))'

Similar constructions are considered in Goldman-Labourie-Margulis [31]. Thus, for
every ¢ € int (Lg,,)*, the set of normalized Margulis spectra is convex and compact:

MS¥ ([u]) = {W s rh}.
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Remark 7.1. Under the assumptions of Remark 6.7 for u (replacing ' with p(I")),
if wo acts trivially on T then convexity gives int MSY ([u]) # 0.

Similar versions of the following, for split G, can also be found in Ghosh [27].

Proposition 7.2 (Kassel-Smilga [11]). Let ¢ : G — SL(V) be irreducible and such
that Ny = {0}, and consider p € Ao(T', G) so that L, C Xg. If 0 € int MS"([u])
then the action of p(I), on V is not proper. However, if ¢ € int(a™)* and 0 ¢
MSY¥([u]) then the corresponding action is proper.

In particular, if 0 ¢ MS¥([u]) then these Margulis space-times lie on the context
of S. [67, §3.4,3.5,3.6] and several results there apply directly.

Part 2. The cone of Jordan variations, normalizations, pressure

A faithful morphism p: I' < G is fixed, so we identify " with p(I") and say that
v € T is loxodromic if p(y) is. We also fix an integrable vector v € T,X(T", G), which
defines a cocycle over Ad p, u, : I' — g given by

v = ()

It is a co-boundary iff there exists (s;) € G with so = id such that V- € T the curves
pe(v) and sgp(y)s; ! have the same derivative. Equivalently, the curve p; is tangent
at 0 to the conjugacy class of p, which is also equivalent to the fact that the curve
of characters p; € X(T', G) has zero derivative.

For v € T we let A7 : X(I',G) — a be the map A(n) = A(n(y)) and dA” its
differential. If ¢ € a* we let ¢ : X(T',G) — R be the composition

¢T=poN 1 p= o(A(p(1))-
We introduce two concepts which are the main object of this part.

Definition 7.3.
- The cone of Jordan variations of v is the cone associated to variations of
Jordan projections:

vy, = {R+ ~dAY(v) iy €T loxodromic} Ca.

- Let ¢ € int (£,)*, then the set of 1-normalized variations is

v _ dA\7Y (v)
v { ¥ (p)

Let g = @, gi be the decomposition of g on simple ideals and assume we’ve
chosen the Cartan subspaces a; of g; so that a = @, a;. Let p; : g — g; be the
associated projections, choices have been made so that p(a) = a;. Assume also the
Weyl chambers a; where chosen so that a® = i aj'.

The vector v has full variation if for every i € I the cocycle p;(u,) is not a

coboundary, and has full lozodromic variation if p;(7.%,) # {0} for every i.

:’yEF}Ca.
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8. VARIATION OF EIGENVALUES AND SOME CONSEQUENCES OF PART 1
We now apply Part 1 to the adjoint representation ¢ = Ad : G — SL(g). The set
of weights is ® and no root is wp-invariant so the ideally neutral space
N=g¢g’"=maa

Writing m = [m, m]&3(m) one has that M preserves each factor g° = [m, m]®3(m)da
and acts trivially on 3(m) @ a so the neutralizing space is

T=3(m)®a.

Moreover, picking any X, € at N Fix(i) one readily sees that the (Ad, Xo)-
compatible cone is nothing but the whole Weyl chamber a™. The Margulis invariant
is thus well defined for any g € G x g with loxodromic g € G and one has

m(g) € 3(m) @ a.
Finally, observe that Ad is a disjoined representation (recall Definition 6.3).
8.1. The variation of the Kostant-Lyapunov-Jordan projection. Let (g;)e(—c,-) C

G be a differentiable curve with loxodromic g = go. We denote by g € T,,G its de-
rivative. Consider g € G x g with linear part g and translation vector

1

~ 0 _
dgLy-1(9) = E’t:ogtg €g.

Then one has the following.

0
Proposition 8.1. The a-factor of m(g) is En 07\(9,5).
t=

The proof requires the following Lemma.

Lemma 8.2. Consider a differentiable curve (st)(—c.e) C G with so = id, let hy =
s;'gise and h € G x g be defined as above, then m(h) = m(g).

Proof. Indeed, explicit computation yields that the translation part of h is

9 -1 -1
= Ad -5,
At l=o" " Bt l1=o”9 +Ad(90)(5) =
so the lemma follows by Remark 3.12. O

Proof of Proposition 8.1. Let x¢,y; € Fa be the repelling and attracting flags of gy,
for small ¢. Since m(g) is invariant under conjugation, we can assume that zo = [P2]
and yo = [P2], so that g = go = ma for some m € M and a € A. Consider also a
differentiable curve s; € G with so = id, that sends the pair (z¢,y;) to ([P2], [P2]),
then by Lemma 8.2 one has m(h) = m(g), for h; := s; *g;5:.

We compute now m(h). Since h; fixes ([P2], [P2]) we have h; = mya, for my € M
and a; € A, and A(g;) = A(a;). The derivative of hyh~! is, since M and A commute,

h™ meara tm™t = mm ™t 4+ da L (8.1)

=3

Ot lt=0 Ot lt=0
The Margulis invariant of h is then computed by considering the eigenspace decom-
position of Ad(ma), which is nothing but the root space decomposition

g:go@@g“: [m,m] ®3(m)®adndi,
acd

and projecting the vector (8.1) onto T = 3(m) @ a parallel to this decomposition.
The a-factor of m(g) is then @a~!, as desired. O
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The same proof above actually gives the following:

Corollary 8.3. Let G¢ be a complexr semi-simple algebraic group. Let ac be a
Cartan subalgebra of Ge and let p : G — exp(ac) be the eigenvalue projection. Let
(9t)te(—c,e) C Ge be a differentiable curve with lovodromic go. Then

m(g) = (du(g))u(9)~" € ac.

Proof. Considering G¢ as a real-algebraic group one has that m is abelian, so m =
3(m) and ac = 3(m) @ a. In the course of the proof of Proposition 8.1 one may
observe that, the 3(m)-factor of m(g) is the projection of m =1 € m = [m, m]®3(m)
parallel to [m, m], which readily gives the result. O

8.2. Every functional sees eigenvalue variations. We now prove Theorem A.

Corollary 8.4. If p(T) is Zariski-dense and v has full lozodromic variation, then
V¥, is convex with non-empty interior. In particular, if p is a regular point of
X(T,G) and ¢ € a* does not annihilate any of the a;’s, then span {dgp’V 1y € F} =
T:X(T,G).

Proof. Proposition 8.1 places the statement in the conditions of Corollary 6.6 where
Vi = g;. The Corollary applies since the Adjoint representation is disjoined (Remark
6.4). Thus, the affine limit cone
‘Q[p(r)uv C3(m)@a
is convex and has non-empty interior, whence it’s projection onto the second factor
also, giving the conclusion. O
We introduce for convenience the following definition.

Definition 8.5. If H is a reductive subgroup of G then an adjoint factor of H is a
collection of irreducible factors of the representation adg [h : h — gl(g). An adjoint
factor is disjoined if the associated representation is.

If p(T') has semi-simple Zariski closure H, then H} (T, g) splits as
dep(rvg) = @ H}%dp(rv VH)
Vi irreducible adjoint factor

We have the following refinement of Corollary 8.4 whose proof is identical.

Corollary 8.6. Assume p(TI") has semi-simple Zariski closure H and assume that
L,Ninta™ # 0. Let Vi be a disjoined adjoint factor and ¢ = Adg(H)|Vi. Assume
ue Hip(r, Vi) \ {0} is integrable, then for every lozodromic v € T' one has

A\ (u) € Vi N

Moreover, if [u] projects non-trivially to the twisted cohomology associated to each
wrreducible factor of &, then Zf,, is convex and has non-empty interior in Vy Na.
Consequently, for every ¢ € a* such that VuNa C ker ¢ there exists v € T such that

dep” (u) # 0.

Proof. Since H contains a G-loxodromic element the 0-weight space of the repre-
sentation ¢ : H — GL(Vy) verifies

anVyC (Va)’ € (maa)n V.
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It follows that the a-factor of the Margulis invariant of (n(v),u(y)), as an element
of H x ¢ Vi, coincides with dAY(u), so non-empty interior of Z_¢, in Vi N a follows
from Corollary 6.6. O

9. ZARISKI-DENSITY OF ELEMENTS WITH FULL VARIATION
In this section we establish the following.

Proposition 9.1. Assumev € T,X(T, G) has full loxodromic variation and Zariski-
dense base-point. Fixz a finite collection of hyperplanes P of a. Then the set

I'p = {lozodromic g € T with AN (v) ¢ U U}
ve?

is Zariski-dense in G. Moreover, the set {\(g) : g € T'p} inlersects every open cone
contained in L,.

We place ourselves in the assumptions of the Proposition, whose proof follows
the same lines as Benoist [3] (see [5, Theorem 6.36]) for loxodromic elements.

Lemma 9.2. Let K be a field and consider w,g,h € GL(d,K), then for every
N € N the Zariski closure of {wg™h™ : n € [N,00)} contains the product wgh.
Analogously, the Zariski closure of {g"h™w :n € [N,00)} contains ghw.

Proof. Let I = {p € R[z;;] : p(wg™h™) = 0 ¥n > N} be the associated ideal. We
must show that for every p € I it holds p(wgh) = 0.
Consider the map T : R[z;;] = R[x;;] defined, for X = (z;5):5, by
Tp(X) = p(wg™w 1 XRrY).
It is an isomorphism that preserves I. Moreover, the finite-dimensional vector space
I = {p € I of total degree < m}

verifies T'(I"™) C I™ which yields, since T is invertible, that T(I"™) = I™, and
thus T(I) = I. Consider then ¢ € I and let p € I be such that Tp = ¢, then
q(wgh) = p(wgVNT1ANT1) = 0, as desired. O

Recall the projections p; : a — a; and let, for U € P, py € a* be such that
ker py = U. We treat indistinctively the p;’s and the py’s and say throughout this
section that g € T has full variation if forall j € I U P one has p;(dA9(v)) # 0.

Lemma 9.3. Let g,h € T be loxodromic and transverse, if g has full variation and
k €N is such that
Vi p; (kdA? (v) + dA" (v)) #£ 0,

then for all large enough n (depending on k) the element (g*)"h™ has full variation.

Proof. By Theorem 2.6 we have
A k npn s oo
% = (Mg") +A(h) =0

and the convergence is uniform about g* and h. Since we're considering an analytic
variation u — p, and A is an analytic function when restricted to loxodromic
elements of G, we can differentiate both sides in the convergence to obtain

dA9" "R ()

— kdA (v) — dA"(v) 2225 0.
n
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By assumption we have, for every 4, p;(kdA9(v) + dA"(v)) # 0 so the above conver-
gence implies the lemma. ([

Lemma 9.4. Let v €T be loxodromic, then there exists g € I'p transverse to ~.

Proof. Consider a loxodromic g € ' with full variation, the existence of such g
is guaranteed by Theorem A. By means of Zariski density of p(T), we can find a
loxodromic h that is transverse to both v and ¢g. By Lemma 9.3 elements of the
form ¢g"™h™, for arbitrary large n and m, have full variation, and analogously for
h™g™. Again for large enough m,n, the pairs h""¢g"™ and ¢""h™ are transverse, so
we can find, by Lemma 9.3 again, large enough k, [ so that

(g™ (g"h™)!
has full variation. Moreover, the attracting flag of the latter element is arbitrarily

close to h* and the repelling flag is close to h~, thus (h™g™)*(¢g"h™)! has full
variation and is transverse to ~. O

Lemma 9.5. Let g, h be lozodromic and transverse, assume moreover that g € T'p
then, the products hg and gh belong to the Zariski closure Tp%. Moreover, the
semi-group spanned by {gh, g} is also contained in Tp%.

Proof. Since g has full variation, there exist K such that for all £k > K one has
Vi pi (A" () + AN () = pi (kdA? (v) + A (v)) # 0.

For every such k, Lemma 9.3 implies that for all large enough n one has (¢g*)"h" €
I'p. Lemma 9.2 yields g*h € Tp? for all k > K and thus gh € TpZ.

We now show that the semi-group spanned by {gh, g} is also contained in T'pZ.
To this end, consider an arbitrary word w on the letters gh and g, and assume by
induction that w € Tp?2. We will show that the words

ghw,wgh, gw,wg

are all contained in T'p?. Since g and h are transverse and we are only considering
positive powers in w, the word w is transverse to g, and to any element of the form
g™h"™ for positive n,m € N.

Since g € Tp, then the first statement of this lemma implies that wg € Tp? as
desired. Moreover, again since g € I'p, the paragraph above establishes that, for
all k > K and all n > N(k), one has (¢g*)"h"™ € T'p. Thus, since w is transverse to
(g*)™h™, the first item of this Lemma gives that Yk > K, Vn > N (k)

w(gk)nhn c EZ7
which implies, by applying twice Lemma 9.2 that wgh € Tp? as desired. The other
inclusions are analogous. O

Proof of Proposition 9.1. We will show that the Zariski closure of I'p contains all
loxodromic elements of p(T"), which are in turn Zariski-dense by Benoist [3].

Consider then v € T' loxodromic. By Lemma 9.4 there exists g € I'p transverse
to 7. Lemma 9.5 establishes that the semigroup spanned by {g~, g} is contained
in TpZ, but the Zariski closure of a semi-group is a group (c.f. [5, Lemma 6.15])
thus the group spanned by {gv, g} is contained in Tp? and in particular so does
v =9g"1(g7), as desired.

We finally establish the last statement in the Proposition. Consider an open cone
€ C L,, v € T loxodromic with A(y) € ¥ and g € I'p transverse to . Consider
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then ¢t € Ry \ @ so that tA(vy) + A(g) € €, by the abundance of such #’s we may
further assume that for all i p; (¢dA7(v) +dA9(v)) # 0. Consider then a sequence of
rationals in lowest terms m,, /g, — ¢, since ¢t € R\ Q we have min{m,,, ¢,} — oo.
Lemma 2.7 implies then that
A(~Mn gdn
i A™"9™)

n— oo qn

=tA(y) +Mg) €€,

so A(y™Mng9n) € € for big enough n. Moreover, again by analyticity of our curve
and uniform convergence on the above limit, we get by differentiating both sided
of the limit that v~ g% € I'p for all large enough n. O

9.1. Convexity of normalized variations.

Proposition 9.6. Let v € T,X(T',G) have full loxodromic variation and Zariski-
dense base-point then, the set of normalized variations is convex.

Proof. Consider v, h € Tgy. We first assume that v and h are transversally loxo-
dromic. Using the argument from the proof of Proposition 9.1, we obtain that for
every irrational ¢ € Ry one has A(y™h?)/q, — tA(y) + A(h) which in turn gives:

Y (p)

qTL n—

— 17(p) +¥" (p),

tdAY (v) + dA" (v).

qn n—oo
Combining both equations and since V¥ is closed, we obtain that for every ¢t € R
tdAY (v) + dA" (v) Vo
W (p) + ¥ (p) !
1 (d?\"’(v) dA\"(v)

So letting now t = 1" (p) /17 (p) we obtain 3 ) + )

If v and h are not transversally loxodromic then by Lemma 2.8 we can replace
h by some element of the form fh™q and apply the above. Il

> € VY, as desired.

10. THEOREM B: BASE-POINT INDEPENDENCE
We introduce, for convenience, the following definitions.

Definition 10.1.
- The support of ¢ € a* is suppp = {cr e A :(p0o) # O}. Equivalently,
upon writing ¢ = ) A ¢s@s, one has o € supp ¢ if and only if ¢, # 0.
In particular, ¢ € (ay)* if and only if supp ¢ C 9.
- If g € G we say that « strictly minimizes g among supp ¢ if a € supp ¢ and

a(Ag)) < a(Mg)) Vo € suppy — {a}. (10.1)
The main result of this section is the following.

Theorem 10.2. Let p : I — G be a Zariski-dense sub-semigroup andv € T,X(T', G)
have full loxodromic variation. Consider ¢ € a* and assume there exist a € supp ¢
with dimg, = 1 and g € T such that a strictly minimizes g among supp ¢. Then
given 1 € a* there exists a lozodromic v € T such that dpY(v) — ¢ (p) ¢ Z.

Corollary 10.3. In the assumptions of Theorem 10.2, the additive group spanned
by the pairs {(de? (v),A7(p)) : v € T lozodromic} is dense in R x a.
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Proof. Otherwise, there exist (a, ) € R x a* s.t. for all loxodromic v € T' it holds
ap(dAY(v)) + (AN (p)) € Z. If a # 0 then ayp verifies the assumptions of Theorem
10.2 giving a contradiction. If @ = 0 this is contained in Benoist’s Theorem 2.12. [

Example 10.4. For g € PSL(2,C) denote by |v| its translation length on the
hyperbolic 3-space H?. Let I (S) be the Teichmiiller space of S as above. Consider
then a Zariski-dense quasi-Fuchsian representation 7 : 7.5 — PSL(2,C) and a non-
zero v = g € T,7(S). Assume there exists g € m .S with |pg| < |ng|. Then by
Corollary 10.3 the group spanned by the pairs

{(©/08)=olpirl. i) : v € mS}

is dense in R?.
Recall from §2.6 that we have a projection my : a — ay.

Corollary 10.5. Let ¥ C A be such that dimg, =1 foralloc € 9. Letp: T — G be
a Zariski-dense sub-semi-group and consider an integrable, full loxodromic variation
v € T,X(I',G). Then the group spanned by

{(d\}(v),A(p)) : v €T lozodromic}
is dense in ag x a. Whence, if ¢ € int (£,)* the set \/zé}m has non-empty interior.

Proof. Otherwise there exist ¢ € (ag)* and 1 € a* such that for all loxodromic
v € T one has dp?(v) — ¥7(p) € Z. Since p(I') is Zariski-dense its limit cone
has non-empty interior, there exists then g € T such that values 09(p) for o € ¥
are pairwise distinct. Since supp ¢ C 9 and all roots in ¢ have 1-dimensional root
space, there exists a € supp ¢ with 1-dimensional root-space that strictly minimizes
g among supp . This contradicts Theorem 10.2. The last statement now follows
since by Proposition 9.6 \/g,v is convex. ([

10.1. Strongly transversally proximal elements. We use freely notation from
§2.9 and let, for proximal g, u1(g) be the eigenvalue with |u1(g)] = exp(A1(g)),
12(g) = exp(Az(g)) and
Tg(w) = Bg(w)vg.

Recall that an element of End(V) is semi-simple if it is diagonalizable over C.
Finally, recall Eq. (2.18) defining the multiplicative cross ratio Bj.
Lemma 10.6 (Benoist-Quint [5, Lemma 7.15)). Let g, h € End(V') be transversally
prozimal, then for m,n big enough g"h™ is prozimal and
Trace(myg™m ~ m _
M — B1(g+,g .g h+,h ).

(10.2)
If they are strongly transversally proximal and g is semi-simple, then the sequence

(E20) " tog o (9.1)

is bounded. Moreover, let g. be the elliptic component of g in Jordan’s decomposition
and ny a sequence such that g7+ |Va(g) = id |Va(g). Then,
— 00

enl(g, h) = mlgnoo Trace(mgmgnpm) = Trace(g"mm)

. p1(g) ™ _ —Bn(T4vn)
il <u2(g)> tog en, (9 1)) = B1(g+,g*,gh+,h*) 70 (103)

and the convergence is moreover uniform on h.
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Proof. We focus on the second statement which is slightly different from what is
found in [5]. Using Equation (10.2) we compute

Trace ((mg — 1)g"m)
Trace(g™mp) '

loglea(g. )] ~_cala.h) 1=
The denominator is easily controlled, indeed

Trace(g"mn) _ Bn(g"vn) _ _
= ﬁh ™ (Uh) = Bl(g+7g 7h+7h ) (104)
pa(g)" pa(g)m nee (s (0n))

We now study the numerator. Observe that Trace ((1—my)g" ) = B (9" 74vn)+
o(u2(g)™). Since g is semi-simple, V5(g) decomposes as €, W; where each W; is g-
invariant and g|W; = p2(g)K;, where K; : W; — W; lies in an abelian compact
group. Thus, the sequence

Br(g"Tgun) + o(p2(9)")
p2(g)"
is bounded. Moreover, considering the sequence ny — oo as in the statement, for
all ¢ one has K™ — id. Since ¢ is semi-simple we deduce that
9" [Va(g) i
p2(g)™ koo

so one concludes
Trace (1 — mg)g™ mh) _ Bu(9™ 7gvn) | olua(9)™)
p2(g)™ p2(g)™ p2(g)™ koo
as desired. O

6h(7_gvh)v

Suppose now that g, h € G are ¥-proximal, then we say they are strongly transver-
sally 9-proxzimal if for every o € ¢ the maps ¢,g and ¢, h are strongly transversally
proximal. For such a pair and n € N we define the vector

v)(g,h) € ay so that Vo €9, w,(vh(g,h)) := log len (dog, doh)|- (10.5)

Proposition 10.7. Let g € G be lozodromic and consider h € G so that g and h
are strongly transversally ¥-proximal. Consider ¢ € (ay)* and let o € supp ¢ be
such that

a(A(g)) = min{o(A(g)) : o € supp ¢} (10.6)
If « has multiplicity 1 and is the only Toot in supp p realizing the above minimum
then there exists k?(g,h) € R such that

@(Vgn(g, h))GQna(A(g)) m K/go(g’ h) 7é 0. (107)

In the latter case, the map (v,n) — k¥(v,n) is analytic on both variables on a
neighborhood of (g, h) € G% and the above convergence is uniform on a neighborhood
of g and h.

Proof. By definition of v (g, h), upon writing ¢ = 3" __, ¢ow@, one has

@(Vg(.%h)) = Z @Uwa(y'z(g’h))

oy

=" @olog|ea(bog, doh)|.

oy



44

Considering, for each ¢ € 9, the fundamental representation associated to w,
we see by Lemma 10.6 that e"?M9) g, (z/g(g7 h)) is bounded, thus if « is the only
root realizing the minimum in Equation (10.6) we have, for every o € supp p — {a}
that

e M9 (v(g, h)) —— 0.

n—roo

Moreover, since dim g, = 1, Va($4(g)) is 1-dimensional. Thus

B -

and combining with the last statement of Lemma 10.6 we obtain

B (ThagV0ut)
PO M) s b0 e g ) e (109
The convergence is uniform on a neighborhood of h so we now treat uniform
convergence in g. If ¢’ is close to g then, by one-dimensionality of g, ¢’ also acts
as a homothety with ratio pa(bag’) on Va(dsg') and thus uniform convergence
follows. Analyticity of x¥(-,h) follows as, since g is loxodromic, the map 74,4
varies analytically about g. (I

For a real-analytic curve (t — (gt, ht)) with g = go and h = hg strongly

te(—e,e)
transversally 9-proximal, with g loxodromic, we denote for every n € N and ¢ €

(ap)* by 8™ (1) := vy, (gu, hy) and £9OP) () = k% (gy, hy). We also let

0

y(g.h) — 2

i ot

Corollary 10.8. Consider a real-analytic curve t — (gi, ht) for t € (—e,e) with
g = go and h = hg strongly transversally ¥-proximal, and assume g is loxodromic.

Consider ¢ € (ay)* and assume there exists o € supp ¢ with dimg, = 1 and so
that

vOR () and /9N = 9

Wv(gvh) t
t=0 ot li—o” (®).

a(Mg)) < o(Mg)) Vo € suppyp — {a}. (10.9)
Then,

P (IAT) 2@ 4 (140 >)2n(§t’ a(Mg1)) )20 s oo,

n—oo

Proof. Assumptions are made so that Proposition 10.7 applies. By definition,

Lo (t) and k#(9")(t) are real-analytic, and since the convergence in Eq. (10.7)
is uniform, we can intertwine limit and derivative to obtain the desired result. [

10.2. Proof of Theorem 10.2. We place ourselves under the assumptions of The-
orem 10.2 and begin with the following lemma that does not assume Zariski-density
of the base point, it will be also needed later on.

Lemma 10.9. Consider an analytic curve (p; : T — G)ie(—c,o) with speed v and
a lozodromic g € T. Consider ¢ € (ag)* and assume there exists a € supp ¢ with
dim g, = 1 that strictly minimizes g among supp . Let h € T be such that the pair
(g, h) is strongly transversally ¥-proximal. Consider ¢ € (ay)* and assume that the
values 09(p), for o € supp ), are all distinct. If for all loxodromic v € T it holds
de¥(v) — Y (p) € Z, then

daf(v) = 0.
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Proof. By definition (Eq. (10.5)), the vector v, (g, h) is a uniform double limit of
sums of vectors of the form £A(p(g"(g¥h!)™)). Moreover, for every n, v,(g,h) is
an analytic function on g and h, which is also a uniform limit of analytic functions.
Since the curve p; is analytic we can intertwine limit and derivative in the definition
of v, so for every n € N it holds, as g and h are transversally ¥-proximal, that

my, = dcp(l/g’(g’h))(v) — 1/}(1/2’(9”1) (p)) eZ, (10.10)
where we have denoted by Vg’(g’h)(pt) = vY(ptg, pth). Since dim g, = 1 Corollary
10.8 states that

dw(ygﬁ(g’h))(v)e%ag(”) + so(ug;l(g’h)(p))2n(da9(v))e2"ag(”) — 5 dr#loh) (v).

n—oo

Pairing with Equation (10.10) gives
(L™ () man ) 21" D (1501 () 2n (A0 (0)) 2" ) —— AP (1) (v),

n—oo
(10.11)
Dividing by n and considering the limit we obtain by Equation (10.7)
9,(9.h) e?re’v) n
(5" () + man) —— 2da? (v)s# 5 (p) (10.12)

One has that Vg’(g’h)(p) — 0 and thus also does w(vg,’l(g’h) (p)). Since €2’ () /n, is

n
divergent, we obtain that ms, = 0 for all big enough n, giving in turn that

2naf(p)
9,(g,h) € g ©,(g,h)
BB () S —— 28 ()= (p). (10.13)
Using the definition of yﬁ’(g’h) we obtain
62no¢g(P)¢(Vgn(g, h)) _ Z ¢062n(o¢9(ﬂ)*09(P)) 2o’ (P) 1og |Czn(¢)ag, ¢0h)|.
g€

If there exists o € supp # so that a9(p) —c9(p) > 0 then we let o be the root that
maximizes this value. Applying Lemma 10.6 to the representation ¢, we obtain a
subsequence ny such that

2 (0) 1og |Cong (Dog, boh)| koo 1 £0.

Since the terms e2#9°(?) Jog |ank (bsg, cb(;h)| are bounded for every & € supp v, we
deduce that e2nko‘g(”)¢(ugnk (g,h)) is diverging to infinity at an exponential rate
pw = ad(p) —a9(p) > 0, which combined with Equation (10.13) gives > /n, is
convergent as k — oo, a contradiction.

We conclude that V o € supp one has a9(p) < 09(p) and applying Lemma
10.6 we obtain, since e2mo’(r) log‘CQH(d)Ug,d)Uh)‘ is bounded for every o, that
62”0‘9(9)1/1(1/59,1 (9, h)) is converging to a constant C, which is possibly zero. Thus

e2na?(p)

9,(g,h)
P (v, () — 5 O
giving, since k¥ (g, h) # 0 by Proposition 10.7, that da?(v) = 0 as desired. O

Proof of Theorem 10.2. Let us assume by contradiction that for all v € T one has
de"(v) — ¥ (p) € Z.

By hypothesis, there exists o € supp ¢ with dim g, = 1 and a loxodromic ~y verifying
Eq. (10.1). The Zariski-density assumption gives (c.f. Benoist-Quint [5, Lemma
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7.20]), for each loxodromic ~, an h € T such that (v,h) are strongly transversally
loxodromic. Thus, we can apply Lemma 10.9 to every loxodromic g € T such that
the values 09(p), for o € ¥, are all distinct and verifies Equation (10.1) to obtain:

Remark 10.10. For every g € T loxodromic such that the values o9(p), for o € ¥,
are all distinct and verifying Eq. (10.1) one has da9(v) = 0.

Proposition 9.1 states we can choose v € Ty verifying the assumptions of the
above remark. Moreover, we use Proposition 2.13 by Benoist and more specifically
Remark 2.14 to choose a Zariski-dense sub-semi-group I < T that contains v* for
some large power k and whose limit cone is a convex cone about R;A(py), chosen
so that for all h € " Equation (10.1) holds (for A instead of ) and such that the
values o (p), for o € ¥, are all distinct.

Since I is chosen with v* € T, the curve 1; := p;|I” has full loxodromic variation.
However, Remark 10.10 gives that

Vh € T it holds da”(77) = 0,
contradicting Theorem A. This completes the proof. (|

11. THE CASE OF ©¥-ANOSOV REPRESENTATIONS: COHOMOLOGICAL
INDEPENDENCE AND OTHER CONSEQUENCES

We assume throughout that I is word-hyperbolic and p € y(T, G).

11.1. Full loxodromic variation for ¥-Anosov representations. We prove:

Corollary 11.1. Assume that 9N A; # 0 for every simple factor g; of g. If v has
full variation then it has (full) loxodromic variation.

The proof is essentially contained in Bridgeman-Canary-Labourie-S. [14, § 10] so
we only give the minor required modifications.

Lemma 11.2. Let p: T — G be 9-Anosov and have Zariski-dense image, then
{(h=,h",7,7") : p(v) and p(h) are lozodromic}
is dense in 0T

Proof. The Lemma is certainly true if we remove the ’loxodromic’ condition, we
show how we reduce the question to this situation. Since p(I') is Zariski-dense
€7(9r) is the limit set of p(I') on the flag space Fy(G). By Benoist [3, Remarque
3.6 2)] it is the image, under the natural projection, of the limit set A,y in the full
flag space Fa(G). Again by Zariski-density, the latter is the closure of attracting
full flags of loxodromic elements in p(I'), and the lemma follows. O

Proof of Corollary 11.1. Consider a; € ¥ N A;. We will show that for each i there
exist a loxodromic v € ' such that dw] (v) # 0. Otherwise, for every loxodromic
~v € I one has

% ‘t:o}\l (q)ai (P (7))) = 0.

Using now [14, Prop. 9.4] one has that for every co-prime pair of loxodromic
v, h € T it holds 9" by, ,,(v~,7T,h™,hT) =0 (recall §2.12.5). By Lemma 11.2,
this implies that for every (z,y,z,t) € ™I one has 9'°% b, p(2,y,2,1) = 0.
Moreover ¢, p is irreducible and projective Anosov, so from this point on the proof
of [11, Lemma 10.3] woks verbatim to give that the cocycle p;(u,) is cohomologically
trivial, contradicting our assumptions. [
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11.2. Cohomological independence of J and 5 Consider the Ledrappier po-
tential J; = J,, : UI' — ay and denote by J = J : UI' — ay its differentiation w.r.t.
t at 0. Corollary 11.1 and Theorem 10.2 readily give:

Corollary 11.3. Let v € T,2y(T, G) have full variation with Zariski-dense p.

(i) Consider ,v € (ag)* and assume there exist v € T and o multiplicity-1
root « that strictly minimizes v among supp ¢. Then, <p(j) —(9) is not
Livsic-cohomologous to a function with periods in Z.

(ii) If moreover every root in ¥ has multiplicity one then J and J are Livic-
cohomologically independent (thus Corollary 2.31 applies).

We conclude then the following.

Corollary 11.4. Consider 1) € int (Ly,,)* and assume there exist v € T and o
with dim g, = 1 that strictly minimizes v among supp . If v € T,X(I',G) has full
variation then P (v) > 0.

Proof. By Theorem 2.16, P% degenerates at v iff (dA%v)y(J) and ﬁ%(j) are
Livsic-cohomologous. However this does not hold by Corollary 11.3(i). [

11.3. Variations along level sets of 7 give non-proper actions. This princi-
ple is used in Labourie [47, 51], we give new situations where it applies.

Recall from Sullivan [72] (see Yue [70]), that if X has rank 1 and p : [ — Isom X is
convex-co-compact, then %, is the Hausdorff dimension of the limit set of p on 95X
for a visual metric. Also, by Bridgeman-Canary-Labourie-S. [14] (see §2.12.2), the
function p — /%, is real-analytic on the space of convex-co-compact representations.

The adjoint representation of a rank-one simple g has neutralizing dimension 1
as long as 3(m) = {0}. Thus, the rank 1 simple groups with neudim(Ad) # 1 have
Lie algebras equal to s07 3 or suy ,, for n > 2 (see Knapp [44, Appendix C]), whence:

Corollary 11.5 (Rank 1). Let G be the identity component of the isometry group
of Hg for n # 3, Hij n > 2, or the Cayley hyperbolic plane, and let p : T — G be
convex co-compact and Zariski-dense. Let u € H}Xdp(r,g) be an integrable cocycle.
If d,7%(u) = 0 then the affine action of p(I'), on g is not proper.

Proof. If d%(u) = 0 Eq. (2.17) implies that wq(pm,u) = 0. Lemma 2.32 gives
then 0 € int V¥=. Since 3(m) = {0} Proposition 8.1 implies that VZ* = MS™*(u).
Kassel-Smilga’s Proposition 7.2 gives then non-properness of the affine action. [

Corollary 11.6. We let G be as in Corollary 11.5 and F be a non-abelian free
group, then there exists C > 0 such that if p : F — G is a Schottky group with
contraction greater than C, then % is not critical at p.

Proof. Follows from Corollary 11.5 together with Smilga’s construction [70]. O

Let us consider now G = SL(3,R) and the functional H € a* given by H(a) =
(a1 — a3)/2, the Hilbert entropy %M : A (T, SL(3,R)) — R,

Corollary 11.7 (SL(3,R)). Consider0 # v € T,Aa(l',SL(3,R)) with Zariski-dense
base-point. If A4 (v) = 0 then the affine action on sl(3,R) via u, is not proper.

Proof. Since SL(3,R) is simple v has full variation. Applying Corollary 11.3 we
obtain that VH has non-empty interior and by Corollary 2.31

pro € int V1.
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By Equation (2.17) H(ppv) = —dlogA"(v) = 0, so pyv € kerH. Since H
is i-invariant, the set of normalized variations V! is also i-invariant so we obtain
i(pyv) = —puo € int VI thus by convexity, 0 € int V. Since SL(3, R) is split, m = 0
and whence 3(m) = {0}, so by Proposition 8.1 we conclude that 0 € int MS"(u,).
Kassel-Smilga’s Proposition 7.2 gives then non-properness of the action. O

As before, Corollary 11.7 together with Smilga’s construction [70] gives:

Corollary 11.8. Let F be a non-abelian free group, then there exists C > 0 such
that if p : F < SL(3,R) is a Schottky subgroup with contraction greater than C,
then %M is not critical at p.

12. THE CASE OF ©-POSITIVE REPRESENTATIONS

Guichard-Wienhard [36] have introduced, for a subset © C A, the notion of
a O-positive representation S — G. We refer to their work for the definition
and instead use the following result, which states that these representations are
©-Anosov, and verify a stronger form called hyperconvexity. We will whence begin
by studying the latter in §12.1. The following collects results which can be found in
Beyrer-Pozzetti [7], Guichard-Labourie-Wienhard [34], Beyrer-Pozzetti-Guichard-
Labourie-Wienhard [0] in different generality and in Pozzetti-S.-Wienhard [62, 63],
S. [68] and [6] for the second item.

Theorem 12.1.

(i) ([7, 34, 6]) EBvery ©-positive representation is ©-Anosov, moreover, Pg(S,G) C
.’f(mS, G) is open and closed.
(i) ([62, 63, 68, 6]) For every & € int©, and p € Po(S,G), the representation

bap is (1,1,2)-hyperconver.

12.1. (1,1,2)-hyperconvex representations and Hausdorff dimension. The
main purpose of this section is to establish Corollary 12.7 below. We recall a
definition from Pozzetti-S.-Wienhard [62].

Definition 12.2. Let K = R or C. A representation p : [ — SL(d,K) is (1,1, 2)-
hyperconver if it is {01, 02}-Anosov and for every triple z,y,z € Ol of pairwise
distinct points one has

(€' (@) @€ (y) NE2(2) = {0}
If G is real-algebraic and o € A, then a representation p : I — G is a-hyperconvex

if dap is (1,1, 2)-hyperconvex. We let ng(l_7 G) denote the space of such represen-
tations, it is an open subset of the character variety ([62, Proposition 6.2]).

Theorem 12.3. Let p: m.S — SL(d,R) be (1,1, 2)-hyperconvez, then

(i) (Pozzetti-S.-Wienhard [62]) Z7* =1 and

(i) (Pozzetti-S. [61, Theorem C]) if p(m1S) acts furthermore irreducibly on R?
then the Zariski closure G of p(m1S) is simple and the highest restricted
weight of the representation G — SL(d,R) is a multiple of a fundamental
weight for a root a € A with dimg, = 1.

We let [a] be the set consisting of « together with the simple roots neighbouring
a in the Dynking diagram of G. Observe that « € int [o] and whence o € (af,))*.

Corollary 12.4. Let p € A7 (T, G) have Zariski-dense image. Then p is [a]-Anosov.
Moreover, Pf is (well defined and) Riemannian.
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Proof. The representation ¢, has highest restricted weight nw,, whence Vg € G

o1 (A(dg)) = a(As(g)),
o2(Mdbg)) = _ min o(Ac(g)).

oc€NG:(a,0)F#0
Since ¢qp is {02}-Anosov, this last equation gives that p is [a]-Anosov. Since
@ € (agy))* the pressure P is well defined and PJ!(v) = P¢(v). By Theorem 12.3
one has d£%v = 0 and thus P*(v) = 0 if and only if Vy da”(v) = 0 (Eq. (2.10)).
However, since G is simple v has full variation and, since p is Anosov, by Corollary
11.1 it has full loxodromic variation, so Corollary 8.4 concludes. O

12.1.1. Root system of the complezification. We recall here some facts needed in
12.1.2. Let g be a simple real Lie algebra with Cartan decomposition g = £ @ p.

Let g¢ be the complexification of g, then u = £ @ ip is a compact subalgebra and
s = p @ it is an ad,-module. Thus, the involution 7 : g¢ — g¢ defined as 7|u = id
and 7|s = —id is a Cartan involution of g¢.

Let b C m be a maximal Abelian subalgebra. Then h = a @ b is a Cartan
subalgebra of g, meaning that h¢ is a Cartan subalgebra of gc. As such, we have a
root-space decomposition

gc = be ® P (80)a

acx
where (g¢c)a = {z € gc : Vh € be one has [h,z] = a(h)z} and ¥ = {a € (h¢)* :
(9c)a # {0}}.
Corollary 6.49 from Knapp’s book [11] states that every a € X verifies a|a @ ib
is real-valued, so since a @ ¢b is a real form form of h¢, « is uniquely determined by
ala®ib. Moreover a@®1b is a maximal abelian subspace of s, so ¥’ = {a|a®ib: a €

Y} is the restricted root system of g¢ as a real Lie algebra of non-compact type.
One has also that ([14, Eq. 6.48b]) if 0 € ¢ then

go =00 ( D (gc)a)-
a€X:ala=0
We obtain thus the following Lemma.

Lemma 12.5. Let g be simple and assume there exists 0 € ® such that dimg, = 1,
then gc is simple and there exists a unique a, € L such that a,|la = 0. Conse-
quently, if o € A, we have a natural embedding of flag spaces F(5}(G) C Fyq,3(Ge).

Proof. The real algebra g cannot in itself be complex (otherwise every root space
has dimension dimg = 2), so the first statement follows from [14, Theorem 9.4(b)].

Concerning the second statement, for every aw € ¥ one has (g¢)o Ng # 0, indeed
if ¢+ iy € (g¢)o with z,y € g, then

[0,z +iy] = [a, 2] + ila,y] = a(a)z + afa)iy.

So since aa is real valued one has, for all a € a, [a,z] = a(a)zr and [a,y] = a(a)y.
The last assertion follows. 0

12.1.2. Variation of Hausdorff dimension on complex groups. Throughout this sub-
section we let G¢ be the group of C-points of G. Consider the embedding G C Gg.
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If « is a restricted root of Ge (as a real group), then we fix a Riemannian metric
on the flag space F(,1(Gc), denote by Hff(X) the associated Hausdorff dimension
of a subset X of F,;(Gc) and consider the function

Hff,, : Ql{a}(l’, Gc) — [R>0
p — HIE(£*(aT)).
It follows from Pozzetti-S.-Wienhard [62] and Bridgeman-Canary-Labourie-S. [14]
that Hff,, is an analytic function on AT (I, G¢).

By Lemma 12.5, if 0 € A is a restricted root of G so that dim g, = 1, then there

is a unique restricted root a, of G¢ so that a,|a = o, so we have an inclusion
A;(T,G) c A7, (T, o),

and an embedding of the flag spaces F(,}(G) C Fyq,}(Ge).

Let J denote the almost-complex structure of X(m1.5, G¢) induced by the complex
structure of G¢. Let us also consider the irreducible representation ¢, : G —
SL(d,R) which extends by complexifying to a representation ¢, : G¢ — SL(d,C).
Since ¢,G contains a proximal element, the complexified representation is also
irreducible (over C). We recall a needed ingredient.

Theorem 12.6 (Bridgeman-Pozzetti-S.-Wienhard [16]). Let p : 7S — PSL(d,R)
be (1,1,2)-hyperconvex. Then for every integrable v € T,X(m.S,PSL(d,R)) with
integrable Ju, one has Hess, Hff 5, (Ju) = P (v).

We establish then the purpose of this section.

Corollary 12.7. Let p € Ql@(F,G) have Zariski-dense image. Then for every
v € T,X(m1 S, Ge) that is not tangent to the real characters one has

Hess, Hff . (v) > 0.

In particular, there exists a neighborhood V of p in X(m1S,Ge) such that if n € V
verifies Hff(f;;‘(BmS)) =1 then the Zariski closure of n(m1.S) is (conjugate to) G.

Proof. Theorem 2.24 implies that p is a regular point of X(715, G¢) and thus, since
p has values in G, one has

Tp.’f(TﬁS, Gc[:) = TpX(ﬂ'lS, G) (§5) J(TpX(TﬁS, G)) (12.1)

Theorem 12.6 gives that for v € T,X(m15,G), Hess, Hff 5, (Ju) = Pt (v). Thus
combining with Corollary 12.4 we obtain that, for every v € T,X(m.5,G)

Hess, Hff, (Jv) > 0.
The result then follows. O

Corollary 12.8. For every non-zero v € TPg(S, G) with Zariski-dense basepoint,
and « € int © one has Hess, Hff o (Jv) > 0.

Proof. Follows from Theorem 12.1(ii) and Corollary 12.7. O
12.2. Length functions and pressure. We establish the following:

Corollary 12.9. Let p: mS — G be O-positive and H be its Zariski closure.
(i) If H=G then V¢ € int (Le,,)* the pressure form P¥ is Riemannian.
(ii) If H is simple, then for every v € int (Linto.,)* one has P¥ is Riemannian
when restricted to characters with values in H.
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Proof. When p(715) is Zariski-dense then, since all roots in © have one-dimensional
root spaces and G is simple, the result readily follows from Corollary 11.4.

The second item is a bit more involved. The combination of Theorem 12.1(ii)
and S. [68, Lemma 4.8] imply that for every o € int© there exists (a unique)
o« € Ay such that for all v € m S it holds

7 (A (17)) = ox(Ac(pY))-

In particular ¢ : m.5 — H is {o4}-Anosov. Moreover [(68, Lemma 4.8] states that
dimg,, = 1. Theorems 12.3 and 12.1(ii) imply moreover that

Wa(AcpY) = Na@o, (AH(1Y)).

It follows that, since ¢ € ({wwy : & € int ©}) there exists 1 € (ay)* such that for
every v € m1.S one has

P(Ac(p7) = P(An(17)).
Moreover 1) € int (L{os3..)" so Corollary 11.4 yelds the desired non-degeneracy. [

We introduce then the following definition.

Definition 12.10. A length function on Pg(S,G) is a Mod(S)-invariant map 1 :
Pa(S,G) — (ag)* so that for every p € Pg (S, G) one has P(p) € int (Le ,)*.

Corollary 12.11. Let V) : Po(S,G) — (ainte)* be a length function. Then the
semi-definite form p — PY®) induces a Mod(S)-invariant path metric on the space
of ©®—positive representations with simple Zariski-closure.

We emphasize that our length function has values in (aiu0)* C (ao)*.

Proof. The set of pairs (H, ¢), where H is a simple Lie group and ¢ : H — G is an
irreducible representation up to conjugation, is finite. We further restrict the class
of such pairs by only considering (H, &) if there exists p € Pg(S,G) with Zariski
closure conjugate to ¢(H). By assumption, the finitely many submanifolds of

We) = {p € Po(S,G) : p(m15)% C a conjugate of d(H)}

exhaust the space we want to understand. Moreover, by Labourie [19, Theorem
5.2.6] the set

W(ZH’@ = {p € Wn,g) : p(m18)% is conjugate to d)(H)}

is open on Wy, ¢,) and W(H,¢)\W(Z,47¢) has dimension strictly smaller than dim Wy 4).
Since we have chosen the length function 1V to have values in (aj,0)*, Corollary

12.9(ii) implies that p — P¥(®) is Riemannian on every W(ZH,q))’ so Lemma 12.12

below gives the desired conclusion. O

Lemma 12.12 (Bray-Canary-Kao-Martone [12, Lemma 5.2]). Let Wy be a smooth
manifold and let W, C Wy,_1 C --- C Wy C Wy be a nested collection of submani-
folds of Wy so that W; has non-zero codimension in W;_q for all i. Set Wy = 0.
Suppose that g is a smooth non-negative symmetric 2-tensor on Wy such that for
every i € [0,n], the restriction of g to T,W; is positive definite if x € W; \ Wiy1.
Then, the path pseudo-metric defined by g is a metric.
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Part 3. Hitchin components

Let g be a simple split real Lie algebra and Inng its group of inner automor-
phisms. Let also s C g be a principal sly as in §2.2. This Lie-algebra morphism
comes from a Lie-group morphism 7, = PSL(2,R) — Inn g also called principal.

Let also S be a closed orientable connected surface of Euler characteristic x(5) <
0. A representation p : S — Inn g is Fuchsian if it factors as

7S — PSL(2,R) —% Inng,

where the first arrow is discrete and faithful. A connected component of the char-
acter variety X(m15,Inng) that contains a Fuchsian representation will be called
a Hitchin component of Inng and denoted by Hgy(S). Hitchin [37] established
that 3(,(S) is a contractible differentiable manifold of dimension |x(S5)|dimg. The
Fuchsian locus inside Hy(S) is a natural copy of the Teichmiiller space of S.

In this section we establish Theorem C describing degenerations of pressure
forms on Hg4(S). Actually, by Labourie [48] and Beyrer-Labourie-Guichard-Pozzeti-
Wienhard [6], Hitchin representations are A-Anosov, so representations with Zariski-
dense image are already dealt with by Corollary 11.4. Moreover, since Hitchin rep-
resentations are A-positive (Fock-Goncharov [25] and loc. cit. [6]) and have simple
Zariski-closure by Theorem 13.4 below, Corollary 12.11 establishes separation of
the path-pseudo metric, for every length function 1 : Hy(S) — a*.

Corollary 12.13. For any length function \ : Hy(S) — a* the associated pressure
semi-norm p — P¥(P) induces a Mod(S)-invariant path metric on Hy(S).

However, understanding degenerations at non-Zariski-dense points is much more
subtle and will require some work. This will be finally established in Theorem 15.1.

A key object to understand these degenerations is that of Kostant lines of g, by
definition these are the O-restricted weight space of an ad s-module. They appear in
Theorem C but are also needed to understand Hausdorff dimension degenerations
(§17). This is why we will find explicit formulae for these lines (§14). These
computations play a role on giving an explicit description of the functional ¢ € a*
whose pressure form P? is compatible with Goldman’s symplectic form at Fuchsian
points (Corollary 16.4).

13. NECESSARY FACTS

The opposition involution i of types A, D and Eg is induced by a non-trivial
external involution ¢ : Inng — Inng, unique up to conjugation, that induces in
turn a non-trivial involution of the character variety that preserves each Hitchin
component i : Hy(S) — Hy(S). We have thus natural inclusions

C He, (S). (13.1)

There is also another natural inclusion Hg, (S) C Hg,(S) given by the fact that the
fundamental representation for the short root of ¢ : &5 — s0(3,4) sends a principal
sl of &9 to a principal sly of s0(3,4).
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Since a Hitchin representation is A-Anosov (Labourie [48]) we may consider its
critical hypersurface as in §2.12. The following was first stablished by Potrie-S.
[60] for types A, B, C and Gy and the work from Pozzetti-S.-Wienhard [62] together
with S. [68] gives a unified approach for all types:

Theorem 13.1 ([60, 62, 68]). For every p € Hy(S) one has A C Q,.
Convexity of the critical hyper-surface together with the above gives then:
Corollary 13.2. If & is Fuchsian then, for every ¢ € int (Ls)*, ﬁig’ is critical at §.
The following is a consequence of Luzstig’s positivity from Fock-Goncharov [25]:

Proposition 13.3. For every p € Hy(S) and every pair of transverse v, h € m.S,
the pair p(vy) and p(h) is strongly transversally A-proximal.

The following recovers a result by Guichard [33] for types A, B, C and Go.

Theorem 13.4 (S. [68]). Let p € Hy(S) have Zariski closure H. Then b is either
g, a principal sla(R), or Inn g-conjugated to one of the possibilities in Table 1.

g Bss ¢:bhss — g

slo, (R) s5p(2n, R) defining representation
slon 1 (R) so(n,n+1) Vn defining representation
el By if n=3 fundamental for the short root
50(3,4) (G} fundamental for the short root
so(n—1,n) VYn >3 stabilizer of a non-isotropic line

so(n, n) 50(3,4)ifn=4 fundamental for the short root

’ By ifn =4 stabilizes a non-isotropic line L and is
fundamental for the short root on L+

¢s fa Fixi (see Eq. (13.1))

TABLE 1. Theorem 13.4. If a simple split algebra g is not listed in
the first column then b is either g or a principal sl2(R); ¢, fa and &2
denote the split real forms of the corresponding exceptional complex Lie
algebras.

We conclude with the proof of the following Corollary from the Introduction.

Corollary 13.5 (Curves with arbitrarily small root-variation). Consider o € A
and let 0 # v € T,Hy(S) have Zariski-dense base-point. Then there exists h such
that for positive € and § there exists C > 0 with

ht
e

#{[7] € [mS] primitive : w}(p) € (t —e,t] and |do” (v)| < 6} ~ Ct3/2'

Proof. Since p is Hitchin, the flow ¢®+@) is Holder-conjugated to a C'**-Anosov
flow ® = (@, : US — US)er ([60, 62]). Theorem B implies that group spanned by

{(d(ﬂ(v),wg(p)) iy € 7715}
is dense in R2. Finally, by Theorem 13.1 0 € int 0(\/5"’). This places ® together

—

with the potential 0(J) in the assumptions of Babillot-Ledrappier |1, Theorem 1.2],
where we pick £ = 0. (]
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14. KOSTANT LINES

Recall from Kostant [16] that there are rank g irreducible adjoint factors of s and
they have odd dimensions 2e + 1. The numbers e are called the exponents of g and
the associated factor is denoted by V.. Table 2 gives the exponents for each type.

JAWY exponents
Ay 1,2,...,d
Bq 1,3,5,...,2d — 1
Cq 1,3,5,...,2d — 1
Dg 1,3,...,2d -3,d -1
Eg 1,4,5,7,8,11
E; 1,5,7,9,11,13,17
Es | 1,7,11,13,17,19,23,29
Fyq 1,5,7,11
Go 1,5

TABLE 2. Exponents of irreducible reduced root systems

If e is an exponent of g, then the O-restricted-weight space of V. is a line of a
that we will denote by ¢ = s = Ve Na and call the Kostant line of exponent e.
In this section we task on giving a rather explicit description of these lines.

Remark 14.1. If e # f then »° and s are orthogonal for the Killing form.

Proof. Let s = (FE, H, F) have the standard relations of an slo-triple and let 0 #
v € V, belong to the highest restricted weight space, so ad E-v = 0. By definition
one has 0 # k. = ad(F)¢(v]) € »°. By associativity of the Killing form one has

(ke,ky) = (1) ((ad F)*(v)), (ad F) (v})) = (=1)7 (v, (ad F)** (0])).
However if e > f then (ad F)e"’f(v;{) =0, so, (ke,kg) = 0. O

Remark 14.2. Kostant lines ¢ are fixed by the longest element of the Weyl group
of Ay for even exponent e, and are anti-fixed for odd exponent e.

14.1. A, B and C. If we denote by f(x) = x(d—z), then the triple {E, F, H} below
spans a principal sly of s[4(R), denoted by s :

H =diag(d—1,d—3,...,1—4d),

fd—1)"0
Consider the matrix product E¢ = E --- F and define the Kostant vector
<= (1) (ad F)*(B) = [ [[B%, L, F] -+ F].

For every e € [1,d] the E¢ is annihilated by ad E and is an eigenvector of ad H
of eigenvalue 2e. The space span{(ad F)! - E° : | € Z¢} is thus an ad s-module of
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dimension 2e + 1. The O-restricted weight space R - (ad F')¢(E®) is the Kostant line
¢ and thus k° € »° — {0}.

Denote by 77, for 4, € [1,d], the elementary matrix whose only non-vanishing
entry is (j,i), and this entry is 1, this is to say, 7%/ is the operator sending ej e
and e — 0 for every k # j. We simplify 7% as 7. Elementary computation gives:

0 if £t 1+ ],
it ifiAt =1,

i,j o Lt] _ 4 4
[, = m—md  ifi=t1=j, (14.1)
—rbiifi=1t,1# .
Also, with this notation one has
d—e
E¢=) " and F = Zf rithi, (14.2)
j=1 i=1

Proposition 14.3. One has that

_ > (F0) e 1) :Ou)t(‘j)w””)
iwﬂ(

j=1 t=0

€

(j)f(jt)~~f(jt+el)>. (14.3)

For example one has

d
K =23 (d®+3d(1 - 2j) +65(j — 1) + 2)x/
d
K* =6 (~2j+1+d)(d* — 10dj + 105> + 5d — 105 + 6)’

1= f(1) —1)Y (-1 (d ;)ﬂ. (14.4)

Jj=1

Proof. We compute (ad F)¢(E®). Using Equation (14.2) this translates to comput-
ing the brackets

d 1

{dz:lf(i)ﬂ_ﬂrl,z B Fli)mo L Z,]TJ o] }
i=1

i:l j=1

for which we use the elementary computations in Equation (14.1). To do so, we use
a recursive argument, for which we compute the bracket [F,a(l,t)n"!] for arbitrary
l,t € [1,d] and some real-valued function a. Direct computation gives then

[F,a(l,t)7"] = a(l,t) (f(l)w”l’t — f(t— 1)7Tl,t71).

I+1,t—1 I+1,t

Applying again [F, ], the term will appear once for each factor 7
and ¢~ with coefficient f(I)f(t—1)(—1)2. If one further applies [F, -] one readily
sees the binomial coefficients with the alternating signs appearing as the coefficient
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of wi*k=Jt=J (together with the corresponding f’s), this is to say

(adF)k(ﬂl’t) _ f(l) ... f(l +k— 1)ﬂ_l+k,t

k—1
3 SO fl A k=i =) f(E 1) f(E— i) (1) (f) kit
i=1
(DR 1) f(t— Ryl (14.5)
Thus, replacing t =1+ e and k = e one has:

(adF)e(ﬂ_l,He) — f(l) ... f(l +e— l)ﬂ.l+e,l+e
e—1

+ Zf(l) o fll4+e—i—1)-fl+e—1)---f(l+e— i)(_l)i(j)ﬂl-‘re—i,l-‘re—i
+(=D°fl+e—1)- f(l+e—e)mbltee
=S flte—1) Z(_l)i(gwlﬂ_i' (14.6)

i=0
Summing on [ from 1 to d — e gives the first required formula.

The second equality is not completely immediate from the first so we quickly
explain how it is obtained. By standard reordering of the sum one gets:

d—e e .
<= (DD FW - S+ e—1)- Z(—nt( >7rl+e-t)

=1 t=0 ¢
e d—e e .
=0 o X ()0 s e - )P s=em
5=0 j=1
e d—e+s e .
=S S () fis - =it
s=0 1=s+1

One observes then that for every ¢ € [1, s] the number f(i—s)--- f(i—s+e—1) =
0, since i —s <0andi—s+e—12>0 (recall s € [0,€e]), so one can extend the
lower index of the sum in 4 in the above formula to starting from ¢ = 1 and the
sum will be unchanged. Analogous reasoning allows to extend the upper index of
the sum (recall f(x) = f(d — x)) so the proof is complete. O

We need the following to describe adjoint factors in the Hitchin component.

Lemma 14.4 (Exponents are shifted). Consider e,k € [2,d — 1] then the vector
[[F, E¢], E*] € R- Et*=L1. Moreover, for k < d — 3, [[F, E3], E¥] # 0.

Proof. The centralizer of F has dimension d — 1 (Kostant [16, Corollary 5.3]). It is
thus spanned, as a vector space, by {E' : I € [1,d — 1]}. The first assertion of the
lemma follows by the combination of two straightforward calculations:

adg ([[Fa Ee]ka}) = [adE([F7Ee])7Ek] = “HvEe],Ek] = 26[E67Ek] = 0;
ady ([[F, E°), E*]) = [adu([F, E°]), E*] + [[F, E°],adur (E")]
= (2 — 2+ 2k)[[F, E°], E*].
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Indeed, the first computation gives that the desired element belongs to the span
of {E!: 1 € [1,d — 1]}, and the second asserts that it is an eigenvector of ady of

eigenvalue 2(e + k — 1), giving the desired conclusion.
To show that [[F, E3], E¥] # 0 if k < d — 3 we use Eq. (14.1). One has

d—3
[FE%) =3 O/ TT08 = f( 4 2)m 2,
j=1

Since we intend to further bracket with E¥ = Z;i:_lk 7lF+ we observe that

qit ki3 ifl=j+3,
[7Tj+1’j+3, 7_‘_l,k+l} — —I kIS Rl =5+ 1,
0 otherwise,

where both non-vanishing options cannot simultaneously occur (since k # —2).
Similarly one has
nhitk+2 ifl=10142,
L R )
0 otherwise.

[ 42 bt

Putting together the last three equations, one has
d—3

[[F7 EB],Ek] - Z f(j)(ﬂj+1,k+j—3 _ 7Tj+1—k,j+3) —f( +2)(7Tj,j+k+2 _ 7Tj—k,j+2)_
j=1

We show then that the coefficient of [[F, E3], E*] in 7!1'*+3 is non-zero. Indeed it is

—f(3)+ f(k+3) — f(k) = —6k #0
ifk<d—dor —2f(3)£0ifk=d—3. O

Proposition 14.5 (Adjoint Factors).
- Let g = so(n,n 4+ 1) or sp(2n,R) and ¢ : g — sl(d,R) be the defining
representation. Then as an ad(¢ g)-module one has

Sl(da R) = (b?wal &) d)wa2 .

These two factors also correspond to the decomposition of sl(d,R) in odd
versus even exponents. Moreover, for each factor one has 8 = A and for
any Xo € at the cone of (b, Xo)-compatible elements is Xg = a™.

- Let now &4 be a real-split form of the exceptional complex Lie algebra of type
Go and let ¢ : By — sl7(R) be the fundamental representation associated to
the short root. Then ¢(Bsy) has three adjoint factors given by Vi & Vs, Vs
and Vo ® V3 ® Vi and for each factor the same conclusion as in the previous
item holds.

Proof. We focus on the first item, the second following similarly but with more
involved computations that we omit. Using the computation for the exponents of
g in Table 2 one sees that ¢(g) = > 44 . Ve is an irreducible factor. Moreover,
as [F, B3] € ¢(g), Lemma 14.4 implies that all even exponents belong to the same
irreducible factor, giving the result. The second statement follows readily as, by
direct computation, the weights of ad(¢) are integer multiples of simple roots of g
and every root appears as a weight in each of the factors. The &4 case follows by
explicit verification. See Figure 4. O
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FIGURE 4. Hasse diagram for the 7-dimensional irreducible representa-
tion of Gz, which is the fundamental representation of the short root,
together with the corresponding set of weights (in black).

14.2. Cleaner formulae for »°. We proceed to a more explicit computation of
k¢. To this end, consider the (finite) difference operator defined, for g : R — R, by

Ag(z) = g(x +1) — g(@).

We also consider, for a real number z € R (a slight modification of) the falling
factorial notation: for k € N we let

E=z(z=1)-(z—k+1),
with the convention that 22 = 1, in particular 02 = 1, and for later use we define

2=k = 0. For a function g, we let g(x)% be the k-th falling factorial applied to the
real number g(x). Straightforward computations yield the following rules.

Lemma 14.6. For every k € N one has
k

) Ahg(a) = 3(-) (i)g<x+k—z>;
i=0 .
i) a Leibnitz rule A¥(gh)(z Z ( ) ) AR h(x +1);
=0
iii) AxE = kxk=L and if we let r(x) =1 — x for some | € R, then

A(r(m))* = —kr(z+ 1)L
Considering the function gq4.(z) = d 4+ e — z, together with

Fue(w)=flx—e)f(x —e+1)-- flx —1) = (x = 1) (gae(x))s  (14.7)
Proposition 14.3 yields

Z (Z ( )Fde( ~tte)) = Ed:wmeFd,e(j),
j=1
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where the last equality comes from Lemma 14.6. We compute then A°Fy .(z) using
the Leibnitz rule applied to the product Fy.(z) = (z — 1)¢- (ga.c(z))%

€

AFala) = 3 (£) 8o~ 0P el + )

=0

- ;(*l)eﬂ' (‘Z) (6i!i)'(z _ 1)64%!(%6(56 n e))z

= (—1)%! Z(—l)i (j) (z — 1) (gg,e(z + e))i.
i=0

In order to decide whether k® belongs to the kernel of a simple root o; € A we
compute —a;(k¢) = A°T1F, (j), which we write, by Lemma 14.6, as

e+1 e+1 ) ]
Ae—~_1}¢_‘<i7e(x) = Z ( ; )Az(l‘ - 1)§Ae+1_z(gd,e(m + i)>g

‘ 1
=0

e+1 .
_ Z(il)e+17i (€+1><€"(x 1)@—1‘ el (gd7e(x+e+1))d

; i e—1)! i—1
1=0

= (=) e+1)! i(_w‘ (j) (Z ‘ 1) (¢ —1)=i(d -1 —2)

i=1

We record the above computations in the following lemma.

Lemma 14.7. One has

) G-t

~
®
I
—
\
—_
S~—
®
L
a
3
<.
/
o
—~
\
—_
S~—
~+
N

0;(k°) = (=1)%(e + 1)! ;(1)t (e> <t ‘ 1) (G —1et(d—1— 7)) (14.8)

Remark 14.8. In particular one has @i (k¢) = e!(d — 1)¢ > 0.

14.3. Type D. Consider a 2n-dimensional real vector space equipped with a bilin-
ear form w of signature (n,n) and let SO, , be the volume preserving automor-
phisms of w. Let also z — z* be the adjoint operator defined by w, then

so(n,n) = {x € sl(2n,R) : x + 2" = 0}.

Consider a non-isotropic line ¢ and its orthogonal complement ¢+ for w.

We have then an w-preserving involution i with i[¢ = —id and i|¢* = id, which
gives an involution ¢ : SO, , — SO, , defined by ¢g — igi. The group of fixed
points of 7 is the subgroup of SO,, ,, that stabilizes ¢. For g € Fixi, the restriction
g + g|¢t+ gives an isomorphism of (Fixi)y with a special orthogonal group of
signature (n — 1,n).

The differential d.i : so,, , — 0, 5 coincides with = — izi and is a Lie-algebra
involution giving a decomposition

50, = Lie(Fixi) ® {z € s0,,, : doi(z) = —2}. (14.9)
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TABLE 3. The Kostant vectors of sl4(R) for d € [3, 8].

If z € sl(2n,R) is anti-fixed by d.i then one readily observes that z(¢) C ¢+ and
x(¢+) C £. We can easily describe then the anti-fixed subspace of so(n,n) as

{z €50, :d,i(z) = -z} = {z — 2 : © € hom(¢(, (1) }.

It is a 2n — 1-dimensional vector space and an irreducible Lie(Fix ¢)-module.
If 5 is a principal sly of so,, , then it stabilizes a non-isotropic line, which we can
assume to be ¢, and acts irreducibly on ¢+, so we conclude that

Vie1a:={z: dei(z) = —x}

is an irreducible s-factor of dimension 2(n — 1) + 1.

The a in the notation solves an ambiguity issue when n is even. Indeed, observe
from Table 2 that two situations occur for so, ,. If n is odd, the exponent n — 1
occurs with multiplicity one and is the only even exponent of so,, ,,. However if n is
even, there are two s-adjoint factors of dimension 2(n — 1)+ 1. One of these factors
is contained in Fixd,4, and the other one is V,_1 ,.

Let as,, , = R™ be a Cartan subspace of so0,, , and consider the set of simple
roots A = {oy,...,0,-1,0,} where 0;(a) = a; — a;4+1 and o, (a) = an_1 + apn.
We can choose a Cartan subspace as, ,, of Fixi that is embedded in as,, , as
{a € R" : a,, = 0}. The involution d,i acts on a,, , as

i:=(a1,...,an) — (a1,...,—ap).

It sends 0,1 to &, and fixes the other roots so it is the opposition involution i of
050, ,,- Moreover, the Kostant line associated to the anti-fixed factor is

J{n—l,a =R (0, .. .,07 1)

The other Kostant lines are those of s0,,_1 ;, inside ag,, ,, via the above inclusion.

sl3(R) sly(R) sl (R) sls(R)

K[ (2,0,-2) (3.1,-1,-3) (4,2, 0 —2,—4) (5,3,1,— 3, 5)

(4, -84) [12-(1,-1,-1,1) | 12- (2,1, -2,-1,2) 8- (5,—1,— ~1,5)

e 36 (1,-3,3,—1) | 144-(1,-2, 0.2, -1) 72- (5,1, v —5)

e 576 - (1, 4,6, 4,1) 2880 - (1, -3,2,2, -3,1)

K5 14400 - (1, -5, 10, —10,5, —1)
sl7 (R) sls(R)
el (6,4,2,0,—2, 4, 6) (7.5.3,1,—1,-3, -5, -7)
2 (50 73,-4,-3,0,5) 2.(7,1,-3,5, 5 73.1,7)
3 720-( “1,0,1,1,-1) 180 - (7, —5,—7,-3,3,7,5,—7)
Kk 2880 - (3 7 1, 6 1, 7,3) 2880 - (7,—13,-3,9,9,-3,—-13,7)
P 86400 - (1,—4,5,0, 5,4, —1) | 43200- (7, 23,17, 15, —15, 17,23, —7)
k6 | 518400 - (1, -6, 15, —20, 15 6,1) 3628800 - (1, 5,9, -5, 5,9, —5,1)
K7 25401600 - (1, 7,21, 35,35, 21,7, —1)
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FIGURE 5. The irreducible representation so(3,4) — so(4,4).

14.3.1. Triality. We now deal with the special case D4. In this special case the
Dynkin diagram has an order three automorphism T that fixes oy and o7 — 03,
03 — oq and oy — 07, see Equation (14.10).

{{\) (14.10)

This automorphism can be realized as the orthogonal transformation

L 4
T:i= 5 <1 -1 1 1 ) : a504,4 - a504,4'

1-1-1-1
This automorphism can also be extended to an external automorphism of T :
5044 — 5044 whose fixed point set Fixt = ¢ (&2). Moreover, the involution
it ! of a0, , has fixed-point set the image ¢o(s034) of the fundamental repre-
sentation for the short root of sos3 4, see Figure 5. The adjoint factors of ¢ (s03.4)
are then

s044 = (T(V1 D V3@ V5)) @ (1(V3,)).-
Using the explicit formula for T : age, , — @50, , One has
T(Vaa) Nase, , = T(3**) =R - (-1,1,1,-1). (14.11)

This last equation will be needed in the proof of Theorem 15.1.
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15. PRESSURE DEGENERATIONS ARE LIE-THEORETIC

In this section we prove the following. Recall that for Fuchsian & € H,(S) we let
T§ = Hpq5(m S, Vo).

Theorem 15.1. Let g be simple split of type A, B, C, D or Gg. Consider p € Hy(S)
and a length functional v € int (£,)* then, the pressure form P},f’ is degenerate at
v € T,Hy(S) if and only if either of the following situations hold:

- p is Fuchsian and
v E @ TS,

e:p(2€)=0

- p is self dual, ¢ is i-invariant and v is i-anti-invariant.

- g is of type Ag or Cs, the Zariski closure of p(m1.9) is G, (&2), ¥(53) =0
and v € Hy, (118, V3).

- g is of type Dy, the Zariski closure of p(m1S) is conjugate to $o(SO03.4),
v e Hidp(mS, I(V;),,a)) and ¥(—1,1,1,—-1) = 0.

We begin the proof of Theorem 15.1 with some preparation lemmas.
15.1. Preparation Lemmas of independent interest I.

Lemma 15.2. Let & € Hy(S) be Fuchsian and e an exponent of g. For any non-
zero u € T¢ and every ¥ € int (Ls5)* such that ¥(x°) # 0 the set of normalized
variations V¥ C »° has non-empty interior.

Proof. Corollary 13.2 and Equation (2.17) imply that
0=0"%4Y = (pyu) € H(VY).

Since kert) N ¢ = {0} and V¥ C ¢ by Corollary 8.6, the above equation yields
then 0 € VY. Since V¥ is convex, if its interior where empty then {0} = V¥. Thus,
for every v € m1S one has dA7(u) = 0, contradicting Theorem 2.33. O

Lemma 15.3. Let p € Ha, ,(S) and ¢ € int (L£,)*.

(i) If p(m1S) has Zariski-closure SO(n,n + 1) or PSp(2n,R) according to the
parity if d, or Zariski-closure o, (G2) if d = 7, and if we let g be the
corresponding Lie algebra, then

Vo= P v
is an adjoint factor of p and for every non-zero u € H}\dp(ms, Vs)
VY CV
has non-empty interior.

(ii) If d = 7 and the Zariski closure of p(m1S) is b, (G2), then for any non-
trivial cocycle u € H}\dp(mS, V3) the set VU C 5 has non-empty interior
and contains {0} in its interior. In particular P¥(u) # 0.

Proof. By Remark 14.2 wq acts trivially on even exponent spaces, so the first item
is a consequence of Remark 7.1 with Propositions 8.1 and 14.5. To deal with the

second item, we restrict ourselves to ¢ (Gz) < SO(3,4) with Cartan subspace
O50(3,4) = R3, Weyl chamber {a € R? : a; > az > a3 > 0} and simple roots

o1(a) = a; — ag, 02(a) = az —az and £3(a) = as.
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€3

(Ao, (82))" (aso(3,4))*
FIGURE 6. The critical hypersurface in agq; 4, of a Hitchin representa-
tion p whose Zariski closure is ¢, (G2).

The subalgebra ¢, (&2) has Cartan subspace ag,_, (6,) C 0s0(3,4) iven by
Opo,, (62) = {(al,ag,al — (12) taip,as € R}

and simple roots {01, 02}, see Figure 4.

Since ag,_(s,) = ker(e — 01), any convex combination te — (1 — t)oy coincides
with o1 when restricted to ag_, (s,)- Since Z;' = 1 by Theorem 13.1, it follows
that the affine line {te + (1 —t)o; : t € R} is contained in the critical hypersurface
Q, of p:m = bw,(G2) < SO(3,4), see Figure 6. Fix such a combination, ¢ =
(1/2)(e + o1) for example and observe, from Table 3 that »* =R - (1,—1,—1) and
that (1, —1,—1) = 1/2 # 0.

If we let p; be tangent to u € H}\dp(ﬂ'ls,‘/g) then again Theorem 13.1 implies
that {e,01} C Q,,, giving that 4%, is critical at p. We apply now Lemma 15.4(ii)
(with the roles of  and 9 reversed) to obtain that V¥ C »® has non-empty interior.
The last statement now follows from Lemma 15.4(iii). O

15.2. Pressure forms: some information on lower strata. Let now p: [ — G
be a A-Anosov representation and consider an integrable cocycle u € Hj 4 p(r, 9),
we also denote by u € T,X(I', G) the associated tangent vector.

Lemma 15.4. Let p € Aa([,G) have semi-simple Zariski closure H. Fiz 1) €
int (£,)* and a disjoined adjoint factor Vu of H. Consider an integrable cocycle
uc H}\dp(r, Vi) such that there exists v € I with dAY(u) # 0, then:

(i) If Vu Na C ker vy, then PY degenerates at u.

(ii) If Vunankery = {0} and dAY(u) = 0 then for every ¢ € int (£,)* with
VaNankerp = {0} the set V¥ has non-empty interior and 0 € int V¥.

(iil) If Vunankery = {0} and P¥(u) = 0 then V¥ is reduced to a point and is
non-zero.

(iv) Assume H has rank 1. If ¥, ¢ € int (L£,)* both have kernel whose inter-
section with Viy N a vanishes, then there exists ¢ > 0 such that for all
v E H}Xdp(r, Vi) one has PY(v) = cP%(v).

Proof. Corollary 8.6 implies that for all v € I’
dAY(u) € VyNa. (15.1)
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If we assume that Viy Na C kert then V¥ C kery and thus Remark 2.29 shows
degeneracy. If V4 NanNkerty = {0} then necessarily dim Vi Na = 1 and V¥ is an
interval contained in this line (possibly reduced to a point).

Let us deal now with item (ii), we first establish the result for 1) and deal after-
wards with the general case. Since d%Y¥(u) = 0 Eq. (2.17) gives that ¥(pyu) = 0,
however p,u € V¥ C Viy N a which only intersects ker¢ at {0}. We conclude that

Pypu = 0e \/uw.
If V¥ = {0} then for all v € [ dA7(u) = 0 contrary to our assumptions. We
obtain thus that V¥ is an interval with non-empty interior. This implies in turn

that 1(J) and (J) are not Liviic-cohomologous and thus that 0 = pyu € int VY.
This gives item (ii) for ¥ but also gives a bit more: there exists v, h € I such that

P(dAY(u)) < 0 < P(dA"(u)). (15.2)
If ¢ € int (£,)* is such that Viynanker ¢ = {0}, then there exists ¢ # 0 withe|V4N
a = cp|Vi Na. Assume that ¢ > 0, then Equation (15.2) yields

P(AN (1)) < 0 < p(dA" (),

which implies that ¢(V¥) is an interval with 0 in its interior, giving the result.
We now deal with item (iii). If P¥(u) = 0 then Remark 2.29 implies that V¥ is
contained in a level set of 1, and is thus a point. If it where zero, for every v € I’
we have dA7(u) = 0. Since we assumed this was not the case, V¥ # {0}.
We now focus on item (iv), se we assume H has rank 1. As before VyNa is
one-dimensional. Then one has:

- there exists ¢ > 0 such that for every u € ay one has p(u) = cip(u),
- there exists C' # 0 such that for every v € Vg N a one has p(v) = C(v).

Consequently, for every v € H}Xdp(r,VH) Equation (15.1) implies that o(J,) =
C”z/)(H_:,) and ¢©(d,) = c(d,). Moreover, Corollary 2.17 implies then that

0 C o
_ ] _v9 W
B e O0) = 00
Thus,
21 pe ;
P7(v) = “ <dt t=0 5o ) w(ﬂ))

ﬁf f w(gp)dmfﬁfgo(ﬂ)

c
var (?E tzoﬁiw(gpt)am,ﬁglb(g)) 2 Pw( )
= = —PY(v).
Ay [0(@,)dm_ e, 2
O
15.3. Pressure forms at the Fuchsian locus I. For a Fuchsian & we have
TPJ{Ad—l(S) = @ Tg (153)

e exponent
Let e € [1,d — 1] and let ¢ € H°(K°*1) be a holomorphic differential of degree
e + 1 on the Riemann surface associated to 8. The Hitchin parametrization pro-
vides a normalized deformation U(q) € TsHa,_,(S) as in Labourie-Wentworth [52],
moreover [52, Corollary 3.5.2] implies that if we let [u]y(g) € HAqs(m15,5la(R)) be
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the associated cocycle then [u]y(,) € T§, and [52, Proposition 6.5.7] states that if
p € HO(K/*1) with f # e then
P (W(q), U (p)) = 0. (15.4)

We can now establish the following.

Lemma 15.5. Let g have type A, B, C, D, or Ga. Let & € Hy(S) be a Fuchsian
representation, then for every i € int (Ls5)* and exponents e # f the subspaces T§
and Tg are Pg—orthogonal.

Proof. Since 3° is 1-dimensional and does not lie in ker w; (Remark 14.8), there
exist ¢, € R — {0} such that ¢|»® = c.woq|»°.

Consider now u € T§ and v € Tf;, and write [u] = [u]y(q) for some holomorphic
differential ¢ and similarly for v and a differential p. Corollary 8.6 implies that J,
has values in »¢ and J, has values in s/ , and thus

() = comr(3u),
(3, = crwi(3).

Moreover, since § is Fuchsian the argument of Lemma 15.4(iv) yields, by Eq (15.4)
Ce

PY(T(p), ¥(q)) = gf PZ (U(p), ¥(q)) =0.

C

This deals with types A, B, C and G, and for all exponents for the type Dy
except k¥=12  However by §14.3 the decomposition Hj,s(m1S,s0(k — 1,k)) &
H}Adé(mS, Vi—1,a) consists on fixed and anti-fixed point of the involution dsi*,
which is an isometry of P¥ by Lemma 2.28, yielding the result. O

15.4. Proof of Theorem 15.1. By means of Theorem 13.4, we proceed with an
analysis according to the Zariski closure of p(m1S). If p(m15) is Zariski-dense then
Corollary 11.4 implies that every ¢ € int (£,)* induces a Riemannian P?.

At the other end, if p = & is Fuchsian then we have

TsHo(S)= P Ts. (15.5)
e exponent

If follows from Lemma 15.5 that, for type A, B, C, D and G, the above decom-
position is orthogonal for every pressure form Pg’. So we study each Tg.

Item (i) from Lemma 15.4 implies that P¥ degenerates on every T§ with »¢ C
kervy. We have to show thus non-degeneracy of P¥ on the adjoint factors with
1(k®) # 0. Let e be such that this happens.

Lemma 15.2 states that the set of normalized variations V¥ has non-empty in-
terior. If P¥ degenerates in T¢ then Lemma 15.4(ii) states that V¥ is reduced to a
point, yielding thus a contradiction. This concludes the Fuchsian points.

We deal now with type A and intermediate strata, i.e. p(m1.5) has Zariski-closure
either SO(n,n + 1) or PSp(2n) according to the parity of d (we deal later with the
G,-case), let g be the associated Lie algebra. In this situation, by Proposition 14.5,
g=0P, jqq Ve and Vy; = @, .\on Ve are the two adjoint factors.

The first factor is settled by Corollary 11.4, so we focus on the latter. Lemma
15.3 states that for any ¢ € int (£,)* the set V¥ has non-empty interior. So the
only possibility for V¥ to be contained on a level set if v is that Vg C kerv, or
equivalently ¢ is i-invariant. Thus if ¢ is not i-invariant then both restrictions
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PY|H}, ,(m1S,9) and PY|H}, (71, V) give definite pressure forms. To conclude
it suffices to show that

H}Adp(ﬂlsag) lpw H}Adp(ﬂls, Vg).

However, by Corollary 2.28 the involution i* is an isometry of P¥ and the decom-

position above coincides with the decomposition
T,Ha, ,(S) = Fixd,i* ® Fix(—d,i*),

thus the decomposition is P¥-orthogonal, giving non-degeneracy on T,Ha,_,(5).
We finally deal with the case where p(m1S) has Zariski-closure ¢, (G), this is
the most involved case. By Proposition 14.5 there are three adjoint factors

shR)=Vsad (ViaVs)® (V2@ Vi Vg)
=Vs® ¢, (62) & (Vo Vi Vp).

By Corollary 11.4 P¥ is non-degenerate on deformations along Vi®Vs = b (2).
The factors Vo @ V4 @ Vi and V3 are dealt with in Lemma 15.3 items (i) and (ii)
respectvely. This deals with the adjoint factors individually. As in the previous
paragraph, the H' associated to even exponents and the H' associated to odd ex-
ponents are P¥-orthogonal, so to prove non-degeneracy it remains to understand
the restriction of P¥ to Hidp(mS, Vi) @ H}&dp(mS, Vi @ V). As each factor has
already been dealt with, we consider non-vanishing uz and u; 5 in H}Ad p(m S, V3)
and Hj 4 p(mS, V1 @ V5) respectively and study the deformation associated to

u=ug+uise€ H/idp(wlS, Vg) (o) H}%dp(mS, Vi V5)

We have to show that any ¢ € int (£,)* verifies P¥ (u) # 0.
In this situation, we can restrict ourselves to SO(3,4) with Cartan subspace
Uso(3,4) = R, Weyl chamber {a € R® : a1 > a2 > ag > 0} and simple roots

o1(a) = a1 — ag, 02(a) = az — az and €3(a) = as.
The subalgebra ¢, (®2) has Cartan subspace A, (62) C Gso(3,4) glven by
a‘bwa(@z) = {(a17a27a1 — (12) tay,ag € R}
and simple roots {07, 02}, see Figure 4. The proof of non-degeneracy is split into:
(i) o2 € supp ),
(i) o2 & supp .
We deal first with item (i), the proof uses Lemma 10.9 applied to ¥ = ¢, so we
assume by contradiction that P¥(u) = 0, or equivalently that ¢(J) and cy(J) are

Livsic-cohomologous for some ¢ # 0. By Theorem 13.1 7% = %72 = 1 so Theorem
2.16 implies that there exists v € w1 S such that

o2(py) < o1(py) = e3(p7)-

Since by assumption oy € supp ¢ we have o9 strictly minimizes p(y) among supp ¢
and we can apply Lemma 10.9 (with a = 03). Moreover, by Proposition 13.3,
every non-commuting pair g, h € w15 has images p(g), p(h) that are A-transversally
proximal. By Benoist [3, Proposition 5.1], and because i = id in this case, we find a
subgroup " < 715 such that p(I") C b, (G2) is Zariski-dense, A-Anosov and has
limit cone contained in {a : 02(a) < 01(a)}. So applying Lemma 10.9 we see that

%f,ulr/ C ker 09. (156)
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However, the representation Adso(s ) |$w, (G2) is disjoined, indeed it has only
two factors and one of them has more restricted weights than the other (recall
Definition 6.3), whence Corollary 8.6 states that Z.¢ o/ has non-empty interior
and cannot be contained in ker os.

We now turn to item (ii), i.e. 03 ¢ supp. Since we’re working in SO(3,4) we
think of ¢ as an element of C‘EO(:;, ne which is spanned by the fundamental weights

we, (a) = ay, we,(a) = a1 + as, we,(a) = a1 + az + as.
Since, by assumption oy ¢ supp, up to scaling v, which does not change the
pressure form P¥, we have that for some b € R, either of the following hold:
Y =wg, +bwe, or Y =bwg, + we,.
Assume the first one holds (the other is analogous), so ¢ = wg, + bwe,.
The form ¢, on ag,,_(c,) = 7t @ 2, verifies
¥(a1,a2,a1 — az) = ar + blay + az + (a1 — a2)) = (1 + 2b)w,, (a),
and one has moreover wg, |3%® = —w.,|»® so, upon writing v = v3 + vy 5 in the
decomposition 3 @ (s¢! @ ),
P(v) = ¥(vs) + P(v1,5) = —bwo, (vs) + (1 4 2b)we, (v1,5)
= We, ( —bvs + (1 + 2b)1}175).

Assuming by contradiction that there exists ¢ # 0 such that for all v € 7.5 one
has ¥ (dAY(u))) = ct»(A(py)) we obtain that, for all v one has

o, ( — bdAT(u), + (1 + 2b)d7\7(u)175> = (1 + 2b)@e, (A(p7)).
Considering u’ = —bus + (1 4 2b)uy 5, linearity of the Margulis invariants gives
dA7(u") = —=bdA7 (u)4 + (1 + 2b)dAY (u), &,
so one has
B (N (W) = (1 + 26) e, (A(p7)).

Since p(mS) acts irreducibly on R” we can apply Theorem 2.33 to obtain that
u’ is trivial, giving that either ug or uj s is trivial which contradicts our starting
assumption. This completes the proof for types A, and thanks to the inclusions
(13.1) we have also dealt with types B, C and Ga.

We end this section dealing with type D, so let p € H(S,D,,) with n > 5 (we
deal later with Dy) and ¢ € int (£,)*.

As before we make use of the classification of Zariski closures of p(m1.5). By
Carvajales-Dey-Pozzetti-Wienhard [19, Lemma 7.6] the Zariski-closure is semi-
simple and Theorem 13.4 gives thus that p(m,S)? is:

- SO(n,n), in which case Corollary 11.4 implies that P¥ is Riemannian;
- a principal SLy, this case is dealt with by Lemmas 15.2 and 15.5;
- a representation SO(n — 1,n) — SO(n, n) stabilizing a non-isotropic line.
It remains to deal with the last item. In this case we have a group involution
i of SO(n,n) whose fixed points are the corresponding SO(n — 1,n). Thus, Adp
has two adjoint factors given by Equation (14.9), which are the fixed points and
anti-fixed point set d.i; Corollary 2.28 implies that

Hjg ,(m18,Fixd, i) Lps H)g,(mS, AntiFix d,q) (15.7)

so we only have to deal with each factor independently.
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One factor corresponds to deformations inside SO(n — 1,n) and is settled by
Corollary 11.4, the other one has one-dimensional neutralizing space, namely »"
which is dealt with by means of the combination if items (ii) and (iii) of Lemma 15.4.
Indeed, we only need to find a linear form ¢ € int (£,)* whose entropy has vanishing
derivative along a given u € Hx, (718, Vo_1,0). If we let ago, , = R™ be a Cartan
subspace of so,, ,, and consider the set of simple roots A = {01,...,0,_1, &, } then
the Cartan subspace of a,,_, , is ker(0,_1 — ). Since by Theorem 13.1 A C Q,
for every n € Hp, (5), the linear form (1/2)(o,_1 + &) has critical entropy at p
(the argument is verbatim from the Gp-case in Figure 6), as desired.

We finally deal with D4. The above discussion holds verbatim, except that we
have one more possibility for the Zariski closure of p(m1.5), namely the fundamental
representation for the short root of SO(3,4). From §14.3.1 the adjoint factors of
Adp are deformations along SO(3,4) and cocycles with values in T(V3?), these
spaces correspond also to fixed and anti-fixed points of a Lie-algebra involution
(namely Tit!), and the above discussion works verbatim, giving, by Equation
(14.11), the resulting condition for ¢ to have degenerate pressure form.

16. PRESSURE FORMS AT THE FUCHSIAN LocUs II

We restrict now to g = sl(d,R). Recall from Labourie-Wentworth [52] that if
§ is Fuchsian and ¢ is a holomorphic differential over Ss, then there is a natural
tangent vector ¥(q) € TsHa,_,(5), called the normalized deformation. We will use
our techniques and the results from [52] to homogenize pressure metrics on ¥(q).

16.1. Description of pressure metrics at the Fuchsian locus. Let us fix @y €
a* as reference the functional and consider 1 € a* with (k') > 0. For each
e € [1,d — 1] we let c. € R be defined by

Y| #° 1= oo |5°.

Equivalently, by Remark 14.8, ¢, := 1(k®)/(e!(d — 1)¢). The pressure form P is
defined on Uy, (recall Eq. (2.15)) which, since ¢; > 0, contains the Fuchsian locus.
The proof of Lemma 15.4(iv) readily gives:
2

Proposition 16.1. For every Fuchsian 6 and v € T§ one has Pg’ = (c—e) P

C1
16.2. A pressure form compatible at the Fuchsian locus. Consider a Fuch-
sian & : 1.9 — PSL4(R), e € [1,d—1] and ¢ € H°(K°*1) a holomorphic differential
of degree e+ 1 on Ss. Then Hitchin’s parametrization provides a normalized defor-
mation ¥(q) € TsHa,_,(S) and one has the following,.

Theorem 16.2 (Labourie-Wentworth [52, Cor. 3.5.2 and Cor. 6.1.2]). Let §
be Fuchsian, q a holomorphic differential on Ss of degree e + 1 and [u]y() €
H}ys(ms,sla(R)) the cocycle associated to W(q). Then [u]y(y) € HAqs(7s, Ve) and

o _(d-1)(d+1)d(d—1) (2e + 1)! [ llgl|?dareas
Py (¥(0) = 3.2 dte){d—c—1) : x(S)]
_ (d=1)2 (d—1)(2e+1)! s llgl|*dareas
(d+e)<=t 3 2¢ 27|x(9)]

We consider then the following functional.
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Definition 16.3. We let @ € a* be defined by, for all e € [1,d — 1],

e _ (d+€)e_1 3.92¢ .
Pl = (d—1)e (dimV,)!(d — 1) ol

By Remark 14.8 w;(k®) # 0, whence by definition @(k®) # 0 and thus Theorem
15.1 entails that P is Riemannian on U,. We have:

Corollary 16.4. Let b be a Fuchsian representation and q € EBz;ll H°(K¢) then

© _(d—1)?
PEYD) = ensn s
and @ is the only linear form so that this equation holds at the Fuchsian points.
Thus, there exists A > 0 so that the operator j defined by P®(u,v) = w(ju,v)
squares —\ on the tangent space to Ha,_,(S) at the Fuchsian points I (S).

Hq||2darea5
>

Proof. By Theorem 16.2 [u]y(q) € Hpq ,(m15, Ve) so the result follows from Theorem
16.2 and Proposition 16.1. The last assertion follows from [52, Lemma 5.1.1]. O

If we want to find the form ¢4 restricted to the Hitchin components of type B, C
or Gg, then we keep the coefficients of Definition 16.3 for odd exponents and impose
@g(2°) = 0 for even exponents, for type Gy we further impose (pd)wa(Gz)(%?)) =0.

Remark 16.5. Eq. (1.2) contains the computation of ¢ for the rank 2 simple split
algebras, we compute here ¢ for rank 3. These computations are straightforward
consequence of the definition of ¢ and the formulee for k¢ from Lemma 14.7:

V10 V10 V10V3 2v/10  V10v3
20‘95“4*”“(“)_(6+ 15) 1+<4_ R ) 2+(2 5 3 ) a3;
21135 299+/35 79v/35
@apiom)(a) = (54 3780 Jar + 3780 Jaz+ 1890 )“3
VA2V10 V42 V42,/10) V42
Seuala) = (30 VR0 VB (o VBV )
90 3780 90 945
V42 f V42
+ (1 90 756) 3
17. HAUSDORFF DIMENSION DEGENERATIONS
Since Hitchin representations are A-positive (Fock-Goncharov [25]), Corollary

12.8 deals with the Hessian of Hausdorff dimension at Zariski-dense points. We
now apply Theorem C to understand degenerations for the lower strata, which
reduces the question to the Fuchsian locus and to two exceptional situations. We
focus on the former. Combining with Theorem 12.6 we get:

Corollary 17.1. Let v € Ts3Hy(S) with & Fuchsian and o € A. Ifv € T§ and

»° C kero, then Hesss Hff,(Ju) = 0. If g has classical type then the converse is

also true: if Hesss Hff 5 (Jv) = 0 then v € @, c cyers 15

The question is thus reduced to understanding the triplets (d, e, j) such that
0;(k%) =0. (17.1)

Such line will be called a simple-singular Kostant line. In the following we study
this equation in some situations, however the general case is not understood.
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17.1. Elementary Families.

Proposition 17.2. The following are simple-singular Kostant lines for Ag_1:

(i) d = 2n, even exponent and the middle simple root o,
(ii) the second root oo and, for every exponent e, d =1+ e(e+1)/2,
(iii) the triplets (d, exponent, root) defined as, for every m € N

(4m + 3,2m + 1,2m),
k
(iv) e =3 and the pairs (d,j) := (‘11 :?) (;), for any integer k > 0,
(v) the 4th exponent e = 4 and the pairs (d, j) of the form (d,j) = (? :I) (121 ),

k
or (d,j) = (‘15 :I) (137), for any integer k > 0.

Proof. Ttem (i) follows from i-invariance of »° for even e (Remark 14.2). The next
two items follow by direct computation, let us do (iii). Indeed, using Lemma 14.7
and replacing j by 2m, e by 2m + 1 and d by 4m + 3 one has

O (K2MT1) 2§1(_1)t <2m + 1) (Qm +1

e+ 1) A I )(2m 1)zt (g 4 9)=t

t=1
2m—+1

= Z (_1)t(2m+1) (2m+1> (2m —1)! (2m +2)!

= vV =) (2m 43— 1))
2m+1

=(2m —-1)!(2m +2) Z (—1)f (P (2 (2mEY) = o,
t=2

since by considering k = 2m + 1 — t in the above, the sum equals its negative®
The next two also follow from Lemma 14.7 however in these cases one has to
find the integer solutions of an integral equation ¢ = c¢. For the third exponent one
has g3(d, j) = —d? + 5dj — 552 = 1 which is solved by considering the cyclic group
SO(g3,Z) = ((‘11 :?)) The last case is analogous. O

17.2. Degenerations for the 3rd root. We complete the proof of Corollary 1.4.

Corollary 17.3. An element v € T§ is such that Hesss Hff o, (Jv) = 0 if and only
if the pair (d, e) verifies 1 < e < d and satisfies the Diophantine equation

e* — 6de? + 2 + 6d? — 6de + 11e? — 18d + 10e + 12 = 0. (17.2)

Proof. By Corollary 17.1 we have to solve 03(k®) = 0 for which Lemma 14.7 gives

S ()

We begin by observing that 2¢=t # 0 if and only if e — ¢ € {0,1,2}, and that
(d—4)t=L £ 0 iff t < d —2. Moreover, since t < e and k?~! is never singular by Eq.
(14.4), we can restrict to t < e < d — 2. If we let p(e,t) denote the general term in
the sum (17.3), then we want to compute the alternated sum

ple,e) —ple,e — 1) +ple,e —2) =0,

(d—4)==0. (17.3)

4We thank Germain Poullot for the above argument.
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together with the constrain e < d — 2. Explicit computation gives
ple,e) = (e(d - 4)6_3) (d—e—1)(d—e—2);
plese — 1) = (e(d - 4)6*3)6(6 1)(d—e—1);

ple,e —2) = (e(d - 4)6_3> %2(6_2).

So alternating the sum and removing the common factor gives Equation (17.2). O

We complete the proof of Corollary 1.4 by solving (17.2) over Z. A first remark
is that it is preserved by the involution (d,e) — (d, —e — 1), so we only need to find
(and care about) its solutions for e > 0.

Proposition 17.4. The integer solutions of (17.2) with e > 0 are
[o1[2]4]8

e
d|2]3]6]17 |58
di1]2]3] 6|17

We prove now Proposition 17.4. Clearing the variable d gives d = ﬁ%“‘?’ +
+4/3(e* +2e3 — €2 — 2e + 3) so we now focus on the Diophantine equation
f(x):=3(x* +22° — 2% — 20 + 3) = 42, (17.4)
which, by means of the rational solution (—1,3), can be transformed by a Q-
birational map to an elliptic equation:

Lemma 17.5. Consider the elliptic curve over Q defined by
E: y? = 2% — 147z + 610. (17.5)
Then rational solutions of Equation (17.4) are parametrized by E(Q) via the maps

X (.y) = <7x+35+y 2x3+y2+9x2+28y+169>.
’ 17+y—z ' (17T +y — )2 '

Yol y)<7m—35+y —2x3+y2+9x2—28y+169).
’ —17+x+y’ (=17 + z + y)?

Proof. This is standard given there exists a rational solution of (17.4), in this case
x = —1, y = 3. We begin by replacing by x — 1 which gives

3zt — 623 — 322 + 62 +9—1% =0,

followed by replacing @ by 1/x and y by 3y/z?, which gives, by considering the
numerator
2 2 1 2

2 1
9$4+6x3—3;102—6x+3—9y2:0:x4+§x3—§x —gac—&-gx—y.

We now replace z by x —2/(3-4) and y by 22 +y — (1/6-2) to obtain a quadratic
polynomial on z, indeed the additive terms are chosen to make disappear the higher-
degree terms on x. The solutions on = of the obtained quadratic polynomial are

_ —14+/—5832y3 + 2646y + 610

18(6y + 1)
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which are obtained by describing the rational solutions of the equation A = v2.

This latter equation is
v? = —5832u° + 2646u + 610 = (— 3°2u)’ — 147( — 3%2u) + 610,

so replacing —3%2u by u we obtain the desired elliptic Equation (17.5), and the
composition of the above local change of variables give the stated rational map. [

We now proceed via the Ellog method and, more precisely, use Tzanakis [74].
The Mordel-Weil group of E(Q) consists on one torsion point (5,0) and the points

Ri = (9,4) and R, = (11,18)

form a basis of the free part. If (x,y) is a rational solution of Equation (17.4) then
via Lemma 17.5 X;(z,y) € E(Q) and thus can be written as

Xl(may) = m0(570) +miR1 + moRy

for some integers m;, (with mg € {0,1}), additivity denotes the group law of E(Q).
The method consists on providing an upper bound for M = max{|mi|, |m2|}

under the assumption that (z,y) is a pair of integers, which reduces the problem to

an explicit computation that can be carried out by a computer. To find this upper

bound we nedd some data about the curve F, most of the following computations

are computer-assisted and required to work on Maple with 13 decimal digits.
Consider the polynomial q(u) = u® — 147u + 610, then

e the solutions to ¢ = 0 are ez = _5%357

e The discriminant of ¢ is 2659392 and A = 2% x 2659392 = 42550272,
< dt

e the minimal real period of F is w = 2/ = 0.9810124566....

e V/a(t)

e The fundamental periods are, if M denotes the arithmetic-geometric mean,
2w
wy = = 2w =< 1.962095763...,
' M(Ver — 65, Ver - )
27

M(y/er —e3, vV—1y/e2 — e3)

Since wo /wy does not belong to the Gauss fundamental domain of the mod-
ular surface, we consider

7= (19)(~w2/wi) =< 0.1849446113... + 1.171782212.../—1

with modulus |7| < 1.186287512...
e The j-invariant is jp = 470596/57 and so the Archimedean contribution to
its height is heo(j) = log |[470596/57| =< 9.018703988....

By means of [69, Theorem 1.1] we have, for every p € E(Q), that

j lh(l‘(p)) < h(A) ‘1“2hoo(j)

Let h be the logarithmic height, defined for a rational p/q in lowest terms, defined
by h(p/q) = logmax{|p|, |q|}, and if (p;/q;) € Q™ we let

h(p1/qi,- .-, Pn/an) = logmax{q, q|pi|/q; : i € [1,n]},

—5+ 357
) ea =5, elzfv

=< 1.177161295... — 1.128478211.../—1.

Wy =

+1.07 = ¢11 =< 3.285408400... (17.6)
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where ¢ = lem{q; : i € [1,n]}. We denote by
hg = max{1, h(—147/4,610/16),h(jg)}
= h(jg) = log 470596 =< 13.06175526....
We will also need the point zg = 6v3—1> e1, we let 0 = 1 and we consider
Ro = (20,6(3 — V3)) € E(Q(V3)).

If we let Ep(R) denote the unbounded component of E(R), then for p € Ep(R)
with coordinates (u(p),v(p)), the map ¢ : Eo(R) — R/Z given by

0 mod 1 if p= 0,
1 [ du
o(p) == */ mod 1 if v(p) >0,
U(p) \/
—¢(—P mod 1 if v(p) <0,

is a group homomorphism. Observe that {Rg, R1, Ra} C Ep(R). One has

wé(Ry) = 0.8918445254. .
wé(Ry) = 0.6925571056...
weé(Ry) = 0.8235278325...

Tzanakis [74] requires us to choose numbers Ay, ..., A3, & such that
3 2
Ay > max {hE, 7;7“} — hp = 13.06175526....;
jwi[#3(7)
3rw?p(R:)? -

A1 > max {hm

o )
—HlaX{h,E, ( ) *hE'v

e<8<emm{|w1| ”2A0fi7' |w1| 1/2A1+13T —0,1,2}
3

where we have used Equation (17.6) to find an upper bound of i(R;), and e is the
Euler number. We can choose then A; = 13.5 for i =0,1,2,3, and & = 9. Then we
compute ¢y, ¢5 and ¢g from [74, § 7] given by David [22, Théoreme 2.1]:

cy =2.9-10%0.210. 432 . 5803 (150 £)79(13.5)*
= 2.043497279... - 10"1°
cs = log(28) = log(18)
= log(18) + hp =< 15.95212702....
We also consider the regulator matrix associated to the basis { R, RAQ}, it is the
matrix associated to the quadratic form on E(Q) defined by (P,Q) = h(P + Q) —

h(P) — h(Q). We let ¢; be its smallest eigenvalue, one has ¢; < 0.303868...
‘We now have to find a constant cg such that

1/OO dx <Cﬁl
w Ju f(u)_wU
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which can be easily shown to be ¢g = 1/4/3. We now compute a constant ¢ so
that for every u > 1

< c19 + 2logu,

h(G\/WU—2 6u + 18)

and we get cj9p = 3. We finally have that the constants c12 = 1 and ¢13 = 0 and we
obtain the first upper bound on M > 16:

1
e M? <logey + 5¢10 + c11 + ca(log M + ¢s5)(loglog M + ¢6)®,

which gives M < 6.123 - 1059,
We now proceed with the reduction of the upper bound for M applying [74, §5].
Since Ry does not belong to E(Q), the R/Z elements

{o(Ro), ¢(Rr), d(Rz2)}

are linearly independent over Y, and thus our situation is Case 2 in that section, we
are hence bound to use [74, Proposition 4], which gives the reduction M < 30. At
this point we proceed with a case by case computation using, for example, Maple.
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