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Abstract. Inspired by Benoist, we study objects linked to integrable tangent

vectors on the character variety of a semi-group Γ with values in a semi-simple
real-algebraic group G. We prove the cone of Jordan variations has non-

empty interior and, when G is split, establish non-empty interior of the set of

length-normalized variations. We apply these techniques to pressure forms on
Anosov representations and higher-rank Teichmüller spaces. We identify an

explicit functional ϕ ∈ a∗ whose pressure form is compatible with Goldman’s

symplectic form at Fuchsian points in the Hitchin component. Finally, we
show the degeneration of the Hausdorff dimension of higher -quasi-circles is

governed by a Diophantine equation.
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1. Introduction

Let Γ be a semi-group and G a Zariski-connected semi-simple real-algebraic Lie
group of the non-compact type. The character variety of Γ with values in G, of
morphisms up to conjugation, is denoted by X(Γ ,G) = hom(Γ ,G)/G. In this paper
we investigate several objects associated to an integrable tangent vector

v ∈ TρX(Γ ,G).

We will think of v as the (quotient projection of the) derivative of a curve (ρt)t∈(−ε,ε)
in hom(Γ ,G) with ρ0 = ρ and such that for every γ ∈ Γ the curve t 7→ ρt(γ) is real-
analytic in some neighborhood of 0.

Let a be a Cartan subspace of G, a+ ⊂ a a closed Weyl chamber and λ : G→ a+

be the Kostant-Jordan-Lyapunov-projection: up to signs, exp(λ(g)) is conjugated
to the R-diagonalizable element of Jordan’s decomposition of g. Commonly, g is
loxodromic if λ(g) ∈ int a+. For γ ∈ Γ we let λγ : X(Γ ,G)→ a be the map

λγ(η) = λ
(
η(γ)

)
and dλγ(v) =

∂

∂t

∣∣∣
t=0
λ(ρt(γ)) ∈ a

its differential at v. For ϕ ∈ a∗ we let ϕγ : X(Γ ,G)→ R be the composition

ϕγ = ϕ ◦ λγ : η 7→ ϕ
(
λ
(
η(γ)

))
.

Recall that Benoist’s limit cone of ρ is defined by Lρ = {R+ · λγ(ρ) : γ ∈ Γ}. Its
dual (Lρ)

∗ consists on linear forms ψ ∈ a∗ such that ψ|Lρ ≥ 0.

1.1. The cone of Jordan variations. We introduce the cone of Jordan variations

VJv :=
{
R+ · dλγ(v) : γ ∈ Γ with loxodromic ρ(γ)

}
⊂ a

and for ψ ∈ int (Lρ)
∗ we introduce the set of normalized variations

Vψv :=

{
dλγ(v)

ψγ(ρ)
: γ ∈ Γ with loxodromic ρ(γ)

}
⊂ a.

We will rule off variations that occur in proper normal subgroups of G. Write
g =

⊕
i∈I gi with gi a simple ideal and assume we’ve chosen the Cartan subspaces

ai of gi so that a =
⊕

i ai. Let pi : a → ai be the associated projections. Then
v has full loxodromic variation if for every i ∈ I one has pi(VJv) 6= {0}, so full
stands for ’non-trivial variation in every simple factor of G’ and loxodromic stands
for ’the variation is seen on loxodromic elements’. A γ ∈ Γ with loxodromic ρ(γ)
has full variation if ∀i pi

(
dλγ(v)

)
6= 0.

Let us simplify terminology and say that v has Zariski-dense base-point if v ∈
TρX(Γ ,G) and ρ(Γ) is Zariski-dense in G. The following statements can be found
(respectively) in Corollary 8.4, Proposition 9.1 and Proposition 9.6.

Theorem A. Let v ∈ TρX(Γ ,G) have Zariski-dense base point and full loxodromic
variation. Then, VJv is convex and has non-empty interior. Moreover, full varia-
tion elements of ρ(Γ) are Zariski-dense in G and their Jordan projections intersect
any open subcone of Lρ. For every ψ ∈ int (Lρ)

∗ the set Vψv is convex.

The most involved statement is to guarantee non-empty interior of VJv. This is
of course analogous, and inspired by, the classical result by Benoist [3] stating that
if ρ(Γ) is Zariski-dense then Lρ is convex and has non-empty interior.
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Theorem A is stablished by means of the affine geometry GnAdg. If (g, x) ∈ Gng
has loxodromic linear part, i.e. g is loxodromic, then its Margulis projection is well
defined. This is a conjugacy invariant introduced by Margulis [54, 55] for the
affine group SO2,1 nR3, when he proved existence of non-abelian free groups acting
properly discontinuously on R3 by affine transformations. In the current context,
this projection was defined by Smilga [70].

The bridge between Theorem A and the affine geometry is given by Proposition
8.1 below, independently established Kassel-Smilga [41] and also by Ghosh [27] who
further requires that G is split. Recall that a variation v ∈ TρX(Γ ,G) induces a
1-cocycle uv : Γ → g defined by

uv(γ) =
∂

∂t

∣∣∣∣
t=0

ρt(γ)ρ(γ)−1, (1.1)

and (ρ, uv) is a group morphism Γ → G n g. Then, Proposition 8.1 states that
dλγ(v) coincides with the a-coordinate of the Margulis projection of (ρ(γ), uv(γ)).

We then study more general affine groups G nφ V for a class of representations
φ : G → SL(V ) and establish non-empty interior results in this setting (Corollary
4.6 for irreducible φ and Corollary 6.6 when φ is reducible but disjoined). Similar
versions of Corollary 4.6 will also appear in Kassel-Smilga [41] and in Ghosh [29],
in particular [41] obtains the convexity stated in Theorem A.

To mimic Benoist’s proof in [3] we introduce the concept of affine ratio, an
invariant of four affine flags in general position; that can also be found in the
independent work of Ghosh [27] (for split groups, who also proves convexity of
spectrum in this case). We then rely on Smilga’s work [71] to relate the defect of
additivity of Margulis’s invariants to this affine ratio. These results are achieved in
Part 1, however this viewpoint is used in the sequel, specially for Theorem C.

As a consequence we obtain the following, generalizing previous work of Mess
[57], Goldman-Labourie-Margulis [31] (see also the alternative proof given by Danciger-
Guéritaud-Kassel [21]) on H2

R. If H is rank 1 and simple, and ρ : Γ → H is convex
co-cocompact, then we let h(ρ) be the Hausdorff dimension of its limit set. Recall
from Bridgeman-Canary-Labourie-S. [14] that h is analytic about ρ.

Corollary (Corollary 11.5 - Deformations along level sets of h give non-proper
actions). Let H be the (identity component of the) isometry group of HnR n 6= 3,
HnH n ≥ 2, or the Cayley hyperbolic plane. Let v ∈ TρX(Γ ,H) have Zariski-dense
and convex-co-compact base-point, if dh(v) = 0 then the action (ρ, uv) on h is not
proper.

1.2. Base point Livšic-independence. Denote by ∆ the set of simple restricted
roots associated to a+. For σ ∈ ∆ let gσ be its root-space (Eq. (2.1)). For a
non-empty ϑ ⊂ ∆ the subspace aϑ =

⋂
σ∈∆−ϑ kerσ comes equipped with a natural

projection πϑ : a→ aϑ (see § 2.6). We let

λϑ = πϑ ◦ λ,

V
ψ
ϑ,v = πϑ

(
Vψv
)
.

In Corollary 10.5 we prove the following:

Theorem B (Double-density for roots with multiplicity 1). Let v ∈ TρX(Γ ,G)
have full loxodromic variation and Zariski-dense basepoint. Let ϑ ⊂ ∆ be such that
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dim gσ = 1 for all σ ∈ ϑ, then the additive group spanned by{(
dλγϑ(v), λγ(ρ)

)
: γ ∈ Γ with loxodromic ρ(γ)

}
is dense in aϑ × a. In particular, for any ψ ∈ int (Lρ)

∗ the convex set Vψϑ,v has
non-empty interior.

Before passing to the next subsection we show two applications of Theorem B.
The first one can be found in Corollary 11.7, we refer the reader to §2.12 for the
definition of Anosov representations, introduced by Labourie [48] and generalized
by Guichard-Wienhard [35]. Recall also that for ρ ∈ X(Γ,SL(3,R)) the Hilbert
entropy is defined by

hH
ρ = lim

t→∞

1

t
log #

{
[γ] ∈ [Γ] :

(λγ1 − λ
γ
3)(ρ)

2
≤ t
}
.

Corollary (No proper actions above level sets of entropy). Consider a ∆-Anosov
ρ : Γ → SL(3,R) with Zariski-dense image and v ∈ TρX(Γ,SL(3,R)). If dhH(v) =
0 then the affine action on sl(3,R) via uv is not proper. Moreover, there is a
neighborhood U of (ρ, v) in TX(Γ,SL(3,R)) such that for all (η, w) ∈ U the action
via uw is also not proper.

The second one can be found in Corollary 13.5, the definition of the Hitchin
component Hg(S) of S associated to a simple split g can be found in §1.3.

Corollary (Curves with arbitrary small root-variation). Let g be simple split, σ ∈
∆, $σ ∈ a∗ be the associated fundamental weight and 0 6= v ∈ TρHg(S) have
Zariski-dense base-point. Then, there exists h > 0 such that for positive ε and δ
there exists C > 0 with

#
{

[γ] ∈ [π1S] primitive : $γ
σ(ρ) ∈ (t− ε, t] and |dσγ(v)| ≤ δ

}
∼ C eht

t3/2
.

In particular, for every δ > 0 there exists γ ∈ π1S with arbitrary large translation
length and such that |dσγ(v)| ≤ δ.

1.3. Pressure forms for higher-rank Teichmüller spaces. A fundamental
question in higher rank Teichmüller theory consists on finding an analog of the
Weil-Petterson Kähler metric for the Hitchin component.

Let now g be a simple split Lie algebra and Inn g be its group of inner auto-
morphisms. Recall from Kostant [46] that g contains a remarkable Inn g-conjugacy
class of sl2(R) embeddings called the principal sl2’s. The Hitchin component of g
(or of Inn g, or of the type of g) of a closed connected orientable surface S with
genus ≥ 2, is a(ny) connected component of the character variety

Hg(S) ⊂ X(π1S, Inn g)

characterized by the following fact: there exists a discrete and faithful ρ ∈ Hg(S)
whose Zariski-closure is a principal PSL(2,R) in Inn g. The latter representations
are called Fuchsian and the space of Fuchsian representations forms a natural em-
bedding of the Teichmüller space T(S) = HA1(S) of S inside Hg(S).

Hitchin [37] showed that Hg(S) is a contractible analytic manifold and Labourie
[48] - Beyrer-Guichard-Labourie-Pozzetti-Wienhard [6] show that every ρ ∈ Hg(S)
is faithful with discrete image (see also Fock-Goncharov [25]).
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The space Hg(S), being a subset of a surface-group character variety, is naturally
equipped with Goldman’s [30] symplectic form ω. Moreover, Bridgeman-Canary-
Labourie-S. [14] construct, for each ρ ∈ Hg(S) and each linear form ψ ∈ int (Lρ)

∗,
a semi-definite symmetric bilinear form Pψ

ρ on TρHg(S), called the ψ-pressure form
(see § 2.11 for references on similar constructions).

The question from the beginning of this section can be interpreted as a compat-
ibility question between the pressure forms Pψ, for different choices of ψ, and ω.
Combining Labourie-Wentworth [52] with Corollary 8.6 and §14 we establish:

Corollary (Corollary 16.4). We let g have type A, B, C or G2. Then there exist
a unique (up to scaling) and explicit form ϕ ∈ a∗ such that Pϕ is compatible with
Goldman’s symplectic form on Hg(S) at the Fuchsian points.

The form ϕ is explicit but rather involved to compute. For the rank 2 simple
split Lie algebras one has (see Remark 16.5), up to scaling:

ϕsl(3,R)(a) = a1 − a3 −
√

2

2
a2;

ϕsp(4,R)(a) =
(
3 +

√
10

30

)
a1 +

(
1−
√

10

10

)
a2;

ϕG2(a) =
(

8 +

√
42

315

)
a1 +

(
2−
√

42

210

)
a2. (1.2)

Observe that in all these cases ϕ ∈ (a+)∗ so Theorem C below implies that Pϕ is
Riemannian on the corresponding Hitchin component. It would be interesting to
understand the relation between Pϕ and the 1-parameter family of Kähler metrics
on rank-2 Hitchin components, found by Kim-Zhang [43] and Labourie [50].

Although Pϕ is compatible with ω at Fuchsian points, it is unclear it should
be compatible elsewhere. It seems moreover natural that the form ψ whose pres-
sure metric is compatible with ω depends on the basepoint ρ ∈ Hg(S). Thus we
introduce the following definition:

Definition 1.1. A length function on Hg(S) is a smooth Out(π1S)-invariant map
ψ : Hg(S)→ a∗ such that for all ρ one has ψ(ρ) ∈ int (Lρ)

∗.

The forms Pψ only depend on ψ ∈ a∗ up to scaling, so non-constant length
functions are purely a higher-rank phenomenon. A natural choice is, for example,
Quint’s growth form: we fix a norm N on a and let ψ(ρ) = the unique ψ in the
critical hyper-surface of ρ minimizing the dual norm N∗ (see Eq. (2.14)). In this
paper we prove the following (see Corollary 12.11 for the Θ-positive case).

Corollary (Corollary 12.13). For any length function ψ : Hg(S) → a∗ the asso-

ciated pressure semi-norm ρ 7→ Pψ(ρ) induces a Mod(S)-invariant path metric on
Hg(S). If moreover g has type A, B, C, D, or G2 and ψ is chosen as to not verify

any of the degenerations in Theorem C, then ρ 7→ Pψ(ρ) is a Mod(S)-invariant
Riemannian metric on Hg(S), as regular as ψ.

The proof boils down to understanding the degeneration set of Pψ for a fixed
ψ ∈ int (Lρ)

∗. This is the content of Theorem C below which we now explain.
Let us chose a principal sl2, s, whose semi-simple element lies in a (and with

Weyl chamber contained in a+). Recall from Kostant [46] that the decomposition
of g into irreducible ad s-factor has rank g factors, each of them of odd dimension
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2e+ 1. The numbers e appearing in this decomposition are called the exponents of
g and we denote by Ve the associated irreducible factor, so that

g =
⊕

e exponent of g

Ve

is the decomposition of g into irreducible ad s-factors. Table 2 in §14 gives the
exponents for each type of g.

Definition 1.2. If e is an exponent of g then we consider the line κe = Ve ∩ a and
call it the e-th Kostant line.

The family {κe : e exponent of g} spans a.
Identifying the tangent space at ρ to the character variety with the first twisted

cohomology group H1
Ad ρ(π1S, g) as in Eq. (1.1), the above decomposition of g in

s-modules yields a splitting at a Fuchsian point δ ∈ Hg(S),

TδHg(S) =
⊕

e exponent of g

H1
Ad δ(π1S, Ve) =

⊕
e exponent of g

Teδ,

where we have simplified notation and writen Teδ = H1
Ad δ(π1S, Ve).

Denote by i : a → a the opposition involution. If non-trivial, it is realized
by an external involution of Inn g that induces an involution i : X(π1S, Inn g) →
X(π1S, Inn g). Points in Hg(S) that are fixed by i will be called self-dual. If ρ is
self-dual then dρi is an involution on TρHg(S).

In the special case of D4, its Dynkin diagram has an order three automorphism
τ that induces an order three automorphism τ of HD4

(S). Also, in this case 3
appears twice as an exponent (see Table 2), let us denote by V3,a the ad s-factor
that is not contained in the natural representation so(3, 4)→ so(4, 4) preserving a
non-isotropic line, see § 14.3.1 for details.

With these notations at hand we can completely describe the degenerations of
pressure forms on the Hitchin component of classical type.

Theorem C (Pressure degenerations are Lie-theoretic). Let g be simple split of
type A, B, C, D or G2. Consider ρ ∈ Hg(S) and ψ ∈ int (Lρ)

∗ then, the pressure
form Pψ

ρ is degenerate at v ∈ TρHg(S) if and only if either of the following hold:

- ρ is Fuchsian and

v ∈
⊕

e:ψ(κe)=0

Teρ,

- ρ is self dual, ψ is i-invariant and v is dρi-anti-invariant.
- g is of type A6 or C3, the Zariski closure of ρ(π1S) is conjugate to the 7-

dimensional irreducible representation of the real split group G2, ψ(κ3) = 0
and v ∈ H1

Ad ρ(π1S, V3).

- g is of type D4, the Zariski closure of ρ(π1S) has Lie algebra conjugate
to the spin representation so(3, 4) → so(4, 4), v ∈ H1

Ad ρ

(
π1S, τ(V3,a)

)
and

ψ(−1, 1, 1,−1) = 0.

For example, in PSL(4,R) the Kostant lines are

κ1 = R · (3, 1,−1,−3),

κ2 = R · (1,−1,−1, 1),

κ3 = R · (1,−3, 3,−1),
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so the strongly dominant weight 2$1 +$2 : a 7→ 3a1 + a2 contains κ3 in its kernel.
Consequently, Theorem C implies that the Pressure form P2$1+$2 degenerates only
at the Fuchsian locus and in the directions given by T3

ρ. See Table 3 in §14 for the
list of Kostant lines on sl(d,R) for d ≤ 8.

Remark 1.3. The question of non-degeneration on the Hitchin component has been
dealt with in the previously mentioned work by Bridgeman-Canary-Labourie-S.
[14], where it is stablished that:

- if we let $1 be the first fundamental weight $1 : a 7→ a1, then P$1 is
Riemannian on Hsl(d,R)(S) and,

- for every strongly dominant weight χ the form Pχ is Riemannian on the
space {ρ ∈ Hg(S) : ρ(π1S) is Zariski-dense};

and in B.-C.-L.-S. [15] where it is stablished that Pσ1 is Riemannian, where σ1 :
a 7→ a1 − a2 is the first simple root. In [14] it is also established the following
(to be compared with Theorem B): Let ρt : Γ → SL(d,R) be an analytic curve of
irreducible representations with speed v and assume there exist g, h ∈ Γ such that
ρ0(g) and ρ0(h) are bi-proximal and transverse (see Def. 2.5), assume also that
d$g

1(v) 6= 0, then the set of pairs{
(d$γ

1 (v), $γ
1 (ρ)

)
: γ ∈ Γ with ρ0(γ) proximal

}
⊂ R2

is not contained in a line.
Finally, pressure forms for $1 and σ1 are Riemannian on the Hitchin components

of geometrically finite Fuchsian groups by Bray-Canary-Kao-Martone [12].

1.4. Hausdorff dimension of higher-quasi-circles. We use Theorem C to study
deformations of higher-rank Teichmüller spaces inside the complexified group.

Let us fix ρ ∈ Hg(S). Then it follows from Labourie [48] that there exists a
ρ-equivariant Hölder-continuous map

ζρ : ∂π1S → F∆(Inn g) (1.3)

from the Gromov-boundary of π1S to the full flag space of Inn g. While the circle
ζ(∂π1S) ⊂ F∆(Inn g) is Lipschitz, each of its projections into the maximal flags

Lρ,σ := ζσρ (∂π1S) ⊂ Fσ(Inn g),

for σ ∈ ∆, is a C1+α circle (Labourie [48] and Pozzetti-S.-Wienhard [62]). In this
paper we deform these circles inside the complex maximal flag variety Fσ(Inn(gC)).
More precisely, the equivariant map from Equation (1.3) can also be defined for
representations neighboring ρ in the complex characters X

(
π1S, Inn(gC)

)
([48]).

Moreover, there exists a neighborhood U of Hg(S) ⊂ X
(
π1, Inn(gC)

)
such that for

every η ∈ U and every σ ∈ ∆ the function

Hffσ :U→ [1,∞)

η 7→ Hff(Lη,σ)

is real-analytic1, where Hff denotes the Hausdorff dimension for a Riemannian
metric on Fσ(Inn(gC)). We can thus study its Hessian at the critical points Hg(S).

1due to [62] together with Bridgeman-Canary-Labourie-S. [14]
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If we let J be the tensor squaring − id on the complex characters X(π1S, Inn(gC)),
induced by the complex structure of Inn(gC), then the tangent space at a Hitchin
point ρ ∈ Hg(S) naturally splits as

TρX
(
π1S, Inn(gC)

)
= TρHg(S)⊕ J

(
TρHg(S)

)
.

Deformations along THg(S) are understood, Hffσ ≡ 1, so we turn into the comple-
mentary factor. By means of Bridgeman-Pozzetti-S.-Wienhard [16] and Theorem C,
in § 17 we establish the following (an analogous result for Θ-positive representations
can be found on Corollary 12.8):

Corollary (Corollary 17.1). Let v ∈ TρHg(S) be non-zero and have Zariski-dense
base point, then

Hessρ Hffσ(Jv) > 0.

In particular there exists a neighborhood (in the complex characters) of points in
Hg(S) with Zariski-dense image where Hffσ is rigid, i.e. such that if Hffσ(η) = 1
then η has values in the real characters.

The second statement is a local analog of a classical result of Bowen [10] who
deals with g of type A1. The first one is inspired by Bridgeman-Tayor [17] and
McMullen [56], again for PSL(2,C). We note that a higher-rank version of Bowen’s
Theorem, by considering the Hausdorff dimension in the full flag variety, has been
recently obtained by Farre-Pozzetti-Viaggi [23].

Actually we can be much more precise. Zariski closures of Hitchin representations
have been classified (Guichard [33], S. [68]) so we can also look at the intermediate
strata. It turns out that the most subtle situation is actually the Fuchsian case,
which we now explain, the complete picture can be found on § 17.

Corollary (Corollary 17.1). Let v ∈ TδHg(S) be tangent to a Fuchsian represen-
tation δ. If v ∈ Teδ and κe ⊂ kerσ, then HessδHffσ(Jv) = 0. If g has classical type
then the converse is also true: if HessδHffσ(Jv) = 0 then v ∈

⊕
e:κe⊂kerσ Teδ.

For example, when g = sl(d,R) with the standard Cartan subspace a = {a ∈
Rd :

∑
ai = 0} and simple roots σj(a) = aj − aj+1; the above corollary reduces the

question of understanding HessδHffσjJv = 0 to describing the triples of integers
(d, e, j) such that κe ⊂ kerσj . This condition can be rephrased in terms of an
explicit Diophantine equation (see Equation (14.8)). For example, understanding
degenerations on the second Grassmannian ζ2(∂π1S) ⊂ Gr2(Rd) ⊂ Gr2(Cd) reduces
to the (elementary) equation

d− 1 =
e(e+ 1)

2
,

so Hess Hffσ2
is only degenerate when d = 4, 7, 11, 16... However, for the remaining

Grassmannians the equation is more involved. For Gr3(Cd) the equation becomes

e4 − 6de2 + 2e3 + 6d2 − 6de+ 11e2 − 18d+ 10e+ 12 = 0,

which turns out to be a genus-1 complex curve, whose integer solutions can be com-
pletely described via the Elliptic logarithm method Ellog (see for example Tzanakis
[75]), so we obtain in § 17.2:

Corollary 1.4. Consider v ∈ TρHsl(d,R)(S), then one has Hessρ Hffσ3(Jv) = 0 if
and only if one of the following holds :



9

- d = 6, ρ has values in PSp(6,R) and v ∈ T2
ρ ⊕ T4

ρ,

- d = 17, ρ is Fuchsian and v ∈ T4
ρ ⊕ T8

ρ,

- d = 58, ρ is Fuchsian and v ∈ T8
ρ.

The Diophantine equation associated to the 4th root is

11d−13

2
e−23

3
e2−19

8
e3−31

24
e4−1

8
e5− 1

24
e6+

13

2
de−3

2
d2e+7de2−3

2
d2e2+de3+

1

2
de4+d3−6d2 = 6,

which according to Maple is a genus-4 complex curve with one singular point. To
our knowledge, no general method to solve this kind of equation over Z is known.

Acknowledgements. I would like to thank Luca Battistella, Martin Bridgeman,
Richard Canary, Jeffrey Danciger, François Labourie, Marco Macullan, Alejandro
Passeggi, Rafael Potrie, Germain Poullot and Maria Beatrice Pozzetti for enlight-
ening discussions related to this paper.

2. Preliminaries

Throughout this paper we will let G be the real points of a Zariski-connected
semi-simple real-algebraic group of the non-compact type with Lie algebra g. We
will also let V be a finite-dimensional real vector space, Γ a semi-group and Γ a
finitely generated word-hyperbolic group.

2.1. Notations from Lie theory. Let us fix o : g → g a Cartan involution with
associated Cartan decomposition g = k⊕p. Let a ⊂ p be a maximal abelian subspace
and let Φ ⊂ a∗ be the set of restricted roots of a in g. For α ∈ Φ let us denote by

gα = {u ∈ g : [a, u] = α(a)u∀a ∈ a} (2.1)

its associated root space. One has the (restricted) root space decomposition g =
g0⊕

⊕
α∈Φ gα, where g0 is the centralizer of a. Fix a Weyl chamber a+ of a and let

Φ+ and ∆ be, respectively, the associated sets of positive roots and of simple roots.
Let us denote by (·, ·) the Killing form of g, its restriction to a, and its associated

dual form in the dual of a, a∗. For χ, ψ ∈ a∗ define

〈χ, ψ〉 = 2
(χ, ψ)

(ψ,ψ)
.

The Weyl group of Φ, denoted by W, is the group generated by, for each α ∈ Φ,
the reflection rα : a∗ → a∗ on the hyperplane α⊥,

rα(χ) = χ− 〈χ, α〉α.
It is a finite group with a unique longest element w0 (w.r.t. the word metric on the
generating set {rα : α ∈ ∆}). This longest element sends a+ to −a+.

The restricted weight lattice is defined by

Π = {ϕ ∈ a∗ : 〈ϕ, α〉 ∈ Z ∀α ∈ Φ},
it is spanned by the fundamental weights: {$σ : σ ∈ ∆} where $σ is defined by
〈$σ, β〉 = dσδσβ for every σ, β ∈ ∆, where dσ = 1 if 2σ /∈ Φ+ and dσ = 2 otherwise.
The set Π+ of dominant restricted weights is defined by Π+ = Π ∩ (a+)∗.

If g has reduced root system, then it is customary to denote by

δ =
1

2

∑
α∈Φ+

α =
∑
σ∈∆

$σ,
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where the last equality can be found in Humphreys [38, §13.3]. For every σ ∈ ∆
one has 〈δ, σ〉 = 1 ([38, §10.2 ]).

2.2. Some sl2’s of g. For ϕ ∈ a∗ let uϕ ∈ a be such that for all v ∈ a one has

ϕ(v) = (uϕ, v).

For α ∈ Φ let hα ∈ a be defined by, for all ϕ ∈ a∗, ϕ(hα) = 〈ϕ, α〉. The vectors
uα and hα are related by the simple formula hα = 2uα/(uα, uα). Recall that for
x ∈ gα one has [x, o(x)] = (x, o(x))uα. Thus, for each α ∈ Φ+ and xα ∈ gα there
exists yα ∈ g−α such that

( 0 1
0 0 ) 7→ xα, ( 0 0

1 0 ) 7→ yα and ( 1 0
0 −1 ) 7→ hα,

is a Lie algebra isomorphism between sl2(R) and the span of {xα, yα, hα}. Let us
fix such a choice of xα and yα from now on.

One says that g is split if the complexification a ⊗ C is a Cartan subalgebra of
g ⊗ C. Equivalently, g is split if the centralizer Zk(a) of a in k vanishes. Assume
that g is split. Following Kostant [46, §5], consider the dual basis of {uσ : σ ∈ ∆}
relative to (·, ·): (εα, uβ) = δαβ , and let ε0 =

∑
σ∈∆ εσ ∈ a. Upon writing

2ε0 =
∑
σ∈∆

rσuσ

for some rσ ∈ Z>0, define e+ =
∑
σ∈∆

xσ and e− =
∑
σ∈∆

rσyσ. Since (2ε0, uσ) = 2 for

every σ ∈ ∆, the identification

( 0 1
0 0 ) 7→ e+, ( 0 0

1 0 ) 7→ e− and ( 1 0
0 −1 ) 7→ 2ε0,

is also a Lie algebra isomorphism between sl2(R) and the span s of {e+, e−, 2ε0}.
The Lie algebra s is called a principal sl2 and the Inn g-conjugacy class of this
representation is called the principal sl2 of g.

2.3. Cartan decomposition. Let K ⊂ G be a compact group that contains a
representative for every element of the Weyl group W. This is to say, such that the
normalizer NG(A) verifies NG(exp a) = (NG(exp a) ∩ K) exp a. Cartan’s decomposi-
tion asserts the existence of a map, called the Cartan projection of G,

µ : G→ a+

such that for every g ∈ G there exist k, l ∈ K with g = k exp(µ(g))l and such that
∀g1, g2 ∈ G one has g1 ∈ Kg2K if and only if µ(g1) = µ(g2).

2.4. Jordan decomposition. It states that every g ∈ G can be written as a
commuting product g = geghgn, where ge is elliptic, gn is unipotent and gh is
conjugate to en element zg ∈ exp(a+). We let λ(g) = µ(zg) ∈ a+, and the map
λ : G→ a+ is called the Jordan projection of G.

2.5. Flag manifolds of G. A subset ϑ ⊂ ∆ determines a pair of opposite parabolic
subgroups Pϑ and P̌ϑ whose Lie algebras are defined by

pϑ =
⊕

σ∈Φ+∪{0}

gσ ⊕
⊕

σ∈〈∆−ϑ〉

g−σ,

p̌ϑ =
⊕

σ∈Φ+∪{0}

g−σ ⊕
⊕

σ∈〈∆−ϑ〉

gσ.
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The group P̌ϑ is conjugated to the parabolic group Piϑ. We denote the flag space
associated to ϑ by Fϑ = G/Pϑ. The G orbit of the pair ([Pϑ], [P̌ϑ]) is the unique

open orbit for the action of G in the product Fϑ × Fiϑ and is denoted by F
(2)
ϑ .

Remark 2.1. If g ∈ G is such that σ(λ(g)) > 0 for all σ ∈ ϑ then g acts proximally on

Fϑ.We will denote by (g+, g−) ∈ F
(2)
θ (G) the corresponding attracting and repelling

flags, so that every flag y ∈ Fθ(G) in general position with g− verifies gny → g+.

2.6. The center of the Levi group Pϑ∩ P̌ϑ. We now consider aϑ =
⋂

σ∈∆−ϑ

kerσ.

Denoting by Wϑ = {w ∈ W : w(v) = v ∀v ∈ aϑ} the subgroup of the Weyl
group generated by reflections associated to roots in ∆ − ϑ, there is a unique
projection πϑ : a→ aϑ invariant under Wϑ.

The dual (aϑ)∗ is canonically identified with the subspace of a∗ of πϑ-invariant
linear forms. Such space is spanned by the fundamental weights of roots in ϑ,

(aϑ)∗ = {ϕ ∈ a∗ : ϕ ◦ πϑ = ϕ} = 〈$σ|aϑ : σ ∈ ϑ〉. (2.2)

We consider the projections µϑ = πϑ ◦ µ : G→ aϑ and λϑ = πϑ ◦ λ : G→ aϑ.

2.7. Representations of G. The standard references for the following are Fulton-
Harris [26], Humphreys [38] and Tits [73]. Let φ : G → GL(V ) be a finite dimen-
sional rational2 representation. We also denote by φ : g → gl(V ) the Lie algebra
homomorphism associated to φ. If φ : g → gl(V ) is irreducible then we say that
φ : G→ GL(V ) is strongly irreducible. Equivalently φ(G) does not preserve finitely
many subspaces of V . Since G is Zariski-connected, an irreducible representation
is strongly irreducible.

The weight space associated to χ ∈ a∗ is the vector space

V χ = {v ∈ V : φ(a)v = χ(a)v ∀a ∈ A}.

We say that χ ∈ a∗ is a restricted weight of φ if V χ 6= 0 and let

Πφ =
{
χ ∈ a∗ : V χ 6= {0}

}
.

Tits [73, Theorem 7.2] (see also [38, §13.4 Lemma B])) states that Πφ has a unique
maximal element with respect to the partial order χ � ψ if χ − ψ belongs to the
semi-group spanned by ∆. This is called the highest weight of φ and denoted by
χφ. Thus, every χ ∈ Πφ has the form

χφ −
∑
σ∈∆

nσσ for nσ ∈ N.

If we let λ1 be the logarithm of the spectral radius then for every g ∈ G one has

λ1

(
φ(g)

)
= χφ(λ(g)

)
. (2.3)

Definition 2.2. Let φ : G → PGL(V ) be a representation. We denote by ϑφ the
set of simple roots σ ∈ ∆ such that χφ − σ is still a weight of φ. Equivalently

ϑφ =
{
σ ∈ ∆ : 〈χφ, σ〉 6= 0

}
. (2.4)

2Namely a rational map between algebraic varieties.
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We denote by ‖ ‖φ an Euclidean norm on V invariant under φK and such that
φ exp a is self-adjoint, see Benoist-Quint [5, Lemma 6.33]. We also let ‖ ‖φ be the
induced operator norm. By definition of χφ, ‖ ‖φ and Eq.(2.3), for every g ∈ G

log ‖φg‖φ = χφ(µ(g)). (2.5)

Denote by Wχφ the φA-invariant complement of Vχφ . The stabilizer in G of Wχφ

is P̌ϑφ , and thus one has a map of flag spaces

(ζφ, ζ
∗
φ) : F

(2)
ϑφ

(G)→ Gr
(2)
dimVχφ

(V ). (2.6)

This is a proper embedding which is an homeomorphism onto its image. Here, as

above, Gr
(2)
dimVχφ

(V ) is the open PGL(V )-orbit in the product of the Grassmannian

of (dimVχφ)-dimensional subspaces and the Grassmannian of (dimV − dimVχφ)-
dimensional subspaces. One has the following (see Humphreys [39, Chapter XI]).

Proposition 2.3 (Tits [73]). For each σ ∈ ∆ there exists a finite dimensional
rational irreducible representation φσ : G → PSL(Vσ), such that χφσ is an integer
multiple lσ$σ of the fundamental weight and dimVχφσ = 1.

We will fix from now on such a set of representations and call them, for each
σ ∈ ∆, the Tits representation associated to σ.

2.8. Gromov product, additive cross ratio and representations. Consider

ϑ ⊂ ∆. Recall from [66] that the Gromov product (·|·) : F
(2)
ϑ → aϑ is defined by

$α

(
(x|y)

)
= − log sin]φαo(ξφαx, ξ

∗
φα
y) = − log

|ϕ(v)|
‖ϕ‖φαo‖v‖φαo

≥ 0

for all α ∈ ϑ, where v ∈ ξφαx− {0} and kerϕ = ξ∗φαy. Note that

max
α∈ϑ

$α((x|y)o) = − log min
α∈ϑ

sin]φαo(ξφαx, ξ
∗
φα
y). (2.7)

and that, since {$α|aϑ}α∈ϑ is a basis of (aϑ)∗, the right hand side of equation (2.7)
is comparable to the norm ‖(x|y)‖. One has the following:

Remark 2.4. Let φ : G → PSL(V ) be a proximal irreducible representation. If

(x, y) ∈ F
(2)
ϑφ

then
(
Ξφx|Ξ∗φy

)
φo

= χφ
(
(x|y)

)
=
∑
α∈ϑφ

〈χφ, σ〉$σ

(
(x|y)

)
.

Consider now the space F
(4)
ϑ of pairs (x, y), (z, t) ∈ F

(2)
ϑ with the extra transver-

sality condition that both pairs (x, t) and (z, y) are also in general position. The

(aditive) cross ratio is the G-invariant map Cϑ : F
(4)
ϑ → aϑ defined by

Cϑ(x, y, z, t) = (x|y)− (x|t) + (z|t)− (z|y).

2.9. Proximality. Recall that g ∈ End(V ) is proximal if it has a unique eigenvalue
with maximal modulus and it has multiplicity 1. The associated eigenline is denoted
by g+ ∈ P(V ) and g− is its g-invariant complementary subspace. We consider
then βg ∈ V ∗ and vg ∈ g+ such that kerβg = g− and βg(vg) = 1, we also let
πg(w) = βg(w)vg be the projection over g+ with kernel g−. We finally let V2(g) be
the generalized eigenspace of g associated to the second (in modulus) eigenvalue
and τg be the only projection over V2(g) whose kernel is g-invariant.

Definition 2.5. If g, h are proximal, we say they are transversally proximal if
βg(vh)βh(vg) 6= 0 and strongly transversally proximal if moreover βh(τgvh) 6= 0.
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We say that g ∈ G is ϑ-proximal if φσ(g) is proximal ∀σ ∈ ϑ. For such g

there exists (g−ϑ , g
+
ϑ ) ∈ F

(2)
ϑ , defined by, for every σ ∈ ϑ, Ξφσ

(
g+
ϑ

)
= φσ(g)+.

Every flag x ∈ Fϑ in general position with g−ϑ verifies gnx → g+
ϑ . Two ele-

ments g, h ∈ G are transversally ϑ-proximal if they are ϑ-proximal and moreover

{(g+
ϑ , h

−
ϑ ), (h+

ϑ , g
−
ϑ )} ⊂ F

(2)
ϑ . One has the following from Benoist [3].

Theorem 2.6 (Benoist [3]). Let g, h ∈ G be transversally ϑ-proximal then,

lim
n→∞

λϑ(gnhn)− λϑ(gn)− λϑ(hn) = Cϑ(g−ϑ , g
+
ϑ , h

−
ϑ , h

+
ϑ ) =: Gϑ(g, h).

Lemma 2.7 (Benoist-Quint [5, Lemma 7.10]). Let g, h ∈ G be loxodromic, then
there exists a non-empty Zariski-open subset Ggh of G2 such that whenever (f, q) ∈
Ggh the limit

lim
min{n,m}→∞

λ(gmfhnq)−mλ(g)− nλ(h)

exists. If g and h are transversally loxodromic, then (id, id) ∈ Ggh.

Lemma 2.8. Let g ∈ G be loxodromic, then there exists a non-empty open subset
Gg of G2 such that whenever (f, q) ∈ Gg the following limit exists:

lim
n→∞

λ(fgnq)− nλ(g).

Proof. The equation
(
f(g+), q(g−)

)
/∈ F

(2)
∆ (G) with variables f and q, is described

by polynomials, so its complement Gg is a (non-empty) Zariski-open set of G2. We
commence by writing, for every σ ∈ ∆,

φσ(gn) =
(
± exp

(
$σ(λ(g))

))n
πg,σ + P̌n,

where πg,σ is the projection with image ζσ(g+) and kernel ζ∗σ(g−) and where the

spectral radius of P̌n is ≤ exp(n($σ − σ)(λ(g))). Thus, if (f, q) ∈ Gg one has

lim
n→∞

φσ
(
fgnq

)
(±)n exp($σ(nλ(g)))

= fπg,σq.

By the condition on (f, q), one has Trace(fπg,σq) 6= 0, thus for big enough n,
φσ(fgnq) is proximal and together with the above we get that λ1φσ

(
(fgnq)

)
−

n$σ(λ(g)) converges as n→∞. Since this holds ∀σ ∈ ∆ the lemma follows. �

Given r, ε positive we say that g is (r, ε)-proximal if it is proximal,

‖(g−|g+)‖ ≤ r

and for every x ∈ Fϑ with ‖(g−|x)‖ ≤ ε−1 one has dFϑ(gx, g+) ≤ ε. The following
is from Benoist [2, Corollaire 6.3], a proof can also be found in S. [65, Lemma 5.6].

Theorem 2.9 (Benoist [2]). For every δ > 0 there exist r, ε > 0 such that if g ∈ G
is (r, ε)-proximal then

∥∥µϑ(g)− λϑ(g) + (g−ϑ |g
+
ϑ )
∥∥ ≤ δ.

Lemma 2.10. There exists C only depending on G such that for every ϑ-proximal
g ∈ G and a flag B ∈ Fϑ transverse to g− one has

d(gB, g+) ≤ Ce(g−|B)e−min{σ(λ(g)):σ∈ϑ}+‖(g−|g+)‖.

Proof. See, for example, Bochi-Potrie-S. [8, Lemma A.6]. �

We record the following lemma that will be needed in § 6.
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Lemma 2.11. Consider a finite collection of irreducible representations {φi : G→
Vi}i∈I . For each i ∈ I fix vi ∈ Vi − {0} and a non-empty finite collection of strict
subspaces {W i

k : k ∈ Fi} on Vi. Then
{
g ∈ G : ∀i ∈ I gvi /∈

⋃
k∈FiWk

}
is

Zariski-open and non-empty.

Proof. The lemma follows as the required equations are described by polynomials.
Moreover, since as G is a group, Zariski-connected implies Zariski-irreducible; thus
a finite familly of Zariski-open non-empty subsets has non-empty intersection. �

2.10. Zariski-dense sub-semigroups of G. Let Λ < G be a semi-group. Its limit
cone is LΛ = {R+λ(g) : g ∈ Λ} ⊂ a+. One has the following fundamental result:

Theorem 2.12 (Benoist [3, 4]). Let Λ < G be a Zariski-dense sub-semi-group,
then LΛ is convex and has non-empty interior. Moreover, the group spanned by
{λ(g) : g ∈ Λ} is dense in a.

We will moreover need the following:

Proposition 2.13 (Benoist [3, Proposition 5.1]). Let Λ < G be a Zariski-dense
sub-semi-group and let C ⊂ LΛ be a closed convex cone with non-empty interior.
Then there exists a Zariski-dense sub-semi-group Λ′ < Λ such that LΛ′ = C. If C
is i-invariant then Λ′ can be furthermore chosen to be a group.

Moreover, the proof of Benoist [3, Lemma 4.3] gives:

Remark 2.14. If g ∈ Λ is loxodromic and C is a convex closed cone with non-empty
interior and λ(g) ∈ C ⊂ LΛ, the semi-group Λ′ from the statement can be chosen
to be a Schottky semi-group that contains a high enough power of g.

2.11. Thermodynamics. We begin by recalling some facts on Thermodynamical
formalism over hyperbolic systems developed by Bowen, Ruelle, Parry, Pollicott
among others, see for example [11] and Parry-Pollicott [58].

We work with metric-Anosov flows, also called Smale flows by Pollicott [59]
who transferred to this more general setting the classical theory carried out for
hyperbolic systems. We will only state some needed results and refer the reader to,
for example, Pollicott [59] or Bridgeman-Canary-Labourie-S. [14] for the definition.

Let X be a compact metric space equipped with a continuous flow φ : X → X.
The space of φ-invariant probability measures on X is denoted by Mφ. The metric
entropy of m ∈ Mφ will be denoted by h(φ,m). Via the variational principle, we
will define the pressure of a function f : X → R as

P (f) = sup
m∈Mφ

h(φ,m) +

∫
X

fdm. (2.8)

A probability measure m realizing the sup is called an equilibrium state of f.
Two continuous maps f, g : X → V are Livšic-cohomologous if there exists a

U : X → V, of class C1 in the direction of the flow3, such that for all x ∈ X one has

f(x)− g(x) =
∂

∂t

∣∣∣∣
t=0

U(φtx).

3i.e. such that if for every x ∈ X, the map t 7→ U(φtx) is of class C1, and the map x 7→
∂
∂t

∣∣∣
t=0

U(φtx) is continuous
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The f -period of a periodic orbit τ with period pφ(τ) is

`τ (f) =

∫
τ

f =

∫ p(τ)

0

f(φsx)ds ∈ V.

Let f : X → R>0 be continuous. For every x ∈ X the function κf : X × R→ R,

defined by κ(x, t) =
∫ t

0
f(φsx)ds, is an increasing homeomorphism of R. There is

thus a continuous function α : X × R→ R such that for all (x, t) ∈ X × R,

α
(
x, κ(x, t)

)
= κ

(
x, α(x, t)

)
= t.

The reparametrization of φ by f : X → R>0 is the flow φf = (φft : X → X)t∈R
defined, for all (x, t) ∈ X × R by

φft (x) = φα(x,t)(x).

The Abramov transform of m ∈Mφ is the measure m# ∈Mφf defined by

m# =
f ·m∫
fdm

. (2.9)

We assume from now on that φ is a Hölder-continuous metric-Anosov. In this
situation, Livšic proved that the Livšic-cohomology class of a Hölder-continuous
function is uniquely determined by its periods. Moreover, if f is real-valued and
Hölder-continuous, it has a unique equilibrium state, denoted by νf . We also let
µφ be the unique probability measure maximizing entropy of φ.

Recall that the co-variance is defined, for Hölder-continuous g, h : X → R with
0=
∫
gdνf =

∫
hdνf , by

covarf (g, h) := lim
t→∞

∫
X

1

t

(∫ t

0

g(φsx)ds

)(∫ t

0

h(φsx)ds

)
dνf ,

and the variance by varf (g) = covarf (g, g) ≥ 0.

Theorem 2.15 (Parry-Pollicott [58, Prop. 4.10,4.11]). Let f, g : X → R be Hölder
continuous. Then one has (∂/∂t)|t=0P (f + tg) =

∫
gdνf . If

∫
gdνf = 0 then

∂2P (f + tg)

∂t2

∣∣∣∣
t=0

= varf (g),

and if varf (g) = 0 then g is Livšic-cohomologous to zero.

The space of Hölder-continuous functions with exponent α is naturally a Ba-
nach space, and by the previously mentioned result by Livšic, the space of Livšic-
cohomologically trivial functions is a closed subspace. The quotient Hölα(X)/ ∼
is thus a Banach space. Since P is invariant under Livšic-cohomology, Proposition
2.15 equips the space of (classes of) pressure zero functions for a fixed exponent

Pα(X) =
{
f ∈ Hölα(X)/ ∼: P (−f) = 0

}
with a natural Riemannian metric: if g ∈ TfP(X) = {g :

∫
gdνf = 0} then we let

Pf (g) :=
varf (g)∫
fdνf

.

We now turn to concepts from Bridgeman-Canary-Labourie-S. [14]. Similar ideas
also appeared in Bonahon [9], Bridgeman [13], Burger [18], Croke-Fathi [20], Fathi-
Flaminio [24], Katok-Knieper-Weiss [42], Knieper [45] and McMullen [56].
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Let f : X → R be Hölder-continuous and positive, consider, for t > 0, the finite
set Rt(f) =

{
τ periodic : `f (τ) ≤ t

}
and define the entropy of f by

hf = lim
t→∞

1

t
log #Rt(f).

It is the topological entropy of φf and µφf = ν#
−hff (see S. [65]). If g : X → R is

also Hölder continuous then in [14] they define its dynamical intersection with f by

If (g) = I(f, g) = lim
t→∞

1

#Rt(f)

∑
τ∈Rt(f)

`g(τ)

`f (τ)
.

The functions h and I are well defined and vary analytically on Hölα(X,R+)
and Hölα(X,R+)× Hölα(X,R) respectively. If g is also positive then we define its
normalized dynamical intersection with f by

Jf (g) = J(f, g) =
hg

hf
If (g).

We have the following two rigidity results: one global and one infinitesimal.

Theorem 2.16 ([14]). One has J(f, g) ≥ 1 and equality holds only if for every
periodic orbit τ one has hf `f (τ) = hg`g(τ). Let (ft)t∈(−ε,ε) ∈ Hölα(X,R+) be a

C2 curve with f0 = f, then Hessf Jf (~f, ~f) = Pf (~f), in particular Hessf J(~f, ~f) = 0
if and only if for ∀τ periodic one has

∂

∂t

∣∣∣
t=0

hft`ft(τ) = 0, (2.10)

or equivalently, ∂logh and ∂logf are Livšic-cohomologous w.r.t. the flow φf .

In the above we have denoted by ∂log the logarithmic derivative at 0

∂log g =
(∂/∂t)|t=0gt

g0
.

We record the following consequence of Jf (·) being critical at f, giving the following
formula for the variation of entropy, to be compared with Katok-Knieper-Weiss [42].

Corollary 2.17 ([14]). Let (ft)t∈(−ε,ε) be a C1 curve of Hölder-continuous positive

functions with f0 = f and denote by ht = hft , then

∂log h = −
∫
∂log fdµφf = −

∫
~fdν−hf∫
fdν−hf

.

Assumption A. Let now F : X → V be Hölder-continuous and assume the vector
space spanned by the periods of F is V . Assume moreover that F and 1 are Livšic-
cohomologically independent.

The compact convex subset of V

Mφ(F ) =
{∫

X

Fdµ : µ ∈Mφ
}

has hence non-empty interior. On the other hand, for each ϕ ∈ V ∗ one can consider
the pressure of the function ϕ(F ) : X → R:

P(ϕ) = P (−ϕ ◦ F ).
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Proposition 2.15 implies that P : V ∗ → R is analytic and strictly convex. Moreover,
using the natural identification (V ∗)∗ = V, one has, for ϕ ∈ V ∗ that

dϕP =

∫
Fdν−ϕ(F ). (2.11)

One has the following:

Proposition 2.18 (Babillot-Ledrappier [1, Prop. 1.1]). Under Assumption A, the
map ℘ : V ∗ → V defined by ϕ 7→ dϕP is a diffeomorphism between V ∗ and the
interior of Mφ(F ).

Observe that our Assumption A is slightly weaker than that of Babillot-Ledrappier
[1], however this does not affect the proof of [1, Prop. 1.1].

Remark 2.19. By Proposition 2.18 one has pF := ℘(0) =

∫
Fdµφ ∈ intMφ(F ).

2.12. Anosov representations. Anosov representations where introduced by La-
bourie [48] for fundamental groups of closed negatively curved manifolds and ex-
tended to arbitrary (finitely generated) word-hyperbolic groups by Guichard-Wie-
nhard [35]. They have, since then, been object of numerous works. We will present
here a very summarized situation based on [48], [35], Guéritaud-Guichard-Kassel-
Wienhard [32], Kapovich-Leeb-Porti [40] and Bochi-Potrie-S. [8].

Let Γ be a finitely generated group and denote, for γ ∈ Γ, by |γ| the word length
w.r.t. a fixed finite symmetric generating set of Γ.

Definition 2.20. Let ϑ ⊂ ∆ be non-empty then, a representation ρ : Γ → G is
ϑ-Anosov if there exist c, µ positive such that for all γ ∈ Γ and σ ∈ ϑ one has

σ
(
µ
(
ρ(γ)

))
≥ µ|γ| − c. (2.12)

We will denote by Aϑ(Γ,G) ⊂ X(Γ,G) the space of ϑ-Anosov characters. If G =
SL(d,K) for K = R or C, a {σ1}-Anosov representation is called projective Anosov.

If follows readily that for every σ ∈ ϑ the representation φσ ◦ ρ : Γ→ GL(Vσ) is
projective-Anosov. The theorem below can also be found in Bochi-Potrie-S. [8].

Theorem 2.21 (Kapovich-Leeb-Porti [40]). If ρ : Γ → G is ϑ-Anosov then Γ is
word-hyperbolic.

The group Γ has thus a Gromov-boundary ∂Γ and a space of geodesics

∂2Γ = {(x, y) ∈ (∂Γ)2 : x 6= y}.

The following proposition can be found in Bochi-Potrie-S. [8, Lemma 4.9], Kapovich-
Leeb-Porti [40] and Guéritaud-Guichard-Kassel-Wienhard [32] and relates Defini-
tion 2.20 to Labourie’s original definition.

Proposition 2.22. If ρ : Γ→ G is ϑ-Anosov then there exist ρ-equivariant Hölder-
continuous maps

ξϑ : ∂Γ→ Fϑ(G) and ξiϑ : ∂Γ→ Fiϑ(G)

such that if x, y ∈ ∂Γ are distinct, then (ξϑ(x), ξiϑ(y)) ∈ F
(2)
ϑ . Moreover, if γ ∈ Γ

is hyperbolic, then ρ(γ) is ϑ-proximal with attracting point ξϑ(γ+) = ρ(γ)+
ϑ .
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By Labourie [48] and Guichard-Wienhard [35] Aϑ(Γ,G) is an open subset of the
character variety. We also let A∗Zϑ (Γ,G) be the space of regular points ρ such that
ρ(Γ) is Zariski-dense in G. Since we are assuming that G is connected, one has the
following:

Proposition 2.23 (Bridgeman-Canary-Labourie-S. [14, Proposition 7.3]). Assume

ϑ contains at least one simple root of each factor of G. Then the space A∗,Zϑ (Γ,G)
is an analytic manifold.

For surface groups one has the following description of the regular points of
characters, that can be found on Labourie’s book [49, § 5], from which we borrow
the terminology of very regular points:

homvr(π1S,G) =
{
ρ : ZG

(
ρ(π1S)

)
= Z(G)

}
.

Since G is connected, morphisms with Zariski-dense image are very regular.

Theorem 2.24. Both homvr(π1S,G) and homvr(π1S,G)/G are analytic manifolds.

2.12.1. A reference flow for a group admitting an Anosov representation. Assume
that Γ admits a ϑ-Anosov representation ρ0, onto some G and some non-empty ϑ.
Fix σ ∈ ϑ. Then, φσ ◦ ρ0 : Γ→ GL(Vσ) is projective Anosov and thus there exist

ξ1 : ∂Γ→ P(Vσ) and ξd−1 : ∂Γ→ P
(
V ∗σ
)

such that for every (x, y) ∈ ∂2Γ one has ker ξd−1(x) ⊕ ξ1(y) = Vσ. We use the

equivariant maps to construct a bundle R→ F̃→ ∂2Γ whose fiber at (x, y) ∈ ∂2Γ is

F̃(x,y) =
{

(ϕ, v) ∈ ξd−1(x)× ξ1(y) : ϕ(v) = 1
}
/ ∼,

where (ϕ, v) ∼ (−ϕ,−v). This bundle is equipped with a Γ-action γ(ϕ, v) =
(
ϕ ◦

ρ(γ)−1, ρ(γ)v
)

and an R-action φ̃t · (ϕ, v) = (etϕ, e−tv). Let

UΓ = Γ\F̃

and denote by φ =
(
φt : F → F

)
t∈R the induced flow on the quotient (it is usually

called the geodesic flow of φσ ◦ ρ0).

Theorem 2.25 (Bridgeman-Canary-Labourie-S. [14]). The above Γ-action is prop-
erly discontinuous, co-compact, and φ is Hölder-continuous and metric-Anosov.

The flow-space UΓ and flow φ will be fixed from now on and used as a reference
flow. The set of hyperbolic elements of Γ will be denoted by Γh and for γ ∈ Γh we
will denote by `(γ) the period for φ of the periodic orbit [γ] associated to γ.

2.12.2. The Ledrappier potential. We now recall a combination of facts from Bridgeman-
Canary-Labourie-S. [14], Potrie-S. [60] and S. [65, 67]. Recall from the previous
subsection that a base flow is fixed for Γ.

Theorem 2.26. Let ρ : Γ→ G be ϑ-Anosov. Then there exists a Hölder-continuous
map Jρ : UΓ→ aϑ, called the Ledrappier potential of ρ, such that for every γ ∈ Γh

`[γ](Jρ) = λγϑ(ρ).

Moreover, if {ρu : Γ → G}u∈D is an analytic family of ϑ-Anosov representations,
then the map u 7→ Jρu is analytic.
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Let us consider the ϑ-limit cone of ρ defined by

Lϑ,ρ = {R+ · λϑ(ρ(γ)) : γ ∈ Γ} = R+ ·Mφ(Jρ) ⊂ aϑ. (2.13)

Elements of int (Lϑ,ρ)
∗ will be called length functionals. Indeed (see S. [67, Lemma

3.4.2]), ψ ∈ int (Lϑ,ρ)
∗ if and only if ψ(Jρ) is Livšic-cohomologous to a strictly

positive function, or equivalently there exist c positive such that for every γ ∈ Γ

ψγ(ρ) ≥ c`(γ).

We can thus define the entropy of ψ as hψρ = hψ(Jρ) and the critical hypersurface

Qϑ,ρ =
{
ψ ∈ int (Lϑ,ρ)

∗ : hψρ = 1
}
. (2.14)

It follows that Qϑ,ρ is a closed co-dimension-one analytic sub-manifold that
bounds a convex set, which is strictly convex if ρ(Γ) is Zariski-dense, see S. [67,
§ 5.9 and 5.10] where details and more information can be found.

The Ledrappier potential embeds the space of ϑ-Anosov representations in the
space of Hölder-continuous potentials Höl(UΓ, aϑ)

J : Aϑ(Γ,G)→ Höl(UΓ, aϑ)

ρ 7→ Jρ,

and by Bridgeman-Canary-Labourie-S. [14] it is a real analytic map. Its differential
at v is (a Livšic-cohomlogy class of) a Hölder-continuous map

~Jv : UΓ→ aϑ

whose periods are, by definition,

∫
[γ]

~Jv = dλγϑ(v).

By continuity of ρ 7→ Lϑ,ρ (Eq. (2.13)), every ψ ∈ (aϑ)∗ defines an open subset

Uψ = {η ∈ Aϑ(Γ,G) : ψ ∈ int (Lϑ,η)∗} (2.15)

and gives in turn a map Uψ → Höl(UΓ,R), ρ 7→ ψ(Jρ).

Definition 2.27. The ψ-pressure form Pψ on Uψ is the pullback of the pressure
metric on P(UΓ) by the map ρ 7→ hψρ · ψ(Jρ).

For ψ ∈ Qϑ,ρ and η ∈ Uψ, we define the ψ-dynamical intersection of (ρ, η) as

Iψ(ρ, η) = I
(
ψ(Jρ), ψ(Jη)

)
= lim
t→∞

1

#Rψt (ρ)

∑
γ∈Rψt (ρ)

ψ
(
λ(η(γ))

)
ψ
(
λ(ρ(γ))

) , (2.16)

where Rψt (ρ) =
{
γ ∈ Γh : ψγ(ρ)

)
≤ t}. By Theorem 2.16, upon denoting by Jψ the

associated normalized intersection, one has Hessρ Jψρ = Pψ
ρ .

The opposition involution i of a is induced by an external automorphism i : G→
G, which acts whence on characters i : X(Γ,G)→ X(Γ,G). Eq. (2.16) gives:

Corollary 2.28. For every ψ ∈ Qϑ,ρ and η ∈ Uψ one has Iψ(ρ, η) = Iψ(iρ, iη). In
particular, the involution i on X(Γ,G) is an isometry of any pressure form Pψ.
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2.12.3. Entropy regulating form. Consider the set of ψ-normalized variations of v

V
ψ
ϑ,v =

{ dλγϑ(v)

ψ
(
λγ(ρ)

) : γ ∈ Γh

}
.

Remark 2.29. By Eq. (2.10), the Pressure form Pψ
ρ degenerates at v if and only if

ψ(Vψϑ,v) = ∂log hψ, in particular Vψϑ,v must be contained on a level set of ψ.

Lemma 2.30. If ρ is ϑ-Anosov then V
ψ
ϑ,v is compact and convex. Moreover the

map v 7→ V
ψ
ϑ,v is continuous on the open set TUψ.

Proof. Recall we have a base-flow φ = (φt : UΓ→ UΓ)t∈R. Consider the Ledrappier

potential J : UΓ → aϑ together with its variation ~J : UΓ → aϑ associated to v. By
definition, for every γ ∈ Γ∫

γ

J = λγ(ρ) and

∫
γ

~J = dλγϑ(v).

If we let φψ(J) be the reparametrization of φ by ψ(J) (recall § 2.11) and we let
µ 7→ µ# be the Abramov transform on invariant measures, then

dλγϑ(v)

ψγ(ρ)
=

1

`φψ(J)(γ)

∫
γ#

~J

ψ(J)

so Vψϑ,v = Mφψ(J)(~J/ψ(J)
)
, which yields the desired conclusion. �

It is convenient to name a particular point of Vψϑ,v, to do so we introduce the
length cone-bundle that fibers over Anosov representations:

Lϑ(Γ,G) =
{

(ρ, ψ) ∈ Aϑ(Γ,G)× (aϑ)∗ : ψ ∈ int (Lρ)
∗
}
.

Corollary 2.31 (Entropy regulating form). There exists an analytic fibered map

p : Lϑ(Γ,G)→ T∗Aϑ(Γ,G)⊗ aϑ

such that if (ρ, ψ) ∈ Lϑ(Γ,G) and v ∈ TρA(Γ,G) then pψ(v) ∈ rel-intVψϑ,v and

ψ
(
pψ(v)

)
= −d loghψ(v). (2.17)

Moreover, if ~J and ψ(J) are Livšic-cohomologically independent, then Vψϑ,v has non-

empty interior and thus pψ(v) ∈ intVψϑ,v.

Proof. For (ρ, ψ) ∈ Lϑ(Γ,G) and v ∈ TρAϑ(Γ,G) we let pψv =
∫ ~J
ψ(J)dµφψ . The

corollary follows from Corollary 2.17, Proposition 2.18 and Remark 2.19. �

2.12.4. A needed Lemma. The following is only needed in Corollary 11.5.

Lemma 2.32. Assume G is simple and has rank 1. Let ρ ∈ A∆(Γ,G) have Zariski-
dense image and consider a non-zero v ∈ TρX(Γ,G). Then, the set

Vv =

{
dλγ(v)

λγ(ρ)
: γ ∈ Γ

}
⊂ R

is a compact interval, has non-empty interior and −d logh(v) ∈ intVv.
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Proof. Since G has rank 1 the Ledrappier potential J and ~J are real valued. In
order to apply Corollary 2.31 we need to show that they are Livšic-cohomologically
independent, a fact contained in Theorem 2.33 below. �

We conclude the section by stating the following result from Bridgeman-Canary-
Labourie-S. [14]. If ρ : Γ → G ⊂ SL(d,R) then we say that ρ is G-generic if ρ(Γ)
contains an element that is loxodromic in G.

Theorem 2.33 ([14, Lemma 9.8+Prop. 10.1]). Let ρ : Γ → G ⊂ SL(d,R) be
projective Anosov and irreducible. Let (ρt)t∈(−ε,ε) be a smooth curve through ρ of
G-generic representations. If there exists K ∈ R such that for all γ ∈ Γ one has

∂

∂t

∣∣∣
t=0
λ1(ρtγ) = Kλ1(ργ)

then K = 0 and the class u ∈ H1
AdG ρ

(Γ,G) associated to ~ρ is trivial.

2.12.5. Cross ratios. A decomposition Rd = ` ⊕ V into a line and a hyperplane
defines a rank-1 projection denoted by π(`,V ). If Rd = r⊕W is such that dim r = 1
and moreover r ∩ V = {0} = ` ∩W (we say in this case that the decompositions
are transverse) then we define the (multiplicative) cross ratio by

B1(`, V, r,W ) = Trace(π`,V πr,W ). (2.18)

Let now η : Γ → PGL(d,R) be a projective Anosov representation with equi-
variant maps ξ1 : ∂Γ → P(Rd) and ξd−1 : ∂Γ → P((Rd)∗). A pair (x, y) ∈ ∂2Γ
defines a decomposition Rd = ξ1(y) ⊕ ξd−1(x). If we let ∂(4)Γ the space of pair-
wise distinct four-tuples then an element (x, y, z, t) ∈ ∂(4)Γ defines two transverse
decompositions so we define the cross ratio map bη : ∂(4)Γ→ R by

bη(x, y, z, t) = B1

(
ξ1(y), ξd−1(x), ξ1(t), ξd−1(z)

)
.

If ρ ∈ Aϑ(Γ,G) then we define the aϑ-valued cross ratio map �ρ : ∂(4)Γ→ aϑ by,
for every σ ∈ ϑ, $σ(�ρ(x, y, z, t)) = log |bφσ (x, y, z, t)|.
Theorem 2.34 ([14]). If {ρu}u∈D ⊂ Aϑ(Γ,G) is an analytic family then for every
four-tuple (x, y, z, t) ∈ ∂(4)Γ the map u 7→ �ρu(x, y, , z, t) is real-analytic.

Part 1. Affine actions

3. Margulis invariant: basics

3.1. An elementary lemma. Let V be a finite dimensional real vector space and
consider the affine group Aff(V ) = GL(V ) n V. An element f ∈ Aff(V ) has a linear

part ḟ ∈ GL(V ) and a translation part vf so that ∀u ∈ V one has

f(u) = ḟ(u) + vf .

Let us consider the (possibly trivial) generalized eigenspace of ḟ associated to
the eigenvalue 1

O = O(ḟ) =
{
w ∈ V : ∃n ≥ 0 with (ḟ − id)nw = 0

}
and define the un-normalized Margulis invariant of f , m̆(f) ∈ O, as follows. Jor-

dan’s decomposition of ḟ guarantees the existence of a ḟ -invariant decomposition
V = W ⊕ O, let π1 : V → O be the associated projection and define

m̆(f) = π1(vf ). (3.1)
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Remark 3.1. It follows at once that m̆(f−1) = −m̆(f).

Lemma 3.2. Consider f ∈ Aff(V ), then there exists o ∈ V such that the translate

V0(f) = O(ḟ) + o is invariant by f. Moreover, the transformation O → O defined

by v 7→ f(v + o)− o has linear part ḟ |O and translation part m̆(f).

Proof. Indeed, 1 is not an eigenvalue of ḟ |W and thus ḟ |W − idW is invertible.
Let π : V → W the projection following the decomposition V = W ⊕ O. The
transformation πf = π ◦ (f |W ) : W →W

πf(w) = ḟw + π(vf )

has a unique fixed point o = of , defined by o = −(ḟ − id)−1π(vf ). For v ∈ O one
has

f(o + v) = ḟ(o + v) + vf

= ḟ(o) + ḟ(v) + πvf + m̆(f)

= ḟ(o) + πvf + ḟ(v) + m̆(f) = o + ḟ(v) + m̆(f) ∈ o + O,

concluding the proof. �

We end this subsection with the following remarks:

Remark 3.3.
- For every h ∈ GL(V ) one has h

(
m̆(f)

)
= m̆(hfh−1).

- Assume that ḟ |O = id, then for all u ∈ V the maps f and f + u− ḟu have
the same un-normalized Margulis invariant, that is

m̆(f) = m̆(f + u− ḟu).

Indeed π0
(
u− ḟ(u)

)
= 0.

3.2. Around the 0-restricted-weight of an irreducible representation. We
consider now a reductive real-algebraic group G and an irreducible representation
φ : G→ SL(V ) with 0 ∈ Πφ and define

Πw0

φ =
{
χ ∈ Πφ : χ ◦ w0 = χ

}
,

N =
⊕
χ∈Π

w0
φ

V χ.

The vector space N will be called the ideally neutral space of φ. For v ∈ a we let

Πv,+φ = {χ ∈ Πφ : χ(v) > 0},

Πv,−φ = {χ ∈ Πφ : χ(v) < 0}.
An element of Fix(i) necessarily annihilates all χ ∈ Πw0

φ . We fix an X0 ∈
a+∩Fix(i) which does not belong to the finite union of kernels kerχ, χ ∈ Πφ \Πw0

φ .

This choice provides a partition Πφ = Πw0

φ ∪ Π+
φ ∪ Π−φ, where

Π+
φ := ΠX0,+

φ ,

Π−φ := ΠX0,−
φ ,

with the advantage that w0(Π+
φ) = Π−φ and {χ ∈ Πφ : χ(X0) = 0} = Πw0

φ .
We now consider the set of simple roots θ such

∆− θ = {σ ∈ ∆ : rσ(Π+
φ) = Π+

φ}.
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Then one has the following (observe we are using the opposite convention for par-
abolic groups than Smilga [71]).

Proposition 3.4 (Smilga [71, Prop. 6.4, Lemma 6.5]). If σ ∈ ∆ − θ then rσ
necessarily fixes each χ ∈ Πw0

φ . The set θ is i-invariant and the parabolic group Pθ

is the stabilizer in G of each of

a+ :=
⊕
χ∈Π+

φ

V χ and A+ := a+ ⊕N.

The group P̌θ is the stabilizer of a− :=
⊕

χ∈Π−
φ
V χ and A− := a− ⊕N.

Lemma 3.5 (Smilga [71, Lemme 7.12]). Consequently, for each χ ∈ Πw0

φ the algebra

g0
⊕
σ∈〈∆−θ〉 g

σ ⊕ g−σ acts trivially on V χ and thus Lθ acts as φ(MA) on N.

Proof. Fix σ ∈ 〈∆−θ〉, the reflection rσ also stabilizes Π+
φ. Since χ is w0-invariant

one readily sees that χ+ σ is not. Now, rσ(χ) ∈ Πw0

φ ∪Π−φ (or else χ = rσ(rσχ) ∈
Π+
φ). So if χ+ σ ∈ Πφ then necessarily χ+ σ(X0) > 0, i.e. χ+ σ ∈ Π+

φ. However,

rσ(χ+ σ)(X0) = (rσχ− σ)(X0) < 0,

i.e. rσ(χ + σ) ∈ Π−φ achieving a contradiction. Whence χ + σ /∈ Πφ and thus

φ(gσ)V χ ⊂ V χ−σ = {0} concluding the proof. �

We now consider the action of φ(MA) on N. The first remarkable subspace, the
neutralizing space of φ, is the fixed point subspace of φ(MA) on N, and coincides
with the fixed point set of φ(M) on V 0. It is denoted by

T := V φ(MA) = V 0,φ(M) =
{
v ∈ V 0 : φ(M)v = v

}
.

Definition 3.6. The neutralizing dimension of φ is neudimφ := dimT.

Let T⊥M ⊂ N be the φ(M)-invariant complement, the decomposition

N = T⊥M ⊕ T (3.2)

is canonical given φ. Let πT : N→ T the associated projection.

Example 3.7.
- If G is split then T = V 0, see for example Ghosh [28, Lemma 2.5].
- For the defining representation of SO1,n the neutralizing space is trivial.
- If we let φ = Ad : G → SL(g) then N = g0 = m ⊕ a, and writing m =

[m,m]⊕Z(m) one has that M preserves each factor of [m,m]⊕Z(m)⊕a and
acts trivially on Z(m)⊕ a so

T = Z(m)⊕ a.

The typical situation when Z(m) 6= {0} is when G is a complex group
considered as a real group, in which case Z(m) = m and Z(m) ⊕ a is a
Cartan subalgebra of g (as a complex Lie algebra).

If we let k = dim a+ then, as φ(w0)a+ = a−, one has k = dim a−, let also
n = k + dimN, and denote by Fk,n the space of partial flags (uk ⊂ un) where
ui ∈ Gri(V ). Proposition 3.4 and Eq. (2.6) give an algebraic φ-equivariant map

: Fθ(G)→ Fk,n(V )

x 7→
(
xφ, Xφ

)
(3.3)
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such that if (x, y) ∈ F
(2)
θ (G) then

(
xφ, Xφ

)
and

(
yφ, Yφ

)
are in general position.

Corollary 3.8. There exists C only depending on φ such that if (x, y) ∈ F
(2)
θ then

‖(x|y)‖ 1

C
≤
∥∥((x,X)|(y, Y )

)∥∥
φo
≤ C‖(x|y)‖.

Proof. Follows from Proposition 3.4 and Remark 2.4. �

A pair (x, y) ∈ F
(2)
θ (G) determines the n− k-dimensional space

Xφ ∩ Yφ.
By Lemma 3.5, such a space carries a natural decomposition into its neutralizing
space and the ”M-invariant complement”. Indeed, if g0, g1 ∈ G are such that
g0(x, y) =

(
[Pθ], [P̌θ]

)
= g1(x, y) then g0g

−1
1 belongs to Lθ, which preserves the

decomposition (3.2). Consequently, both subspaces of Xφ ∩ Yφ
T(x,y) = φ(g0)−1T

T(x,y),⊥M = φ(g0)−1(T⊥M)

are independent of g0. For each (x, y) ∈ F
(2)
θ we fix ψ(x,y) ∈ G such that

ψ(x,y)

(
[Pθ], [P̌θ]

)
= (x, y). (3.4)

By Bochi-Potrie-S. [8, Prop. 8.12] it can be chosen so that ‖µ(ψ(x,y))‖ is coarsely

comparable to the norm of the Gromov product (x|y)θo .

3.3. (φ, X0)-compatible elements. If ġ ∈ G is θ-proximal we have, via (3.3),

V =
(
ġ+
φ ⊕ ġ

−
φ

)
⊕ Ġ0

φ (3.5)

where Ġ0
φ := Ġ+

φ ∩ Ġ
−
φ. Observe that

(i) φ(ġ)|Ġ0
φ decomposes as sum of roto-hometheties,

(ii) the subspace ġ+
φ is not necessarily attracting for φ(ġ) on Grk(V ). This only

happens if λ(ġ) lies in a specific neighborhood of X0: the open cone

{v ∈ a+ : χ+(v) > χ0(v), ∀χ+ ∈ Π+
φ, χ

0 ∈ Πw0

φ }.

Symmetrizing in order to deal with inverses we consider the sub-cone of a+:

Xφ =
{
v ∈ a+ : Π+

φ(v) > Πw0

φ (v) > Π−φ(v)
}
. (3.6)

Because of item (ii) one introduces the following definition.

Definition 3.9. An element g ∈ G n V is (φ, X0)-compatible if λ(ġ) ∈ Xφ.

Lemma 3.10. A (φ, X0)-compatible element g has θ-proximal linear part. More-

over the flag (ġ+
φ, Ġ

+
φ) ∈ Fk,n(V ) is attracting for φ(ġ) with repelling flag (ġ−φ , Ġ

−
φ).

Proof. By definition, for every σ ∈ θ there exists χ ∈ Π+
φ such that rσχ /∈ Π+

φ.

Thus, if g is (φ, X0)-compatible one has, for such χ,

χ(λ(ġ)) > (rσχ)(λ(ġ))

= (χ− 〈χ, σ〉σ)(λ(ġ))

= χ(λ(ġ))− 〈χ, σ〉σ(λ(ġ)),

giving σ(λ(ġ)) > 0. The second statement follows by definition. �
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Observe that although the action φ(ġ) on Ġ0
φ = Ġ+

φ ∩ Ġ
−
φ might have some

expanding/contracting spaces, this expansion is dominated by the one on ġ+
φ and

the same holds for the contraction and ġ−φ . Moreover, recall notation from § 3.1,

T(ġ+
φ
,ġ−
φ

) ⊂ O(ġ) ⊂ Ġ0
φ.

Let now g ∈ G n V be (φ, X0)-compatible. Equation (3.1) provides an unnor-
malized Margulis invariant

m̆(g) ∈ O(ġ) ⊂ Ġ0
φ = T(ġ+

φ
,ġ−
φ

) ⊕ T(ġ+
φ
,ġ−
φ

),⊥M

that we further project onto T(ġ+
φ
,ġ−
φ

) and push to T via ψ(ġ+,ġ−) to obtain the
Margulis invariant of g:

Definition 3.11. The Margulis invariant of a (φ, X0)-compatible g ∈ G n V is

m(g) := πT
(
ψ(ġ+,ġ−)

(
m̆(g)

))
∈ T.

Remark 3.12.
- By both items on Remark 3.3, it is invariant under conjugation by G n V.
- The Weyl group acts on T and Remark 3.1 yelds m(g−1) = w0 ·

(
−m(g)

)
.

3.4. Invariant flags. Assume g ∈ G n V is (φ, X0)-compatible and consider the
projections parallel to the decomposition in Equation (3.5)

π±g : V → ġ+
φ ⊕ ġ

−
φ ,

π0
g : V → Ġ0

φ.

Definition 3.13. The unique fixed point of the affine map π±g ◦ g : ġ+
φ ⊕ ġ

−
φ →

ġ+
φ ⊕ ġ

−
φ will be denoted by og.

Whence, each of the following affine flags is g-invariant:

G+ = Ġ+
φ + og, G− = Ġ−φ + og, G0 = Ġ0

φ + og.

Moreover, inside G+ the notion of parallel to ġ+
φ is preserved by g. Indeed

g(ġ+
φ + og) = ġ+

φ + og + π0(vg).

The same thing happens for G− and ġ−φ .

Figure 1. Dynamics of a (φ, X0)-compatible element of Gn V .
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For an affine p-dimensional subspace U ⊂ V we consider U̇ = {u− v : u, v ∈ U},
it is a vector subspace of V . We also consider the distance on the space of affine
p-dimensional spaces defined by

dAff(U,W ) := dGrp(V )(U̇ , Ẇ ) + inf
{
‖u− w‖φ : u ∈ U and w ∈W

}
.

Lemma 3.14. There exists c only depending on φ so that if g is (φ, X0)-compatible
and B ⊂ V is affine, co-dimension k, transverse to ġ−φ and {b} = B ∩ g−φ then,

dAff(gB,G+) ≤ c

e−(ġ−
φ
|Ḃ)φo

e−min{σ(λ(ġ)):σ∈θ}+‖(ġ+|ġ−)‖ + ‖ġ|ġ−φ‖‖b− og‖.

Proof. One has gB = ġḂ + g(b). Since by Lemma 3.10 Ġ+
φ is attracting for ġ with

repelling flag ġ−φ , the distance between ġḂ and Ġ+
φ is controlled by Corollary 3.8

together with Lemma 2.10 giving the first term in the inequality.
To control the second term, recall we have defined m̆(g) = π0

g(vg), so og+m̆(g) ∈
G+. By definition b = v + og for some v ∈ ġ−φ , so gb = ġv + og + m̆(g). Whence

inf
{
‖gw − u‖ : w ∈ B, u ∈ G+

}
≤
∥∥gb− (og + m̆(g))

)∥∥ ≤ ‖ġv‖,
completing the proof. �

Remark 3.15. We remark that, as g is (φ, X0)-compatible, the spectral radius of
ġ|ġ−φ is strictly smaller than 1, so ‖ġn|ġ−φ‖ → 0 as n → ∞. Moreover, Smilga [71,

Proposition 7.26] states that given C ≥ 1 there exists c such that every (φ, X0)-
compatible g with ‖(ġ+|ġ−)‖ ≤ C it holds

e−min{σ(µ(ġ)):σ∈θ} ≤ c‖ġ|ġ−φ‖.

Definition 3.16. The affine-contraction of a (φ, X0)-compatible g ∈ G n V is

ς(g) := ‖ġ|ġ−φ‖ · ‖ġ
−1|Ġ+

φ‖ · e
‖og‖.

We conclude the section with the following perturbation Lemma.

Lemma 3.17. Let h ∈ G n V be (φ, X0)-compatible and loxodromic. Then, there
exists a non-empty Zariski-open subset Gh of G2 such that for every pair f, q ∈ GnV
with (ḟ , q̇) ∈ Gh the following holds.

(i) The sequence R+ · λ(ḟ ḣnq̇) → R+ · λ(ḣ) as n → ∞. In particular fhnq is
(φ, X0)-compatible for all large enough n.

(ii) The attracting affine flag of fhnq converges, as n→∞, to f(H+) and the
repelling affine flag converges to q−1(H−).

Proof. We commence by considering the Zariski-open subset Gh ⊂ G2 of Lemma
2.8. For every (ḟ , q̇) ∈ Gh the Lemma implies

λ(ḟ ḣnq̇)− nλ(ḣ)

n
−−−−→
n→∞

0,

giving the first statement in item (i). Since ḣ is loxodromic, λ(h) lies in the interior
of Xφ and thus item (i) follows readily.

Now, if ḟ , q̇ moreover verify

ḟ(Ḣ+
φ ) ∩ q̇−1(ḣ−φ) = {0} (3.7)

then, there exists a neighborhood U of f(H+) such that for all B ∈ U one has

q(B) t ḣ−φ. Lemma 3.14 implies that hnq(B) → H+, so fhnq(B) → f(H+) as
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n → ∞; i.e. if n is large enough, there is a small neighborhood of f(H+) that is
sent to itself by fhnq, entailing that the attracting affine flag of fhnq is arbitrarily
close to f(H+) as n→∞. To deal with the repelling flag, the argument follows by

q̇−1(Ḣ−φ ) ∩ ḟ(ḣ+
φ) = {0}. (3.8)

The lemma is settled by observing that, since all the flags ḣ−φ, ḣ
+
φ, Ḣ

−
φ and Ḣ+

φ

are fixed, Equations (3.7) and (3.8) determine Zariski-open non-empty subsets of
G2, which we further intersect with Ghh to conclude the proof. �

4. The Affine Ratio and Affine Limit Cone

4.1. The Affine Ratio. Let us consider a real vector space V of dimension 2k+ l
and the incomplete flag space

Fk,l(V ) =
{

(`,W ) : ` ∈ Grk(V ),W ∈ Grk+l(V ), ` ⊂W
}
.

It is a self-dual flag space of V and two such flags, (a,A), (b, B), are in general
position if a ∩B = b ∩ A = {0}, in this case A ∩B has dimension l. For v ∈ V, let
us denote by (a,A) + v the affine flag (a+ v,A+ v).

Consider four flags (a+, A+), (a−, A−), (b+, B+), (b−, B−) in Fk,l(V ), pairwise in
general position, and consider also two arbitrary vectors v, w ∈ V. We will define
an invariant of the four-tuple of affine flags

a+ = (a+, A+) + w, a− = (a−, A−) + w,

b+ = (b+, B+) + v, b− = (b−, B−) + v,

which we call, by analogy with the cross ratio of four lines in the plane, the affine
ratio. Let us denote by A0 = A+ ∩ A− (and B0 = B+ ∩ B−). This invariant will
be an affine map from A0 + w to itself,

r̆(a−, b+, b−, a+) : A0 → A0,

defined by following procedure.
Consider u ∈ A0 so that u + w ∈ A0 + w ⊂ A− + w, translate u + w parallel

to a− + w until one reaches A− + w ∩ (B+ + v), call this vector u1. Translate u1

parallel to b+ + v until reaching u2 ∈ (B+ + v) ∩ (B− + v), translate u2 parallel
to b− + v until reaching u3 ∈ (B− + v) ∩A+, translate u3 parallel to a+ + w until
reaching again u4 ∈ (A+ + w) ∩ (A− + w) = A0 + w. Then we let (see Figure 2)

r̆(a−, b+, b−, a+)(u) := u4 − w ∈ A0.

Remark 4.1. The affine ratio is invariant under the action of GL(V ) n V in the
following sense: if f ∈ GL(V ) n V then

f r̆(a−, b+, b−, a+)f−1 = r̆(fa+, fa−, fb+, fb−).

Given a decomposition V = U⊕W let us denote by πU,W : V → U the projection
along it, so id = πU,W ⊕πW,U . The next lemma computes the translation part of r̆.

Lemma 4.2. One has r̆(a−, b+, b−, a+)(0) = πA
0,a+⊕b−πb

+⊕a−,B0

(v − w).

Proof. Without loss of generality we may assume that w = 0. Using the defini-

tion of r̆ and the fact that u = 0 one directly observes u1 = πa
−B+

v. From the

decomposition u1 − v = πb
+B−(u1 − v) + πB

−b+(u1 − v), one obtains that

u2 = u1 − πb
+B−(u1 − v) = πb

+B−v + πB
−b+πa

−B+

v.
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B+ + v

A0 + w

A− + w

u+ w

B− + v

A+ + w

Figure 2. Definition of the Affine Ratio

Now one has u3 = πA
+b−u2; so finally we get

r̆(x+, x−, y+, y−)(0) = u4 = πA
−a+u3 = πA

−a+πA
+b−
(
πb

+B−v + πB
−b+πa

−B+

v
)

= πA
0,a+⊕b−(v − πB−b+v + πB

−b+πa
−B+

v
)

= πA
0,a+⊕b−(v + πB

−b+(πa
−B+

v − v)
)

= πA
0,a+⊕b−(v − πB−b+(πB

+a−v)
)

= πA
0,a+⊕b−(v − πB−∩B+,b+⊕a−v

)
= πA

0,a+⊕b−πb
+⊕a−,B0

(v),

as desired. �

In particular, if all affine flags have one point in common p = a+ ∩ a− ∩ b+ ∩ b−,
then the translation part of r̆ is 0 since we can then then take v = w = p.

An affine θ-flag of GnV is an affine partial flag (xφ, Xφ)+v, for some x ∈ Fθ(G)
and v ∈ V. We now consider the affine ratio as an invariant of four affine θ-flags.
We will also normalize it so as to consider it as a map of N to itself.

Definition 4.3. Let X+, X−, Y +, Y − be a four-tuple of pairwise transverse affine
θ-flags of G n V, and define

rN(X−, Y +, Y −, X+) : N→ N

by conjugating r̆
(
X−, Y +, Y −, X+

)
with the map

φ
(
ψ(x+,x−)

)
◦ T−w

that sends the pairs of affine flags X+ = (x+
φ, X

+
φ ) +w and X− = (x−φ, X

−
φ ) +w to

(a+, A+) and (a−, A−). Finally, let us define the Translation Affine Ratio

rT(X−, Y +, Y −, X+) ∈ T

as the translation part of rN(X−, Y +, Y −, X+) : N → N along the neutralizing
space T, this is to say

rT(X−, Y +, Y −, X+) := πT
(
rN(X−, Y +, Y −, X+)(0)

)
.
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For a subset Λ < GnV we let Λ̇ < G be the subset consisting on its linear parts.
The purpose of this section is the following result.

Proposition 4.4. Assume G is Zariski-connected. Let Λ < G n V be a Zariski-
dense sub-semi-group such that LΛ̇ ∩ Xφ has non-empty interior. Then the set{

rN(G−, F+, F−, G+)(0) : f, g ∈ Λ are (φ, X0)-compatible and transverse
}

is not contained in a hyperplane of N. Consequently, the set{
rT(G−, F+, F−, G+) : f, g ∈ Λ are (φ, X0)-compatible and transverse

}
is not contained in a hyperplane of T.

Proof. By Zariski-density, and since LΛ̇ ∩ Xφ has non-empty interior, there exists

a pair g, h ∈ Λ such that the corresponding linear parts ġ and ḣ are (φ, X0)-
compatible, loxodromic and transverse.

By conjugating Λ we may, and will, assume that (recall Definition 3.13)

og = 0, ġ+ = [Pθ], and ġ− = [P̌θ],

so that (ġ+
φ, Ġ

+
φ) = (a+, A+), (ġ−φ , Ġ

−
φ) = (a−, A−), A0 = N, G+ = A+ and

G− = A−. Applying Lemma 4.2 we see that we have to understand the vector

ν(g, h) := πN,a+⊕ḣ−
φπḣ

+
φ
⊕a−,Ḣ0

(oh)

= πN,a+⊕ḣ−
φ

(
(a− ⊕ ḣ+

φ) ∩H0
)
, (4.1)

for different choices of h. More precisely, we fix g and h as above and a hyperplane
U ⊂ N, we will find f, q ∈ Λ and n ∈ N such that ν(g, fhnq) 6∈ U.

We apply Lemma 3.17 to find a non-empty Zariski-open subset Gh ⊂ G2 such
that if f, q ∈ G n V verify (ḟ , q̇) ⊂ Gh then, for all large enough n one has fhnq is
(φ, X0)-compatible with attracting flag arbitrary close to f(H+) and repelling flag
arbitrary close to q−1(H−) (as n→∞).

To find elements f, q ∈ Λ such that ν(g, fhnq) 6∈ U for big enough n, we use
Equation (4.1) and the above descriptions of the invariant affine flags of fhnq to

see that we must find f, q,∈ Λ such that (ḟ , q̇) ∈ Gh and(
U ⊕ a+ ⊕ q̇−1(ḣ−φ)

)
∩
((
a− ⊕ ḟ(ḣ+

φ)
)
∩
(
f(H+) ∩ q−1(H−)

))
= ∅. (4.2)

This last equation defines a Zariski-open subset of (G n V )2, the variables being
(f, q). Since (G n V )2 is Zariski-connected, it is Zariski-irreducible and thus a
finite collection of non-empty Zariski-open subsets has non-trivial intersection. We
already now that Gh is non-empty, so provided (4.2) defines a non-empty set we
have: since Λ is Zariski-dense in G n V, the product semi-group Λ × Λ is Zariski-
dense in (G n V )2 and thus a pair (f, q) ∈ Λ2 with (ḟ , q̇) ∈ Gh and satisfying
Equation (4.2) will exist.

To complete the proof it remains thus to show that there exist f, q ∈ GnV that
verify (4.2). Consider then ḟ = q̇ = id . It suffices to find v ∈ V such that(

U ⊕ a+ ⊕ ḣ−φ
)
∩
(
ḣ+
φ ⊕ a

−) ∩ (Tv
(
H+ ∩H−

))
= ∅. (4.3)

In order to do so, we observe that

dim
((
U ⊕ a+ ⊕ ḣ−φ

)
∩
(
ḣ+
φ ⊕ a

−)) = 2k − 1,

dimH+ ∩H− = l.
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The second equality is obvious, the first one follows since U ⊕ a+ ⊕ ḣ−φ has co-

dimension 1 and ḣ+
φ ⊕ a− is 2k-dimensional (by transversality of g and h) and not

contained in the former.
Thus, as the dimensions do not add up to dimV = 2k + l, we can translate the

latter as to not intersect the former. i.e. there exists v ∈ V such that Equation
(4.3) holds, as desired. �

4.2. The affine ratio and additivity default of Marguils’ invariants. Given
C > 0, we say that two (φ, X0)-compatible elements g0, g1 ∈ G n V are a C-
transverse pair if for all i, j ∈ {0, 1} one has ‖(ġ+

i |ġ
−
j )‖ ≤ C.

Theorem 4.5 (Smilga). Given ε > 0 there exists C > 0 such that if f, q ∈ G n V
are a (φ, X0)-compatible C-transverse pair with affine contraction ≤ 1/C, then∥∥m(fq)−

(
m(f) + m(q)

)
− rT(Q−, Q+, F−, F+)

∥∥ < ε.

Quick sketch of proof. The proof is essentially contained in Smilga [71, Proposition
9.3], however the statement is not exactly the same us ours so we just explain the
main ideas.

We want to understand the Margulis invariant of fq by decomposing it into its
factors f and q. The former is, up to normalizing its invariant flags, the translation
part of fq restricted to the neutralizing space

T

(
(ḟ q̇)+,(ḟ q̇)−

)
⊂ (FQ)0.

If the angles between the invariant flags of ḟ and q̇ are controlled, and moreover the
affine contraction ς(f) is small enough (Definition 3.16), Lemma 3.14 implies that,
the attracting flag of fq is close to F+. An analogous control for quantities related
to q−1 implies that the repelling flag of fq is arbitrarily close to Q−, so the ideally
neutral space (FQ)0 of fq is close to F+ ∩ Q−. Similarly qf has attracting flag
close to Q+, repelling flag close to F−, and ideally neutral space close to Q+ ∩F−.
See Figure 3.

Now, the map q conjugates fq and qf , so q sends (FQ)0 so (QF )0, and analo-
gously, f sends (QF )0 to (FQ)0.

The idea is then to decompose the map q : (FQ)0 → (QF )0 as the projection
from (FQ)0 to Q0 parallel to q−, followed by the projection Q0 to (QF )0 parallel
to q+ and some quasi-translation of (FQ)0. Some errors have to be taken into
account here as (FQ)0 is not exactly F+ ∩ Q− but only close to it, these errors
tend to be negligible. However, for the approximation of q : (FQ)0 → (QF )0 with
this composition of projections and a quasi-translation to be good, a control on the
total separation of the spaces, namely, for example a control on ‖oq‖ and ‖of‖ is
sufficient (together with the previous control on angles/size of q and f). This is
resolved in Lemmas 9.8 and 9.10 and Corollary 9.9 of Smilga [71].

On readily sees then the Affine Ratio of Figure 2 appearing as the corresponding
default, giving the result. �

4.3. The affine limit cone is convex and has non-empty interior. We define
the affine limit cone AΛ of a Zariski dense sub-semigroup Λ < GnV as the smallest
closed cone of T that contains the set of Margulis invariants

AΛ =
{
R+ ·m(f) : f ∈ Λ is (φ, X0)-compatible

}
.
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Q+

(FQ)0

Q−

u

F−

(QF )0

F+

q

f

Figure 3. Schematic situation in Theorem 4.5, the ideally neutral
spaces (FQ)0 and (QF )0 are very close (but do not coincide with)
F+ ∩Q− and Q+ ∩ F− respectively.

In light of Proposition 4.4 and Theorem 4.5 one has the following result. Similar
versions will also appear in Kassel-Smilga [41] and in Ghosh [29].

Corollary 4.6. Let φ : G → GL(V ) be an irreducible representation with non-
trivial neutralizing space and let Λ < GnV be a Zariski-dense sub-semi-group such
that intLΛ̇ ∩ Xφ 6= ∅. Then AΛ is convex and has non-empty interior.

In contrast with Benoist’s limit cone, it is fairly common for AΛ to be the whole
space T. Indeed, this is the case when w0 acts trivially on T.

Proof. We first establish convexity. To that end, we fix a pair g, h ∈ Λ of (φ, X0)-
compatible, loxodromic elements, we have to find an element in Λ whose Margulis
invariant lies about R+(m(g) + m(h)). We consider the Zariski open sets Gg and Gh
given by Lemma 3.17 for g and h. Since g and h are fixed, each of the equations

ḟ(Ḣ+
φ ) ∩ ḣ−φ = {0}, Ḣ+

φ ∩ q
−1(ḣ−φ) = {0},

Ġ−φ ∩ q̇
−1
0 (ġ−φ) = {0}, ḟ0(Ġ+

φ) ∩ ġ−φ = {0},

Ḣ+
φ ∩ q̇

−1
0 (ġ−φ) = {0}, Ġ+

φ ∩ q̇
−1(ḣ−) = {0},

defines a Zariski-open non-empty subset of G. Since G is Zariski-irreducible finite
collections of non-empty open sets intersect and thus there exist f, q, f0, q0 ∈ Λ such
that (ḟ , q̇) ∈ Gh, (ḟ0, q̇0) ∈ Gg, that moreover verify the corresponding equations
above. For large enough n we have thus, by means of Lemma 3.17, that

- fhnq and f0g
nq0 are (φ, X0)-compatible,

- fhnq and h are transverse,
- f0g

nq0 and g are transverse,
- for all m ≥ 1 the elements hmfhnq and gmf0g

nq0 are also transverse (and
(φ, X0)-compatible by Lemma 2.7).
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Applying now Theorem 4.5 we see that, for big enough n,

lim
k→∞

m(gkf0g
nq0h

kfhnq)

k
= lim
k→∞

m(gkf0g
nq0) + m(hkfhnq)

k

= lim
k→∞

m(gk) + m(f0g
nq0) + m(hk) + m(fhnq)

k
= m(g) + m(h),

proving convexity of AΛ.
To prove that AΛ has non-empty interior we use Theorem 4.5 together with

Proposition 4.4. Indeed, if there exists a hyperplane U ⊂ T such that m(g) ∈ U for
every (φ, X0)-compatible g ∈ Λ, then for any transverse pair of (φ, X0)-compatible
elements f, q ∈ Λ we have

rT(Q−, F+, F−, Q+) = lim
n→∞

m(fnqn)− n(m(f) + m(q)) ∈ U,

contradicting Proposition 4.4. Finally, a convex cone that is not contained in a
hyperplane has non-empty interior, completing the proof. �

5. The case of reducible representations

We now consider a finite collection of non-trivial irreducible representations {φi :
G→ SL(Vi)}i∈I with 0 ∈ Πφi and study the representation

φ :=
⊕
i

φi : G→ V :=
⊕
i

Vi.

Fix X0 ∈ a+ ∩Fix(i) which does not belong to the finite union of kernels kerχ, χ ∈
Πφi \ Πw0

φi
. Let θi ⊂ ∆ be the set of simple roots stabilizing Π+

φi
and θ :=

⋃
i∈I θi.

It we let

a+
i =

⋃
χ∈Π+

φi

V χ and A+
i =

⋃
χ∈Π+

φi
∪Π

w0
φi

V χ

then the parabolic group Pθ is the stabilizer in G of a+ :=
⊕

i a
+
i and of A+ :=⊕

iA
+
i and, if we denote by pi : Fθ → Fθi the natural projection, then we have a

map Fθ → Gr∑
i ki,

∑
i ni

(V ) defined by

x 7→ (xφ, Xφ) :=
(⊕

i

(pi(x))φi ,
⊕
i

(Pi(X))φi

)
,

(recall Equation (3.3)). We let Xφ :=
⋂
i Xφi , where Xφi is defined as in Equation

(3.6), and we say that g ∈ G nφ V is (φ, X0)-compatible if λ(ġ) ∈ Xφ.
For each i let us denote by Ti the associated neutralizing space and define the

trivializing space of φ by

T =
⊕
i

Ti.

Define also, for a (φ, X0)-compatible g = (ġ, v) ∈ Gnφ V its Margulis invariant by

m(g) :=
∑
i

m(ġ, vi),

where v =
∑
i vi in the decomposition V =

⊕
i Vi. We extend the definitions of

affine ratio and affine limit cone and the proof of Corollary 4.6 gives the following:
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Corollary 5.1. Let φ : G → SL(V ) be as above and let Λ < G n V be a Zariski-
dense sub-semi-group such that intLΛ̇∩Xφ 6= ∅. Then the affine limit cone AΛ ⊂ T

is convex and has non-empty interior.

6. The cocycle viewpoint: Zariski density

Let us fix a (possibly reducible) representation φ : G → SL(V ). If Γ < G is a

semi-group, a cocycle over φ is a map u : Γ → V such that for every ġ, ḣ ∈ Γ

u(ġḣ) = u(ġ) + φ(ġ)u(ḣ);

it is a co-boundary if there exists v ∈ V with u(ġ) = v − φ(ġ)v. The vector space

H1
φ(Γ , V ) =

{cocycles over φ}
{co-boundaries}

is called the first twisted cohomology group. Semi-groups of G nφ V whose linear
part is Γ , are in bijective correspondence with cocycles over φ via

u 7→ Γu := {(ġ, u(ġ)) ∈ G nφ V : ġ ∈ Γ}.

Two such groups are conjugated by a pure translation if and only if the associated
cocycles differ by a co-boundary, i.e. are cohomologous.

One has the following result of Ghosh [28] that crucially uses Whitehead’s Lemma
on the vanishing of the first cohomology of semi-simple Lie algebra representations.

Proposition 6.1 (Ghosh [28, Proposition 6.2]). Let φ : G→ SL(V ) be irreducible
and non-trivial. Let Γ < G be Zariski-dense and u ∈ H1

φ(Γ , V ) be non-trivial. Then
the group Γu is Zariski-dense in G nφ V .

Proof. We add some details for later use. Let X be the Zariski closure of Γu and
consider ’the linear part’ morphism L : X → G. Since Γ is Zariski-dense in G we
have that L(X) is surjective. Thus ∀g ∈ G there exists ug ∈ V with (g, ug) ∈ X.

If L were injective then such ug would be unique giving a well defined cocycle,
g 7→ ug ∈ V of G over φ, extending u. Whitehead’s Lemma (see Raghunathan’s
book [64]) implies that ug is cohomologicaly trivial, and so is u contradicting our
assumption. Thus L is not injective, which gives a pure translation (id, u) ∈ X.
Since (g, ug)(id, u)(g, ug)

−1 = (id,φ(g)u), the Proposition will be proved once we
have stablished that the additive group spanned by φ(G)u is V .

Lemma 2.11 provides a g ∈ G such that for all χ ∈ Πφ one has (φ(g)u)χ 6= 0,
where, for a vector w ∈ V , we have denoted by wχ its componenent in the restricted
weight space V χ, following the restricted weight decomposition of V .

Since the additive group spanned by φ(G)u and that of φ(G)φ(g)u coincide, we
assume from now that the pure translation (id, u) ∈ X is such that uχ 6= 0 for all
χ ∈ Πφ.

Since Πφ is finite we can consider z ∈ a such that the values χ(z), for χ ∈ Πφ,
are pairwise distinct. In particular χ(z) 6= 0 for any non-vanishing χ.

Let us fix a weight µ ∈ Πφ \ {0} and consider the linear map

Rµ = (φ(exp(z))−id)
∏

χ∈Πφ−{0,µ}

(
2φ(exp(z))− φ

(
exp

((
1 +

log 2

χ(z)

)
z
)))

∈ gl(V ).

One readily sees that

- Rµu belongs to the additive group spanned by φ(G)u,



34

- the order on the above product is irrelevant as we are only considering
elements of exp(a), which commute; whence Rµuχ = 0 for all χ 6= µ.

In particular,

Rµu = Rµ(uµ)

=
(

(eµ(z) − 1)
∏

χ∈Πφ−{0,µ}

(
2eµ(z) − eµ(z)+log 2

µ(z)
χ(z)
))

(uµ) = c · uµ 6= 0,

as the coefficient c is non-zero since χ(z) 6= µ(z) for all χ 6= µ.
One concludes that φ(exp(a))Rµu = exp(µ(a))cuµ for all a ∈ a, so by also

considering differences, we get that the line R(uµ) is contained in the additive group
spanned by φ(G)u. Now, the additive group spanned by φ(G)R(uµ) coincides with
the vector space spanned by φ(G)(uµ), which is V by irreducibility of φ. �

Lemma 6.2. Let φ : G → SL(V ) and ψ : G → SL(W ) be two representations
with φ irreducible and such that there exists 0 6= µ ∈ Πφ \ Πψ. Let Γ < G be a
Zariski-dense semigroup, uV : Γ → V a non-coboundary cocycle and uW : Γ →W a
cocycle. Denote by

u = uV + uW : Γ → V ⊕W.
Then the Zariski closure X of Γu contains G n V . If moreover ΓuW is Zariski-dense
in G nW , then X = G n (V ⊕W ).

Proof. Let X be the Zariski closure of Γu. Consider the projection π : Gn(V ⊕W )→
GnV given by π(g, v+w) = (g, v). Since [u]V 6= 0, Proposition 6.1 implies that π|X
is surjective. Whence, for every v ∈ V there exists w ∈W such that (id, v+w) ∈ X.
Fix µ ∈ Πφ \ Πψ and choose v so that vµ 6= 0.

We consider now the restricted weight space decomposition

V ⊕W =
∑

χ∈Πφ∪Πψ

(V ⊕W )χ,

and denote, for u ∈ V ⊕W by uχ ∈ (V ⊕W )χ the associated component. Observe
that (V ⊕W )µ = V µ and thus (v + w)µ = vµ.

We now proceed again as in the proof of Proposition 6.1 by considering the
(modified) operator

Rµ = (φ(exp(z))− id)
∏

χ∈Πφ∪Πψ−{0,µ}

(
2φ(exp(z))− φ

(
exp

((
1 +

log 2

χ(z)

)
z
)))

,

and applying it to u = v + w. The same arguments lead to the desired inclusion.
To prove the last item, we consider the projection πW : G n (V ⊕W )→ G nW

given by (g, v + w) 7→ (g, w). By assumption πW (X) = G nW whence for each
w ∈ W and g ∈ G there exists v ∈ V with (g, v + w) ∈ X. However, as we have
established that GnV ⊂ X, we obtain that (g, w) = (g, v+w) · (id,−v) ∈ X. Thus,
X contains both G n V and G nW , giving the result. �

Let us introduce the following definition.

Definition 6.3. A finite collection of irreducible representations {φi : G→ Vi}i∈I
is disjoined if we can order I = J1, kK such that φ1 is non-trivial and for each

i ≥ 2 there exists 0 6= µi ∈ Πφi \
⋃i−1
l=1 Πφl . A representation φ is disjoined if the

collection of its factors is.
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Remark 6.4. Observe that the Adjoint representation is always disjoined (regardless
that G has isomorphic factors) since the restricted weights of each irreducible factor
of this representation lie on different factors of a∗.

Corollary 6.5. Let {φi : G → SL(Vi)}k1 be a disjoined collection. Let Γ < G be a
Zariski-dense semigroup. Consider for each i a non-coboundary cocycle ui : Γ → Vi
and define u =

∑
i ui : Γ →

⊕
i Vi. Then Γu is Zariski-dense in G n

(⊕k
1 Vi
)
.

Proof. Follows by induction applying Proposition 6.1 and Lemma 6.2. �

We fix from now on a disjoined representation φ : G → V and a cocycle u :
Γ → V over φ. Remark 3.3 implies that if ġ ∈ Γ is a (φ, X0)-compatible element
then m(ġ, u(ġ)) only depends on the class [u] ∈ H1

φ(Γ , V ), so we consider the map

m : Γφ ×H1
φ(Γ , V )→ T defined by

mu(ġ) = mġ(u) := m(ġ, u(ġ)),

where we have denoted by Γφ = {(φ, X0)-compatible elements of Γ}. By definition,
the map is linear on the second variable and mu identically vanishes when u is a
co-boundary. So from Corollary 4.6 we conclude the following:

Corollary 6.6. Let Γ ⊂ G be a Zariski-dense sub-semi-group. Let {φi : G →
SL(Vi)}i∈I be a disjoined collection and for each i let ui : Γ → Vi be a cocycle over
φi. Let φ =

⊕
iφi, and assume there exists, for each i, a (φ, X0)-compatible ġi ∈ Γ

such that m(ġi, ui(ġi)) 6= 0. Denote by V =
⊕

i Vi and by u =
∑
i ui : Γ → V . Then

the affine limit cone AΓu has non-empty interior.

Proof. By Remark 3.3, [u]i 6= 0 as m(ġi, ui(ġi)) 6= 0. Corollary 6.5 then implies that
Γu is Zariski-dense in G nφ V and the statement is reduced to Corollary 5.1. �

Remark 6.7. Under the assumptions of Corollary 6.6 for u, if Γ is a group and w0

acts trivially on T then AΓu = T. Indeed, since m(ġ, u(ġ)) = −w0m
(
(ġ, u(ġ))−1

)
for

every ġ, convexity gives 0 ∈ intAΓu .

7. Compatible and θ-Anosov linear part, normalized Margulis
spectra

Consider ρ ∈ Aθ(Γ,G) and a disjoined φ : G→ SL(V ). A cocycle u ∈ H1
φρ(Γ, V )

induces a T-valued translation cocycle c : Γ × ∂2Γ → T as in S. [67] (see also
Ledrappier [53]), defined by

c
(
γ, (x, y)

)
= πT

(
φ
(
ψ−1

(x,y)

)
πXφ∩Yφ,xφ⊕yφ

(
u(γ−1)

))
.

Indeed we have to check that for every pair γ, h ∈ Γ one has c
(
γh, (x, y)

)
=

c
(
h, (x, y)

)
+ c
(
γ, h(x, y)

)
, which follows from a straightforward computation. By

S. [67, Proposition 3.1.1] there exists a Hölder-continuous Ju : UΓ → T such that
for every hyperbolic γ ∈ Γ

`[γ](Ju) = m(γ, u(γ)).

Similar constructions are considered in Goldman-Labourie-Margulis [31]. Thus, for
every ψ ∈ int (Lθ,ρ)

∗, the set of normalized Margulis spectra is convex and compact:

MSψ
(
[u]
)

=

{
m
(
γ, u(γ)

)
ψγ(ρ)

: γ ∈ Γh

}
.
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Remark 7.1. Under the assumptions of Remark 6.7 for u (replacing Γ with ρ(Γ)),

if w0 acts trivially on T then convexity gives int MSψ([u]) 6= ∅.

Similar versions of the following, for split G, can also be found in Ghosh [27].

Proposition 7.2 (Kassel-Smilga [41]). Let φ : G→ SL(V ) be irreducible and such

that Πw0

φ = {0}, and consider ρ ∈ Aθ(Γ,G) so that Lρ ⊂ Xφ. If 0 ∈ int MSψ([u])

then the action of ρ(Γ)u on V is not proper. However, if ψ ∈ int (a+)∗ and 0 /∈
MSψ([u]) then the corresponding action is proper.

In particular, if 0 /∈ MSψ([u]) then these Margulis space-times lie on the context
of S. [67, § 3.4, 3.5, 3.6] and several results there apply directly.

Part 2. The cone of Jordan variations, normalizations, pressure

A faithful morphism ρ : Γ ↪→ G is fixed, so we identify Γ with ρ(Γ) and say that
γ ∈ Γ is loxodromic if ρ(γ) is. We also fix an integrable vector v ∈ TρX(Γ ,G), which
defines a cocycle over Ad ρ, uv : Γ → g given by

γ 7→ uv(γ) :=
∂

∂t

∣∣∣
t=0

ρt(γ)ρ(γ)−1.

It is a co-boundary iff there exists (st) ∈ G with s0 = id such that ∀γ ∈ Γ the curves
ρt(γ) and stρ(γ)s−1

t have the same derivative. Equivalently, the curve ρt is tangent
at 0 to the conjugacy class of ρ, which is also equivalent to the fact that the curve
of characters ρt ∈ X(Γ ,G) has zero derivative.

For γ ∈ Γ we let λγ : X(Γ ,G) → a be the map λγ(η) = λ(η(γ)) and dλγ its
differential. If ϕ ∈ a∗ we let ϕγ : X(Γ ,G)→ R be the composition

ϕγ = ϕ ◦ λγ : ρ 7→ ϕ
(
λ
(
ρ(γ)

))
.

We introduce two concepts which are the main object of this part.

Definition 7.3.
- The cone of Jordan variations of v is the cone associated to variations of

Jordan projections:

VJv :=
{
R+ · dλγ(v) : γ ∈ Γ loxodromic

}
⊂ a.

- Let ψ ∈ int (Lρ)
∗, then the set of ψ-normalized variations is

Vψv =
{dλγ(v)

ψγ(ρ)
: γ ∈ Γ

}
⊂ a.

Let g =
⊕

i gi be the decomposition of g on simple ideals and assume we’ve
chosen the Cartan subspaces ai of gi so that a =

⊕
i ai. Let pi : g → gi be the

associated projections, choices have been made so that p(a) = ai. Assume also the
Weyl chambers a+

i where chosen so that a+ =
⊕

i a
+
i .

The vector v has full variation if for every i ∈ I the cocycle pi(uv) is not a
coboundary, and has full loxodromic variation if pi(VJv) 6= {0} for every i.
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8. Variation of eigenvalues and some consequences of Part 1

We now apply Part 1 to the adjoint representation φ = Ad : G→ SL(g). The set
of weights is Φ and no root is w0-invariant so the ideally neutral space

N = g0 = m⊕ a.

Writing m = [m,m]⊕Z(m) one has that M preserves each factor g0 = [m,m]⊕Z(m)⊕a
and acts trivially on Z(m)⊕ a so the neutralizing space is

T = Z(m)⊕ a.

Moreover, picking any X0 ∈ a+ ∩ Fix(i) one readily sees that the (Ad, X0)-
compatible cone is nothing but the whole Weyl chamber a+. The Margulis invariant
is thus well defined for any g ∈ G n g with loxodromic ġ ∈ G and one has

m(g) ∈ Z(m)⊕ a.

Finally, observe that Ad is a disjoined representation (recall Definition 6.3).

8.1. The variation of the Kostant-Lyapunov-Jordan projection. Let (gt)t∈(−ε,ε) ⊂
G be a differentiable curve with loxodromic g = g0. We denote by ~g ∈ Tg0G its de-
rivative. Consider g ∈ G n g with linear part g and translation vector

dgLg−1(~g) =
∂

∂t

∣∣∣
t=0

gtg
−1 ∈ g.

Then one has the following.

Proposition 8.1. The a-factor of m(g) is
∂

∂t

∣∣∣
t=0
λ
(
gt).

The proof requires the following Lemma.

Lemma 8.2. Consider a differentiable curve (st)(−ε,ε) ⊂ G with s0 = id, let ht =

s−1
t gtst and h ∈ G n g be defined as above, then m(h) = m(g).

Proof. Indeed, explicit computation yields that the translation part of h is

∂

∂t

∣∣∣
t=0

hth
−1 =

∂

∂t

∣∣∣
t=0

gtg
−1 + Ad(g0)(~s)− ~s,

so the lemma follows by Remark 3.12. �

Proof of Proposition 8.1. Let xt, yt ∈ F∆ be the repelling and attracting flags of gt,
for small t. Since m(g) is invariant under conjugation, we can assume that x0 = [P̌∆]
and y0 = [P∆], so that g = g0 = ma for some m ∈ M and a ∈ A. Consider also a
differentiable curve st ∈ G with s0 = id, that sends the pair (xt, yt) to ([P̌∆], [P∆]),
then by Lemma 8.2 one has m(h) = m(g), for ht := s−1

t gtst.
We compute now m(h). Since ht fixes ([P̌∆], [P∆]) we have ht = mtat for mt ∈ M

and at ∈ A, and λ(gt) = λ(at). The derivative of hth
−1 is, since M and A commute,

∂

∂t

∣∣∣
t=0

hth
−1 =

∂

∂t

∣∣∣
t=0

mtata
−1m−1 = ~mm−1 + ~aa−1. (8.1)

The Margulis invariant of h is then computed by considering the eigenspace decom-
position of Ad(ma), which is nothing but the root space decomposition

g = g0 ⊕
⊕
α∈Φ

gα = [m,m]⊕ Z(m)⊕ a⊕ n⊕ ň,

and projecting the vector (8.1) onto T = Z(m) ⊕ a parallel to this decomposition.
The a-factor of m(g) is then ~aa−1, as desired. �
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The same proof above actually gives the following:

Corollary 8.3. Let GC be a complex semi-simple algebraic group. Let aC be a
Cartan subalgebra of GC and let µ : GC → exp(aC) be the eigenvalue projection. Let
(gt)t∈(−ε,ε) ⊂ GC be a differentiable curve with loxodromic g0. Then

m(g) =
(
dµ(~g)

)
µ(g)−1 ∈ aC.

Proof. Considering GC as a real-algebraic group one has that m is abelian, so m =
Z(m) and aC = Z(m) ⊕ a. In the course of the proof of Proposition 8.1 one may
observe that, the Z(m)-factor of m(g) is the projection of ~mm−1 ∈ m = [m,m]⊕Z(m)
parallel to [m,m], which readily gives the result. �

8.2. Every functional sees eigenvalue variations. We now prove Theorem A.

Corollary 8.4. If ρ(Γ) is Zariski-dense and v has full loxodromic variation, then
VJv is convex with non-empty interior. In particular, if ρ is a regular point of
X(Γ ,G) and ϕ ∈ a∗ does not annihilate any of the ai’s, then span

{
dϕγ : γ ∈ Γ

}
=

T∗ρX(Γ ,G).

Proof. Proposition 8.1 places the statement in the conditions of Corollary 6.6 where
Vi = gi. The Corollary applies since the Adjoint representation is disjoined (Remark
6.4). Thus, the affine limit cone

Aρ(Γ)uv
⊂ Z(m)⊕ a

is convex and has non-empty interior, whence it’s projection onto the second factor
also, giving the conclusion. �

We introduce for convenience the following definition.

Definition 8.5. If H is a reductive subgroup of G then an adjoint factor of H is a
collection of irreducible factors of the representation adg |h : h→ gl(g). An adjoint
factor is disjoined if the associated representation is.

If ρ(Γ) has semi-simple Zariski closure H, then H1
Ad(Γ , g) splits as

H1
Ad ρ(Γ , g) =

⊕
VH irreducible adjoint factor

H1
Ad ρ(Γ , VH).

We have the following refinement of Corollary 8.4 whose proof is identical.

Corollary 8.6. Assume ρ(Γ) has semi-simple Zariski closure H and assume that
Lρ ∩ int a+ 6= ∅. Let VH be a disjoined adjoint factor and φ = AdG(H)|VH. Assume
u ∈ H1

φρ(Γ , VH) \ {0} is integrable, then for every loxodromic γ ∈ Γ one has

dλγ(u) ∈ VH ∩ a.

Moreover, if [u] projects non-trivially to the twisted cohomology associated to each
irreducible factor of φ, then VJv is convex and has non-empty interior in VH ∩ a.
Consequently, for every ϕ ∈ a∗ such that VH∩a ( kerϕ there exists γ ∈ Γ such that

dϕγ(u) 6= 0.

Proof. Since H contains a G-loxodromic element the 0-weight space of the repre-
sentation φ : H→ GL(VH) verifies

a ∩ VH ⊂ (VH)0 ⊂ (m⊕ a) ∩ VH.
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It follows that the a-factor of the Margulis invariant of (η(γ), u(γ)), as an element
of H nφ VH, coincides with dλγ(u), so non-empty interior of VJu in VH ∩ a follows
from Corollary 6.6. �

9. Zariski-density of elements with full variation

In this section we establish the following.

Proposition 9.1. Assume v ∈ TρX(Γ ,G) has full loxodromic variation and Zariski-
dense base-point. Fix a finite collection of hyperplanes P of a. Then the set

ΓP = {loxodromic g ∈ Γ with dλγ(v) /∈
⋃
U∈P

U}

is Zariski-dense in G. Moreover, the set {λ(g) : g ∈ ΓP} intersects every open cone
contained in Lρ.

We place ourselves in the assumptions of the Proposition, whose proof follows
the same lines as Benoist [3] (see [5, Theorem 6.36]) for loxodromic elements.

Lemma 9.2. Let K be a field and consider w, g, h ∈ GL(d,K), then for every
N ∈ N the Zariski closure of {wgnhn : n ∈ JN,∞)} contains the product wgh.
Analogously, the Zariski closure of {gnhnw : n ∈ JN,∞)} contains ghw.

Proof. Let I = {p ∈ R[xij ] : p(wgnhn) = 0 ∀n ≥ N} be the associated ideal. We
must show that for every p ∈ I it holds p(wgh) = 0.

Consider the map T : R[xij ]→ R[xij ] defined, for X = (xij)ij , by

Tp(X) = p(wgNw−1XhN ).

It is an isomorphism that preserves I. Moreover, the finite-dimensional vector space

Im = {p ∈ I of total degree ≤ m}
verifies T (Im) ⊂ Im which yields, since T is invertible, that T (Im) = Im, and
thus T (I) = I. Consider then q ∈ I and let p ∈ I be such that Tp = q, then
q(wgh) = p(wgN+1hN+1) = 0, as desired. �

Recall the projections pi : a → ai and let, for U ∈ P, pU ∈ a∗ be such that
ker pU = U. We treat indistinctively the pi’s and the pU ’s and say throughout this
section that g ∈ Γ has full variation if forall j ∈ I ∪ P one has pj(dλ

g(v)) 6= 0.

Lemma 9.3. Let g, h ∈ Γ be loxodromic and transverse, if g has full variation and
k ∈ N is such that

∀i pi
(
kdλg(v) + dλh(v)

)
6= 0,

then for all large enough n (depending on k) the element (gk)nhn has full variation.

Proof. By Theorem 2.6 we have

λ
(
(gk)nhn

)
n

−
(
λ(gk) + λ(h)

) n→∞−−−−→ 0

and the convergence is uniform about gk and h. Since we’re considering an analytic
variation u 7→ ρu and λ is an analytic function when restricted to loxodromic
elements of G, we can differentiate both sides in the convergence to obtain

dλg
knhn(v)

n
− kdλg(v)− dλh(v)

n→∞−−−−→ 0.
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By assumption we have, for every i, pi(kdλg(v) + dλh(v)) 6= 0 so the above conver-
gence implies the lemma. �

Lemma 9.4. Let γ ∈ Γ be loxodromic, then there exists g ∈ ΓP transverse to γ.

Proof. Consider a loxodromic g ∈ Γ with full variation, the existence of such g
is guaranteed by Theorem A. By means of Zariski density of ρ(Γ), we can find a
loxodromic h that is transverse to both γ and g. By Lemma 9.3 elements of the
form gnhm, for arbitrary large n and m, have full variation, and analogously for
hmgn. Again for large enough m,n, the pairs hmgn and gnhm are transverse, so
we can find, by Lemma 9.3 again, large enough k, l so that

(hmgn)k(gnhm)l

has full variation. Moreover, the attracting flag of the latter element is arbitrarily
close to h+ and the repelling flag is close to h−, thus (hmgn)k(gnhm)l has full
variation and is transverse to γ. �

Lemma 9.5. Let g, h be loxodromic and transverse, assume moreover that g ∈ ΓP
then, the products hg and gh belong to the Zariski closure ΓP

Z. Moreover, the
semi-group spanned by {gh, g} is also contained in ΓP

Z.

Proof. Since g has full variation, there exist K such that for all k ≥ K one has

∀i pi
(
dλg

k

(v) + dλh(v)
)

= pi
(
kdλg(v) + dλh(v)

)
6= 0.

For every such k, Lemma 9.3 implies that for all large enough n one has (gk)nhn ∈
ΓP. Lemma 9.2 yields gkh ∈ ΓPZ for all k ≥ K and thus gh ∈ ΓPZ.

We now show that the semi-group spanned by {gh, g} is also contained in ΓP
Z.

To this end, consider an arbitrary word w on the letters gh and g, and assume by
induction that w ∈ ΓPZ. We will show that the words

ghw,wgh, gw,wg

are all contained in ΓP
Z. Since g and h are transverse and we are only considering

positive powers in w, the word w is transverse to g, and to any element of the form
gmhn for positive n,m ∈ N.

Since g ∈ ΓP, then the first statement of this lemma implies that wg ∈ ΓPZ as
desired. Moreover, again since g ∈ ΓP, the paragraph above establishes that, for
all k ≥ K and all n ≥ N(k), one has (gk)nhn ∈ ΓP. Thus, since w is transverse to
(gk)nhn, the first item of this Lemma gives that ∀k ≥ K, ∀n ≥ N(k)

w(gk)nhn ∈ ΓPZ,

which implies, by applying twice Lemma 9.2 that wgh ∈ ΓPZ as desired. The other
inclusions are analogous. �

Proof of Proposition 9.1. We will show that the Zariski closure of ΓP contains all
loxodromic elements of ρ(Γ), which are in turn Zariski-dense by Benoist [3].

Consider then γ ∈ Γ loxodromic. By Lemma 9.4 there exists g ∈ ΓP transverse
to γ. Lemma 9.5 establishes that the semigroup spanned by {gγ, g} is contained
in ΓP

Z, but the Zariski closure of a semi-group is a group (c.f. [5, Lemma 6.15])
thus the group spanned by {gγ, g} is contained in ΓP

Z and in particular so does
γ = g−1(gγ), as desired.

We finally establish the last statement in the Proposition. Consider an open cone
C ⊂ Lρ, γ ∈ Γ loxodromic with λ(γ) ∈ C and g ∈ ΓP transverse to γ. Consider
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then t ∈ R+ \ Q so that tλ(γ) + λ(g) ∈ C, by the abundance of such t’s we may
further assume that for all i pi

(
tdλγ(v) + dλg(v)

)
6= 0. Consider then a sequence of

rationals in lowest terms mn/qn → t, since t ∈ R \ Q we have min{mn, qn} → ∞.
Lemma 2.7 implies then that

lim
n→∞

λ(γmngqn)

qn
= tλ(γ) + λ(g) ∈ C,

so λ(γmngqn) ∈ C for big enough n. Moreover, again by analyticity of our curve
and uniform convergence on the above limit, we get by differentiating both sided
of the limit that γmngqn ∈ ΓP for all large enough n. �

9.1. Convexity of normalized variations.

Proposition 9.6. Let v ∈ TρX(Γ ,G) have full loxodromic variation and Zariski-
dense base-point then, the set of normalized variations is convex.

Proof. Consider γ, h ∈ Γfull. We first assume that γ and h are transversally loxo-
dromic. Using the argument from the proof of Proposition 9.1, we obtain that for
every irrational t ∈ R+ one has λ(γmnhqn)/qn → tλ(γ) + λ(h) which in turn gives:

ψγ
mnhqn (ρ)

qn
−−−−→
n→∞

tψγ(ρ) + ψh(ρ),

dλγ
mnhqn (v)

qn
−−−−→
n→∞

tdλγ(v) + dλh(v).

Combining both equations and since Vψv is closed, we obtain that for every t ∈ R+

tdλγ(v) + dλh(v)

tψγ(ρ) + ψh(ρ)
∈ Vψv .

So letting now t = ψh(ρ)/ψγ(ρ) we obtain
1

2

(
dλγ(v)

ψγ(ρ)
+

dλh(v)

ψh(ρ)

)
∈ Vψv , as desired.

If γ and h are not transversally loxodromic then by Lemma 2.8 we can replace
h by some element of the form fhnq and apply the above. �

10. Theorem B: Base-point independence

We introduce, for convenience, the following definitions.

Definition 10.1.
- The support of ϕ ∈ a∗ is suppϕ =

{
σ ∈ ∆ : 〈ϕ, σ〉 6= 0

}
. Equivalently,

upon writing ϕ =
∑
σ∈∆ ϕσ$σ, one has σ ∈ suppϕ if and only if ϕσ 6= 0.

In particular, ϕ ∈ (aϑ)∗ if and only if suppϕ ⊂ ϑ.
- If g ∈ G we say that α strictly minimizes g among suppϕ if α ∈ suppϕ and

α(λ(g)) < σ(λ(g)) ∀σ ∈ suppϕ− {α}. (10.1)

The main result of this section is the following.

Theorem 10.2. Let ρ : Γ ↪→ G be a Zariski-dense sub-semigroup and v ∈ TρX(Γ ,G)
have full loxodromic variation. Consider ϕ ∈ a∗ and assume there exist α ∈ suppϕ
with dim gα = 1 and g ∈ Γ such that α strictly minimizes g among suppϕ. Then
given ψ ∈ a∗ there exists a loxodromic γ ∈ Γ such that dϕγ(v)− ψγ(ρ) /∈ Z.

Corollary 10.3. In the assumptions of Theorem 10.2, the additive group spanned
by the pairs {

(
dϕγ(v), λγ(ρ)

)
: γ ∈ Γ loxodromic} is dense in R× a.
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Proof. Otherwise, there exist (a, ψ) ∈ R× a∗ s.t. for all loxodromic γ ∈ Γ it holds
aϕ(dλγ(v)) + ψ(λγ(ρ)) ∈ Z. If a 6= 0 then aϕ verifies the assumptions of Theorem
10.2 giving a contradiction. If a = 0 this is contained in Benoist’s Theorem 2.12. �

Example 10.4. For g ∈ PSL(2,C) denote by |γ| its translation length on the
hyperbolic 3-space H3. Let T(S) be the Teichmüller space of S as above. Consider
then a Zariski-dense quasi-Fuchsian representation η : π1S → PSL(2,C) and a non-
zero v = ~ρ ∈ TρT(S). Assume there exists g ∈ π1S with |ρg| < |ηg|. Then by
Corollary 10.3 the group spanned by the pairs{(

(∂/∂t)t=0|ρtγ|, |ηγ|
)

: γ ∈ π1S
}

is dense in R2.

Recall from § 2.6 that we have a projection πϑ : a→ aϑ.

Corollary 10.5. Let ϑ ⊂ ∆ be such that dim gσ = 1 for all σ ∈ ϑ. Let ρ : Γ ↪→ G be
a Zariski-dense sub-semi-group and consider an integrable, full loxodromic variation
v ∈ TρX(Γ ,G). Then the group spanned by{(

dλγϑ(v), λγ(ρ)
)

: γ ∈ Γ loxodromic
}

is dense in aϑ × a. Whence, if ψ ∈ int (Lρ)
∗ the set Vψϑ,v has non-empty interior.

Proof. Otherwise there exist ϕ ∈ (aϑ)∗ and ψ ∈ a∗ such that for all loxodromic
γ ∈ Γ one has dϕγ(v) − ψγ(ρ) ∈ Z. Since ρ(Γ) is Zariski-dense its limit cone
has non-empty interior, there exists then g ∈ Γ such that values σg(ρ) for σ ∈ ϑ
are pairwise distinct. Since suppϕ ⊂ ϑ and all roots in ϑ have 1-dimensional root
space, there exists α ∈ suppϕ with 1-dimensional root-space that strictly minimizes
g among suppϕ. This contradicts Theorem 10.2. The last statement now follows

since by Proposition 9.6 Vψϑ,v is convex. �

10.1. Strongly transversally proximal elements. We use freely notation from
§ 2.9 and let, for proximal g, µ1(g) be the eigenvalue with |µ1(g)| = exp(λ1(g)),
µ2(g) = exp(λ2(g)) and

πg(w) = βg(w)vg.

Recall that an element of End(V ) is semi-simple if it is diagonalizable over C.
Finally, recall Eq. (2.18) defining the multiplicative cross ratio B1.

Lemma 10.6 (Benoist-Quint [5, Lemma 7.15]). Let g, h ∈ End(V ) be transversally
proximal, then for m,n big enough gnhm is proximal and

cn(g, h) := lim
m→∞

Trace(πgπgnhm) =
Trace(πgg

nπh)

Trace(gnπh)
= B1(g+, g−, gnh+, h−).

(10.2)
If they are strongly transversally proximal and g is semi-simple, then the sequence(µ1(g)

µ2(g)

)n
log |cn(g, h)|

is bounded. Moreover, let ge be the elliptic component of g in Jordan’s decomposition
and nk a sequence such that gnke |V2(g) −−−−→

k→∞
id |V2(g). Then,

lim
k→∞

(µ1(g)

µ2(g)

)nk
log |cnk(g, h)| = −βh(τgvh)

B1(g+, g−, h+, h−)
6= 0, (10.3)

and the convergence is moreover uniform on h.
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Proof. We focus on the second statement which is slightly different from what is
found in [5]. Using Equation (10.2) we compute

log |cn(g, h)| ∼
n→∞

cn(g, h)− 1 =
Trace

(
(πg − 1)gnπh

)
Trace(gnπh)

.

The denominator is easily controlled, indeed

Trace(gnπh)

µ1(g)n
=
βh(gnvh)

µ1(g)n
−−−−→
n→∞

βh
(
πg(vh)

)
= B1(g+, g−, h+, h−). (10.4)

We now study the numerator. Observe that Trace
(
(1−πg)gnπh

)
= βh(gnτgvh)+

o(µ2(g)n). Since g is semi-simple, V2(g) decomposes as
⊕

iWi where each Wi is g-
invariant and g|Wi = µ2(g)Ki, where Ki : Wi → Wi lies in an abelian compact
group. Thus, the sequence

βh(gnτgvh) + o(µ2(g)n)

µ2(g)n

is bounded. Moreover, considering the sequence nk → ∞ as in the statement, for
all i one has Knk

i → id . Since g is semi-simple we deduce that

gnk |V2(g)

µ2(g)nk
−−−−→
k→∞

id,

so one concludes

Trace
(
(1− πg)gnkπh

)
µ2(g)nk

=
βh(gnkτgvh)

µ2(g)nk
+
o(µ2(g)nk)

µ2(g)nk
−−−−→
k→∞

βh(τgvh),

as desired. �

Suppose now that g, h ∈ G are ϑ-proximal, then we say they are strongly transver-
sally ϑ-proximal if for every σ ∈ ϑ the maps φσg and φσh are strongly transversally
proximal. For such a pair and n ∈ N we define the vector

νϑn(g, h) ∈ aϑ so that ∀σ ∈ ϑ, $σ

(
νϑn(g, h)

)
:= log

∣∣cn(φσg,φσh)
∣∣. (10.5)

Proposition 10.7. Let g ∈ G be loxodromic and consider h ∈ G so that g and h
are strongly transversally ϑ-proximal. Consider ϕ ∈ (aϑ)∗ and let α ∈ suppϕ be
such that

α(λ(g)) = min{σ(λ(g)) : σ ∈ suppϕ}. (10.6)

If α has multiplicity 1 and is the only root in suppϕ realizing the above minimum
then there exists κϕ(g, h) ∈ R such that

ϕ
(
νϑ2n(g, h)

)
e2nα(λ(g)) −−−−→

n→∞
κϕ(g, h) 6= 0. (10.7)

In the latter case, the map (γ, η) 7→ κϕ(γ, η) is analytic on both variables on a
neighborhood of (g, h) ∈ G2 and the above convergence is uniform on a neighborhood
of g and h.

Proof. By definition of νϑn(g, h), upon writing ϕ =
∑
σ∈ϑ ϕσ$σ one has

ϕ
(
νϑn(g, h)

)
=
∑
σ∈ϑ

ϕσ$σ

(
νϑn(g, h)

)
=
∑
σ∈ϑ

ϕσ log
∣∣cn(φσg,φσh)

∣∣.
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Considering, for each σ ∈ ϑ, the fundamental representation associated to $σ

we see by Lemma 10.6 that enσ(λ(g))$σ

(
νϑn(g, h)

)
is bounded, thus if α is the only

root realizing the minimum in Equation (10.6) we have, for every σ ∈ suppϕ−{α}
that

enα(λ(g))$σ

(
νϑn(g, h)

)
−−−−→
n→∞

0.

Moreover, since dim gα = 1, V2(φα(g)) is 1-dimensional. Thus(µ1(φα(g))

µ2(φα(g))

)2

= e2α(λ(g))

and combining with the last statement of Lemma 10.6 we obtain

ϕ
(
νϑ2n(g, h)

)
e2nα(λ(g)) −−−−→

n→∞
ϕα

−βφαh(τφαgvφαh)

$α(Cϑ(g+, g−, h+, h−))
:= κϕ(g, h). (10.8)

The convergence is uniform on a neighborhood of h so we now treat uniform
convergence in g. If g′ is close to g then, by one-dimensionality of gα, g′ also acts
as a homothety with ratio µ2(φαg

′) on V2(φαg
′) and thus uniform convergence

follows. Analyticity of κϕ(·, h) follows as, since g is loxodromic, the map τφαg
varies analytically about g. �

For a real-analytic curve
(
t 7→ (gt, ht)

)
t∈(−ε,ε) with g = g0 and h = h0 strongly

transversally ϑ-proximal, with g loxodromic, we denote for every n ∈ N and ϕ ∈
(aϑ)∗ by ν

(g,h)
n (t) := νn(gt, ht) and κϕ,(g,h)(t) = κϕ(gt, ht). We also let

ν̇(g,h)
n =

∂

∂t

∣∣∣
t=0

ν(g,h)
n (t) and κ̇ϕ,(g,h) =

∂

∂t

∣∣∣
t=0

κϕ,(g,h)(t).

Corollary 10.8. Consider a real-analytic curve t 7→ (gt, ht) for t ∈ (−ε, ε) with
g = g0 and h = h0 strongly transversally ϑ-proximal, and assume g is loxodromic.
Consider ϕ ∈ (aϑ)∗ and assume there exists α ∈ suppϕ with dim gα = 1 and so
that

α(λ(g)) < σ(λ(g)) ∀σ ∈ suppϕ− {α}. (10.9)

Then,

ϕ
(
ν̇

(g,h)
2n

)
e2nα(λ(g)) + ϕ

(
ν

(g,h)
2n

)
2n
( ∂
∂t

∣∣∣
t=0

α
(
λ(gt)

))
e2nα(λ(g)) −−−−→

n→∞
κ̇ϕ,(g,h).

Proof. Assumptions are made so that Proposition 10.7 applies. By definition,

ν
(g,h)
n (t) and κϕ,(g,h)(t) are real-analytic, and since the convergence in Eq. (10.7)

is uniform, we can intertwine limit and derivative to obtain the desired result. �

10.2. Proof of Theorem 10.2. We place ourselves under the assumptions of The-
orem 10.2 and begin with the following lemma that does not assume Zariski-density
of the base point, it will be also needed later on.

Lemma 10.9. Consider an analytic curve (ρt : Γ → G)t∈(−ε,ε) with speed v and
a loxodromic g ∈ Γ . Consider ϕ ∈ (aϑ)∗ and assume there exists α ∈ suppϕ with
dim gα = 1 that strictly minimizes g among suppϕ. Let h ∈ Γ be such that the pair
(g, h) is strongly transversally ϑ-proximal. Consider ψ ∈ (aϑ)∗ and assume that the
values σg(ρ), for σ ∈ suppψ, are all distinct. If for all loxodromic γ ∈ Γ it holds
dϕγ(v)− ψγ(ρ) ∈ Z, then

dαg(v) = 0.



45

Proof. By definition (Eq. (10.5)), the vector νn(g, h) is a uniform double limit of
sums of vectors of the form ±λ(ρ(gn(gkhl)m)). Moreover, for every n, νn(g, h) is
an analytic function on g and h, which is also a uniform limit of analytic functions.
Since the curve ρt is analytic we can intertwine limit and derivative in the definition
of νn so for every n ∈ N it holds, as g and h are transversally ϑ-proximal, that

mn := dϕ
(
νϑ,(g,h)
n

)
(v)− ψ

(
νϑ,(g,h)
n (ρ)

)
∈ Z, (10.10)

where we have denoted by ν
ϑ,(g,h)
n (ρt) = νϑn(ρtg, ρth). Since dim gα = 1 Corollary

10.8 states that

dϕ
(
ν
ϑ,(g,h)
2n

)
(v)e2nαg(ρ) + ϕ

(
ν
ϑ,(g,h)
2n (ρ)

)
2n
(
dαg(v)

)
e2nαg(ρ) −−−−→

n→∞
dκϕ,(g,h)(v).

Pairing with Equation (10.10) gives(
ψ
(
ν
ϑ,(g,h)
2n (ρ)

)
+m2n

)
e2nαg(ρ)+ϕ

(
ν
ϑ,(g,h)
2n (ρ)

)
2n
(
dαg(v)

)
e2nαg(ρ) −−−−→

n→∞
dκϕ,(g,h)(v).

(10.11)
Dividing by n and considering the limit we obtain by Equation (10.7)(

ψ
(
ν
ϑ,(g,h)
2n (ρ)

)
+m2n

)e2nαg(ρ)

n
−−−−→
n→∞

2dαg(v)κϕ,(g,h)(ρ) (10.12)

One has that ν
ϑ,(g,h)
2n (ρ) → 0 and thus also does ψ(ν

ϑ,(g,h)
2n (ρ)). Since e2nαg(ρ)/n is

divergent, we obtain that m2n = 0 for all big enough n, giving in turn that

ψ
(
ν
ϑ,(g,h)
2n (ρ)

)e2nαg(ρ)

n
−−−−→
n→∞

2dαg(v)κϕ,(g,h)(ρ). (10.13)

Using the definition of ν
ϑ,(g,h)
n we obtain

e2nαg(ρ)ψ
(
νϑ2n(g, h)

)
=
∑
σ∈ϑ

ψσe
2n
(
αg(ρ)−σg(ρ)

)
e2nσg(ρ) log

∣∣c2n(φσg,φσh)
∣∣.

If there exists σ ∈ suppψ so that αg(ρ)−σg(ρ) > 0 then we let σ be the root that
maximizes this value. Applying Lemma 10.6 to the representation φσ we obtain a
subsequence nk such that

e2nkσ
g(ρ) log

∣∣c2nk(φσg,φσh)
∣∣ k→∞−−−−→ K 6= 0.

Since the terms e2nkδ
g(ρ) log

∣∣c2nk(φδg,φδh)
∣∣ are bounded for every δ ∈ suppψ, we

deduce that e2nkα
g(ρ)ψ

(
νϑ2nk(g, h)

)
is diverging to infinity at an exponential rate

µ = αg(ρ) − σg(ρ) > 0, which combined with Equation (10.13) gives e2nkµ/nk is
convergent as k →∞, a contradiction.

We conclude that ∀ σ ∈ suppψ one has αg(ρ) ≤ σg(ρ) and applying Lemma
10.6 we obtain, since e2nσg(ρ) log

∣∣c2n(φσg,φσh)
∣∣ is bounded for every σ, that

e2nαg(ρ)ψ
(
νϑ2n(g, h)

)
is converging to a constant C, which is possibly zero. Thus

ψ
(
ν
ϑ,(g,h)
2n (ρ)

)e2nαg(ρ)

n
−−−−→
n→∞

0,

giving, since κϕ(g, h) 6= 0 by Proposition 10.7, that dαg(v) = 0 as desired. �

Proof of Theorem 10.2. Let us assume by contradiction that for all γ ∈ Γ one has

dϕγ(v)− ψγ(ρ) ∈ Z.
By hypothesis, there exists α ∈ suppϕ with dim gα = 1 and a loxodromic γ verifying
Eq. (10.1). The Zariski-density assumption gives (c.f. Benoist-Quint [5, Lemma
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7.20]), for each loxodromic γ, an h ∈ Γ such that (γ, h) are strongly transversally
loxodromic. Thus, we can apply Lemma 10.9 to every loxodromic g ∈ Γ such that
the values σg(ρ), for σ ∈ ϑ, are all distinct and verifies Equation (10.1) to obtain:

Remark 10.10. For every g ∈ Γ loxodromic such that the values σg(ρ), for σ ∈ ϑ,
are all distinct and verifying Eq. (10.1) one has dαg(v) = 0.

Proposition 9.1 states we can choose γ ∈ Γfull verifying the assumptions of the
above remark. Moreover, we use Proposition 2.13 by Benoist and more specifically
Remark 2.14 to choose a Zariski-dense sub-semi-group Γ ′ < Γ that contains γk for
some large power k and whose limit cone is a convex cone about R+λ(ργ), chosen
so that for all h ∈ Γ ′ Equation (10.1) holds (for h instead of γ) and such that the
values σh(ρ), for σ ∈ ϑ, are all distinct.

Since Γ ′ is chosen with γk ∈ Γ ′, the curve ηt := ρt|Γ ′ has full loxodromic variation.
However, Remark 10.10 gives that

∀h ∈ Γ ′ it holds dαh(~η) = 0,

contradicting Theorem A. This completes the proof. �

11. The case of ϑ-Anosov representations: cohomological
independence and other consequences

We assume throughout that Γ is word-hyperbolic and ρ ∈ Aϑ(Γ,G).

11.1. Full loxodromic variation for ϑ-Anosov representations. We prove:

Corollary 11.1. Assume that ϑ ∩∆i 6= ∅ for every simple factor gi of g. If v has
full variation then it has (full) loxodromic variation.

The proof is essentially contained in Bridgeman-Canary-Labourie-S. [14, § 10] so
we only give the minor required modifications.

Lemma 11.2. Let ρ : Γ→ G be ϑ-Anosov and have Zariski-dense image, then{(
h−, h+, γ−, γ+

)
: ρ(γ) and ρ(h) are loxodromic

}
is dense in ∂(4)Γ.

Proof. The Lemma is certainly true if we remove the ’loxodromic’ condition, we
show how we reduce the question to this situation. Since ρ(Γ) is Zariski-dense
ξϑ(∂Γ) is the limit set of ρ(Γ) on the flag space Fϑ(G). By Benoist [3, Remarque
3.6 2)] it is the image, under the natural projection, of the limit set Λρ(Γ) in the full
flag space F∆(G). Again by Zariski-density, the latter is the closure of attracting
full flags of loxodromic elements in ρ(Γ), and the lemma follows. �

Proof of Corollary 11.1. Consider αi ∈ ϑ ∩∆i. We will show that for each i there
exist a loxodromic γ ∈ Γ such that d$γ

αi(v) 6= 0. Otherwise, for every loxodromic
γ ∈ Γ one has

∂

∂t

∣∣∣
t=0
λ1

(
φαi(ρt(γ))

)
= 0.

Using now [14, Prop. 9.4] one has that for every co-prime pair of loxodromic
γ, h ∈ Γ it holds ∂log bφαiρt(γ

−, γ+, h−, h+) = 0 (recall §2.12.5). By Lemma 11.2,

this implies that for every (x, y, z, t) ∈ ∂(4)Γ one has ∂log bφαiρt(x, y, z, t) = 0.
Moreover φαiρ is irreducible and projective Anosov, so from this point on the proof
of [14, Lemma 10.3] woks verbatim to give that the cocycle pi(uv) is cohomologically
trivial, contradicting our assumptions. �
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11.2. Cohomological independence of J and ~J. Consider the Ledrappier po-

tential Jt = Jρt : UΓ→ aϑ and denote by ~J = ~J : UΓ→ aϑ its differentiation w.r.t.
t at 0. Corollary 11.1 and Theorem 10.2 readily give:

Corollary 11.3. Let v ∈ TρAϑ(Γ,G) have full variation with Zariski-dense ρ.

(i) Consider ϕ,ψ ∈ (aϑ)∗ and assume there exist γ ∈ Γ and a multiplicity-1

root α that strictly minimizes γ among suppϕ. Then, ϕ(~J) − ψ(J) is not
Livšic-cohomologous to a function with periods in Z.

(ii) If moreover every root in ϑ has multiplicity one then J and ~J are Livšic-
cohomologically independent (thus Corollary 2.31 applies).

We conclude then the following.

Corollary 11.4. Consider ψ ∈ int (Lϑ,ρ)
∗ and assume there exist γ ∈ Γ and α

with dim gα = 1 that strictly minimizes γ among suppψ. If v ∈ TρX(Γ,G) has full
variation then Pψ

ρ (v) > 0.

Proof. By Theorem 2.16, Pψ
ρ degenerates at v iff (dhψv)ψ(J) and hψψ

(
~J
)

are
Livšic-cohomologous. However this does not hold by Corollary 11.3(i). �

11.3. Variations along level sets of h give non-proper actions. This princi-
ple is used in Labourie [47, 51], we give new situations where it applies.

Recall from Sullivan [72] (see Yue [76]), that if X has rank 1 and ρ : Γ→ Isom X is
convex-co-compact, then hρ is the Hausdorff dimension of the limit set of ρ on ∂∞X
for a visual metric. Also, by Bridgeman-Canary-Labourie-S. [14] (see § 2.12.2), the
function ρ 7→ hρ is real-analytic on the space of convex-co-compact representations.

The adjoint representation of a rank-one simple g has neutralizing dimension 1
as long as Z(m) = {0}. Thus, the rank 1 simple groups with neudim(Ad) 6= 1 have
Lie algebras equal to so1,3 or su1,n for n ≥ 2 (see Knapp [44, Appendix C]), whence:

Corollary 11.5 (Rank 1). Let G be the identity component of the isometry group
of HnR for n 6= 3, HnH n ≥ 2, or the Cayley hyperbolic plane, and let ρ : Γ → G be
convex co-compact and Zariski-dense. Let u ∈ H1

Ad ρ(Γ, g) be an integrable cocycle.

If dρh(u) = 0 then the affine action of ρ(Γ)u on g is not proper.

Proof. If dh(u) = 0 Eq. (2.17) implies that $α(p$αu) = 0. Lemma 2.32 gives
then 0 ∈ intV$αu . Since Z(m) = {0} Proposition 8.1 implies that V$αu = MS$α(u).
Kassel-Smilga’s Proposition 7.2 gives then non-properness of the affine action. �

Corollary 11.6. We let G be as in Corollary 11.5 and F be a non-abelian free
group, then there exists C > 0 such that if ρ : F ↪→ G is a Schottky group with
contraction greater than C, then h is not critical at ρ.

Proof. Follows from Corollary 11.5 together with Smilga’s construction [70]. �

Let us consider now G = SL(3,R) and the functional H ∈ a∗ given by H(a) =
(a1 − a3)/2, the Hilbert entropy hH : A∆(Γ,SL(3,R))→ R+.

Corollary 11.7 (SL(3,R)). Consider 0 6= v ∈ TρA∆(Γ,SL(3,R)) with Zariski-dense
base-point. If dhH(v) = 0 then the affine action on sl(3,R) via uv is not proper.

Proof. Since SL(3,R) is simple v has full variation. Applying Corollary 11.3 we
obtain that VH

v has non-empty interior and by Corollary 2.31

pHv ∈ intVH
v .
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By Equation (2.17) H(pHv) = −d loghH(v) = 0, so pHv ∈ ker H. Since H
is i-invariant, the set of normalized variations VH

v is also i-invariant so we obtain
i(pHv) = −pHv ∈ intVH

v , thus by convexity, 0 ∈ intVH
v . Since SL(3,R) is split, m = 0

and whence Z(m) = {0}, so by Proposition 8.1 we conclude that 0 ∈ int MSH(uv).
Kassel-Smilga’s Proposition 7.2 gives then non-properness of the action. �

As before, Corollary 11.7 together with Smilga’s construction [70] gives:

Corollary 11.8. Let F be a non-abelian free group, then there exists C > 0 such
that if ρ : F ↪→ SL(3,R) is a Schottky subgroup with contraction greater than C,
then hH is not critical at ρ.

12. The case of Θ-positive representations

Guichard-Wienhard [36] have introduced, for a subset Θ ⊂ ∆, the notion of
a Θ-positive representation π1S → G. We refer to their work for the definition
and instead use the following result, which states that these representations are
Θ-Anosov, and verify a stronger form called hyperconvexity. We will whence begin
by studying the latter in §12.1. The following collects results which can be found in
Beyrer-Pozzetti [7], Guichard-Labourie-Wienhard [34], Beyrer-Pozzetti-Guichard-
Labourie-Wienhard [6] in different generality and in Pozzetti-S.-Wienhard [62, 63],
S. [68] and [6] for the second item.

Theorem 12.1.
(i) ( [7, 34, 6]) Every Θ-positive representation is Θ-Anosov, moreover, PΘ(S,G) ⊂

X
(
π1S,G

)
is open and closed.

(ii) ( [62, 63, 68, 6]) For every α ∈ int Θ, and ρ ∈ PΘ(S,G), the representation
φαρ is (1, 1, 2)-hyperconvex.

12.1. (1, 1, 2)-hyperconvex representations and Hausdorff dimension. The
main purpose of this section is to establish Corollary 12.7 below. We recall a
definition from Pozzetti-S.-Wienhard [62].

Definition 12.2. Let K = R or C. A representation ρ : Γ → SL(d,K) is (1, 1, 2)-
hyperconvex if it is {σ1,σ2}-Anosov and for every triple x, y, z ∈ ∂Γ of pairwise
distinct points one has (

ξ1(x)⊕ ξ1(y)
)
∩ ξd−2(z) = {0}.

If G is real-algebraic and α ∈ ∆, then a representation ρ : Γ → G is α-hyperconvex
if φαρ is (1, 1, 2)-hyperconvex. We let At

α(Γ,G) denote the space of such represen-
tations, it is an open subset of the character variety ([62, Proposition 6.2]).

Theorem 12.3. Let ρ : π1S → SL(d,R) be (1, 1, 2)-hyperconvex, then

(i) (Pozzetti-S.-Wienhard [62]) hσ1
ρ = 1 and

(ii) (Pozzetti-S. [61, Theorem C]) if ρ(π1S) acts furthermore irreducibly on Rd

then the Zariski closure G of ρ(π1S) is simple and the highest restricted
weight of the representation G ↪→ SL(d,R) is a multiple of a fundamental
weight for a root α ∈ ∆ with dim gα = 1.

We let [α] be the set consisting of α together with the simple roots neighbouring
α in the Dynking diagram of G. Observe that α ∈ int [α] and whence α ∈ (a[α])

∗.

Corollary 12.4. Let ρ ∈ At
α(Γ,G) have Zariski-dense image. Then ρ is [α]-Anosov.

Moreover, Pα
ρ is (well defined and) Riemannian.
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Proof. The representation φα has highest restricted weight n$α, whence ∀ g ∈ G

σ1

(
λ(φg)

)
= α

(
λG(g)

)
,

σ2

(
λ(φg)

)
= min
σ∈∆G:〈α,σ〉6=0

σ
(
λG(g)

)
.

Since φαρ is {σ2}-Anosov, this last equation gives that ρ is [α]-Anosov. Since
α ∈ (a[α])

∗ the pressure Pα is well defined and Pσ1
ρ (v) = Pα

ρ (v). By Theorem 12.3
one has dhαv = 0 and thus Pα(v) = 0 if and only if ∀γ dαγ(v) = 0 (Eq. (2.10)).
However, since G is simple v has full variation and, since ρ is Anosov, by Corollary
11.1 it has full loxodromic variation, so Corollary 8.4 concludes. �

12.1.1. Root system of the complexification. We recall here some facts needed in
12.1.2. Let g be a simple real Lie algebra with Cartan decomposition g = k⊕ p.

Let gC be the complexification of g, then u = k⊕ ip is a compact subalgebra and
s = p ⊕ ik is an adu-module. Thus, the involution τ : gC → gC defined as τ |u = id
and τ |s = − id is a Cartan involution of gC.

Let b ⊂ m be a maximal Abelian subalgebra. Then h = a ⊕ b is a Cartan
subalgebra of g, meaning that hC is a Cartan subalgebra of gC. As such, we have a
root-space decomposition

gC = hC ⊕
⊕
α∈Σ

(gC)α,

where (gC)α =
{
x ∈ gC : ∀h ∈ hC one has [h, x] = α(h)x

}
and Σ =

{
α ∈ (hC)∗ :

(gC)α 6= {0}
}
.

Corollary 6.49 from Knapp’s book [44] states that every α ∈ Σ verifies α|a⊕ ib
is real-valued, so since a⊕ ib is a real form form of hC, α is uniquely determined by
α|a⊕ ib. Moreover a⊕ ib is a maximal abelian subspace of s, so Σ′ = {α|a⊕ ib : α ∈
Σ} is the restricted root system of gC as a real Lie algebra of non-compact type.

One has also that ([44, Eq. 6.48b]) if σ ∈ Φ then

gσ = g ∩
( ⊕
α∈Σ:α|a=σ

(gC)α

)
.

We obtain thus the following Lemma.

Lemma 12.5. Let g be simple and assume there exists σ ∈ Φ such that dim gσ = 1,
then gC is simple and there exists a unique ασ ∈ Σ such that ασ|a = σ. Conse-
quently, if σ ∈ ∆, we have a natural embedding of flag spaces F{σ}(G) ⊂ F{ασ}(GC).

Proof. The real algebra g cannot in itself be complex (otherwise every root space
has dimension dimR = 2), so the first statement follows from [44, Theorem 9.4(b)].

Concerning the second statement, for every α ∈ Σ one has (gC)α ∩ g 6= 0, indeed
if x+ iy ∈ (gC)α with x, y ∈ g, then

[a, x+ iy] = [a, x] + i[a, y] = α(a)x+ α(a)iy.

So since α|a is real valued one has, for all a ∈ a, [a, x] = α(a)x and [a, y] = α(a)y.
The last assertion follows. �

12.1.2. Variation of Hausdorff dimension on complex groups. Throughout this sub-
section we let GC be the group of C-points of G. Consider the embedding G ⊂ GC.
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If α is a restricted root of GC (as a real group), then we fix a Riemannian metric
on the flag space F{α}(GC), denote by Hff(X) the associated Hausdorff dimension
of a subset X of F{α}(GC) and consider the function

Hffα : A{α}(Γ,GC)→ R>0

ρ 7→ Hff
(
ξα(∂Γ)

)
.

It follows from Pozzetti-S.-Wienhard [62] and Bridgeman-Canary-Labourie-S. [14]
that Hffα is an analytic function on At

α(Γ,GC).
By Lemma 12.5, if σ ∈ ∆ is a restricted root of G so that dim gσ = 1, then there

is a unique restricted root ασ of GC so that ασ|a = σ, so we have an inclusion

At
σ (Γ,G) ⊂ At

ασ (Γ,GC),

and an embedding of the flag spaces F{σ}(G) ⊂ F{ασ}(GC).
Let J denote the almost-complex structure of X(π1S,GC) induced by the complex

structure of GC. Let us also consider the irreducible representation φα : G →
SL(d,R) which extends by complexifying to a representation φα : GC → SL(d,C).
Since φαG contains a proximal element, the complexified representation is also
irreducible (over C). We recall a needed ingredient.

Theorem 12.6 (Bridgeman-Pozzetti-S.-Wienhard [16]). Let ρ : π1S → PSL(d,R)
be (1, 1, 2)-hyperconvex. Then for every integrable v ∈ TρX(π1S,PSL(d,R)) with
integrable Jv, one has Hessρ Hffσ1(Jv) = Pσ1

ρ (v).

We establish then the purpose of this section.

Corollary 12.7. Let ρ ∈ At
α(Γ,G) have Zariski-dense image. Then for every

v ∈ TρX(π1S,GC) that is not tangent to the real characters one has

Hessρ Hffα(v) > 0.

In particular, there exists a neighborhood V of ρ in X(π1S,GC) such that if η ∈ V

verifies Hff
(
ξαη (∂π1S)

)
= 1 then the Zariski closure of η(π1S) is (conjugate to) G.

Proof. Theorem 2.24 implies that ρ is a regular point of X(π1S,GC) and thus, since
ρ has values in G, one has

TρX(π1S,GC) = TρX(π1S,G)⊕ J
(
TρX(π1S,G)

)
. (12.1)

Theorem 12.6 gives that for v ∈ TρX(π1S,G), Hessρ Hffσ1(Jv) = Pσ1
ρ (v). Thus

combining with Corollary 12.4 we obtain that, for every v ∈ TρX(π1S,G)

Hessρ Hffα(Jv) > 0.

The result then follows. �

Corollary 12.8. For every non-zero v ∈ TPΘ(S,G) with Zariski-dense basepoint,
and α ∈ int Θ one has Hessρ Hffα(Jv) > 0.

Proof. Follows from Theorem 12.1(ii) and Corollary 12.7. �

12.2. Length functions and pressure. We establish the following:

Corollary 12.9. Let ρ : π1S → G be Θ-positive and H be its Zariski closure.

(i) If H = G then ∀ψ ∈ int (LΘ,ρ)
∗ the pressure form Pψ

ρ is Riemannian.

(ii) If H is simple, then for every ψ ∈ int (Lint Θ,ρ)
∗ one has Pψ is Riemannian

when restricted to characters with values in H.



51

Proof. When ρ(π1S) is Zariski-dense then, since all roots in Θ have one-dimensional
root spaces and G is simple, the result readily follows from Corollary 11.4.

The second item is a bit more involved. The combination of Theorem 12.1(ii)
and S. [68, Lemma 4.8] imply that for every α ∈ int Θ there exists (a unique)
σα ∈ ∆H such that for all γ ∈ π1S it holds

σα(λH

(
ιγ)
)

= αk
(
λG(ργ)

)
.

In particular ι : π1S → H is {σα}-Anosov. Moreover [68, Lemma 4.8] states that
dim gσα = 1. Theorems 12.3 and 12.1(ii) imply moreover that

$α(λGργ) = nα$σα(λH(ιγ)).

It follows that, since ψ ∈ 〈{$α : α ∈ int Θ}〉 there exists ψ̄ ∈ (aH)∗ such that for
every γ ∈ π1S one has

ψ(λG(ργ)) = ψ̄(λH(ιγ)).

Moreover ψ̄ ∈ int (L{σα},ι)
∗ so Corollary 11.4 yelds the desired non-degeneracy. �

We introduce then the following definition.

Definition 12.10. A length function on PΘ(S,G) is a Mod(S)-invariant map ψ :
PΘ(S,G)→ (aΘ)∗ so that for every ρ ∈ PΘ(S,G) one has ψ(ρ) ∈ int (LΘ,ρ)

∗.

Corollary 12.11. Let ψ : PΘ(S,G) → (aint Θ)∗ be a length function. Then the
semi-definite form ρ 7→ Pψ(ρ) induces a Mod(S)-invariant path metric on the space
of Θ−positive representations with simple Zariski-closure.

We emphasize that our length function has values in (aint Θ)∗ ⊂ (aΘ)∗.

Proof. The set of pairs (H,φ), where H is a simple Lie group and φ : H→ G is an
irreducible representation up to conjugation, is finite. We further restrict the class
of such pairs by only considering (H,φ) if there exists ρ ∈ PΘ(S,G) with Zariski
closure conjugate to φ(H). By assumption, the finitely many submanifolds of

W(H,φ) =
{
ρ ∈ PΘ(S,G) : ρ(π1S)Z ⊂ a conjugate of φ(H)

}
exhaust the space we want to understand. Moreover, by Labourie [49, Theorem
5.2.6] the set

WZ
(H,φ) =

{
ρ ∈W(H,φ) : ρ(π1S)Z is conjugate to φ(H)

}
is open onW(H,φ) andW(H,φ)\WZ

(H,φ) has dimension strictly smaller than dimW(H,φ).

Since we have chosen the length function ψ to have values in (aint Θ)∗, Corollary
12.9(ii) implies that ρ 7→ Pψ(ρ) is Riemannian on every WZ

(H,φ), so Lemma 12.12

below gives the desired conclusion. �

Lemma 12.12 (Bray-Canary-Kao-Martone [12, Lemma 5.2]). Let W0 be a smooth
manifold and let Wn ⊂ Wn−1 ⊂ · · · ⊂ W1 ⊂ W0 be a nested collection of submani-
folds of W0 so that Wi has non-zero codimension in Wi−1 for all i. Set Wn+1 = ∅.
Suppose that g is a smooth non-negative symmetric 2-tensor on W0 such that for
every i ∈ J0, nK, the restriction of g to TxWi is positive definite if x ∈ Wi \Wi+1.
Then, the path pseudo-metric defined by g is a metric.
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Part 3. Hitchin components

Let g be a simple split real Lie algebra and Inn g its group of inner automor-
phisms. Let also s ⊂ g be a principal sl2 as in § 2.2. This Lie-algebra morphism
comes from a Lie-group morphism τg = PSL(2,R)→ Inn g also called principal.

Let also S be a closed orientable connected surface of Euler characteristic χ(S) <
0. A representation ρ : π1S → Inn g is Fuchsian if it factors as

π1S → PSL(2,R)
τg−→ Inn g,

where the first arrow is discrete and faithful. A connected component of the char-
acter variety X(π1S, Inn g) that contains a Fuchsian representation will be called
a Hitchin component of Inn g and denoted by Hg(S). Hitchin [37] established
that Hg(S) is a contractible differentiable manifold of dimension |χ(S)|dim g. The
Fuchsian locus inside Hg(S) is a natural copy of the Teichmüller space of S.

In this section we establish Theorem C describing degenerations of pressure
forms on Hg(S). Actually, by Labourie [48] and Beyrer-Labourie-Guichard-Pozzeti-
Wienhard [6], Hitchin representations are ∆-Anosov, so representations with Zariski-
dense image are already dealt with by Corollary 11.4. Moreover, since Hitchin rep-
resentations are ∆-positive (Fock-Goncharov [25] and loc. cit. [6]) and have simple
Zariski-closure by Theorem 13.4 below, Corollary 12.11 establishes separation of
the path-pseudo metric, for every length function ψ : Hg(S)→ a∗.

Corollary 12.13. For any length function ψ : Hg(S)→ a∗ the associated pressure

semi-norm ρ 7→ Pψ(ρ) induces a Mod(S)-invariant path metric on Hg(S).

However, understanding degenerations at non-Zariski-dense points is much more
subtle and will require some work. This will be finally established in Theorem 15.1.

A key object to understand these degenerations is that of Kostant lines of g, by
definition these are the 0-restricted weight space of an ad s-module. They appear in
Theorem C but are also needed to understand Hausdorff dimension degenerations
(§ 17). This is why we will find explicit formulae for these lines (§ 14). These
computations play a role on giving an explicit description of the functional ϕ ∈ a∗

whose pressure form Pϕ is compatible with Goldman’s symplectic form at Fuchsian
points (Corollary 16.4).

13. Necessary facts

The opposition involution i of types A, D and E6 is induced by a non-trivial
external involution i : Inn g → Inn g, unique up to conjugation, that induces in
turn a non-trivial involution of the character variety that preserves each Hitchin
component iX : Hg(S)→ Hg(S). We have thus natural inclusions

Fix iX = HBk(S) ⊂ HA2k
(S),

Fix iX = HCk(S) ⊂ HA2k−1
(S),

Fix iX = HBk(S) ⊂ HDk+1
(S),

Fix iX = HF4(S) ⊂ HE6(S). (13.1)

There is also another natural inclusion HG2(S) ⊂ HB3(S) given by the fact that the
fundamental representation for the short root of φ : G2 → so(3, 4) sends a principal
sl2 of G2 to a principal sl2 of so(3, 4).



53

Since a Hitchin representation is ∆-Anosov (Labourie [48]) we may consider its
critical hypersurface as in § 2.12. The following was first stablished by Potrie-S.
[60] for types A, B, C and G2 and the work from Pozzetti-S.-Wienhard [62] together
with S. [68] gives a unified approach for all types:

Theorem 13.1 ([60, 62, 68]). For every ρ ∈ Hg(S) one has ∆ ⊂ Qρ.

Convexity of the critical hyper-surface together with the above gives then:

Corollary 13.2. If δ is Fuchsian then, for every ψ ∈ int (Lδ)
∗, hψδ is critical at δ.

The following is a consequence of Luzstig’s positivity from Fock-Goncharov [25]:

Proposition 13.3. For every ρ ∈ Hg(S) and every pair of transverse γ, h ∈ π1S,
the pair ρ(γ) and ρ(h) is strongly transversally ∆-proximal.

The following recovers a result by Guichard [33] for types A, B, C and G2.

Theorem 13.4 (S. [68]). Let ρ ∈ Hg(S) have Zariski closure H. Then hss is either
g, a principal sl2(R), or Inn g-conjugated to one of the possibilities in Table 1.

g hss φ : hss → g
sl2n(R) sp(2n,R) defining representation

sl2n+1(R)
so(n, n+ 1) ∀n defining representation

G2 if n = 3 fundamental for the short root
so(3, 4) G2 fundamental for the short root

so(n, n)

so(n− 1, n) ∀n ≥ 3 stabilizer of a non-isotropic line
so(3, 4) if n = 4 fundamental for the short root

G2 if n = 4
stabilizes a non-isotropic line L and is
fundamental for the short root on L⊥

e6 f4 Fix i (see Eq. (13.1))
Table 1. Theorem 13.4. If a simple split algebra g is not listed in
the first column then hss is either g or a principal sl2(R); e6, f4 and G2

denote the split real forms of the corresponding exceptional complex Lie
algebras.

We conclude with the proof of the following Corollary from the Introduction.

Corollary 13.5 (Curves with arbitrarily small root-variation). Consider σ ∈ ∆
and let 0 6= v ∈ TρHg(S) have Zariski-dense base-point. Then there exists h such
that for positive ε and δ there exists C > 0 with

#
{

[γ] ∈ [π1S] primitive : $γ
σ(ρ) ∈ (t− ε, t] and |dσγ(v)| ≤ δ

}
∼ C eht

t3/2
.

Proof. Since ρ is Hitchin, the flow φ$σ(J) is Hölder-conjugated to a C1+α-Anosov
flow Φ = (Φt : US → US)t∈R ([60, 62]). Theorem B implies that group spanned by{(

dσγ(v), $γ
σ(ρ)

)
: γ ∈ π1S

}
is dense in R2. Finally, by Theorem 13.1 0 ∈ intσ

(
V$σv ). This places Φ together

with the potential σ(~J) in the assumptions of Babillot-Ledrappier [1, Theorem 1.2],
where we pick ξ = 0. �
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14. Kostant lines

Recall from Kostant [46] that there are rank g irreducible adjoint factors of s and
they have odd dimensions 2e+ 1. The numbers e are called the exponents of g and
the associated factor is denoted by Ve. Table 2 gives the exponents for each type.

∆g exponents
Ad 1, 2, . . . , d
Bd 1, 3, 5, . . . , 2d− 1
Cd 1, 3, 5, . . . , 2d− 1
Dd 1, 3, . . . , 2d− 3, d− 1
E6 1, 4, 5, 7, 8, 11
E7 1, 5, 7, 9, 11, 13, 17
E8 1, 7, 11, 13, 17, 19, 23, 29
F4 1, 5, 7, 11
G2 1, 5

Table 2. Exponents of irreducible reduced root systems

If e is an exponent of g, then the 0-restricted-weight space of Ve is a line of a
that we will denote by κe = κeg = Ve ∩ a and call the Kostant line of exponent e.
In this section we task on giving a rather explicit description of these lines.

Remark 14.1. If e 6= f then κe and κf are orthogonal for the Killing form.

Proof. Let s = 〈E,H,F 〉 have the standard relations of an sl2-triple and let 0 6=
v+
e ∈ Ve belong to the highest restricted weight space, so adE ·v+

e = 0. By definition
one has 0 6= ke = ad(F )e(v+

e ) ∈ κe. By associativity of the Killing form one has

(ke, kf ) = (−1)e+f
(
(adF )e(v+

e ), (adF )f (v+
f )
)

= (−1)f
(
v+
e , (adF )e+f (v+

f )
)
.

However if e > f then (adF )e+f (v+
f ) = 0, so, (ke, kf ) = 0. �

Remark 14.2. Kostant lines κe are fixed by the longest element of the Weyl group
of Ad for even exponent e, and are anti-fixed for odd exponent e.

14.1. A, B and C. If we denote by f(x) = x(d−x), then the triple {E,F,H} below
spans a principal sl2 of sld(R), denoted by s :

H = diag(d− 1, d− 3, . . . , 1− d),

E =


1

1

 and F =



0

f(1)
f(2)

f(d− 1) 0

 .

Consider the matrix product Ee = E · · ·E and define the Kostant vector

κe := (−1)e(adF )e(Ee) =
[
· · ·
[
[Ee, F ], F

]
· · ·F

]
.

For every e ∈ J1, dK the Ee is annihilated by adE and is an eigenvector of adH
of eigenvalue 2e. The space span{(adF )l · Ee : l ∈ Z≥0} is thus an ad s-module of
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dimension 2e+ 1. The 0-restricted weight space R · (adF )e(Ee) is the Kostant line
κe and thus κe ∈ κe − {0}.

Denote by πi,j , for i, j ∈ J1, dK, the elementary matrix whose only non-vanishing
entry is (j, i), and this entry is 1, this is to say, πi,j is the operator sending ej 7→ ei
and ek 7→ 0 for every k 6= j. We simplify πi,i as πi. Elementary computation gives:

[πi,j , πl,t] =


0 if i 6= t, l 6= j,
πi,t if i 6= t, j = l,

πi − πj if i = t, l = j,
−πl,j if i = t, l 6= j.

(14.1)

Also, with this notation one has

Ee =

d−e∑
j=1

πj,e+j and F =

d−1∑
i=1

f(i)πi+1,i. (14.2)

Proposition 14.3. One has that

κe = (−1)e
d−e∑
l=1

(
f(l) · · · f(l + e− 1) ·

e∑
t=0

(−1)t
(
e

t

)
πl+e−t

)
=

d∑
j=1

πj
( e∑
t=0

(−1)t
(
e

t

)
f(j − t) · · · f(j − t+ e− 1)

)
. (14.3)

For example one has

κ2 = 2

d∑
j=1

(
d2 + 3d(1− 2j) + 6j(j − 1) + 2

)
πj ,

κ3 = 6

d∑
j=1

(−2j + 1 + d)(d2 − 10dj + 10j2 + 5d− 10j + 6)πj ,

κd−1 = f(1) · · · f(d− 1)

d∑
j=1

(−1)j−1

(
d− 1

d− j

)
πj . (14.4)

Proof. We compute (adF )e(Ee). Using Equation (14.2) this translates to comput-
ing the brackets[ d−1∑

i=1

f(i)πi+1,i,
[
· · · ,

[ d−1∑
i=1

f(i)πi+1,i,

d−e∑
j=1

πj,e+j
]
· · ·
]]
,

for which we use the elementary computations in Equation (14.1). To do so, we use
a recursive argument, for which we compute the bracket [F, a(l, t)πl,t] for arbitrary
l, t ∈ J1, dK and some real-valued function a. Direct computation gives then

[F, a(l, t)πl,t] = a(l, t)
(
f(l)πl+1,t − f(t− 1)πl,t−1

)
.

Applying again [F, ·], the term πl+1,t−1 will appear once for each factor πl+1,t

and πl,t−1, with coefficient f(l)f(t−1)(−1)2. If one further applies [F, ·] one readily
sees the binomial coefficients with the alternating signs appearing as the coefficient
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of πl+k−j,t−j (together with the corresponding f ’s), this is to say

(adF )k(πl,t) = f(l) · · · f(l + k − 1)πl+k,t

+

k−1∑
i=1

f(l) · · · f(l + k − i− 1) · f(t− 1) · · · f(t− i)(−1)i
(
k

i

)
πl+k−i,t−i

+ (−1)kf(t− 1) · · · f(t− k)πl,t−k (14.5)

Thus, replacing t = l + e and k = e one has:

(adF )e(πl,l+e) = f(l) · · · f(l + e− 1)πl+e,l+e

+

e−1∑
i=1

f(l) · · · f(l + e− i− 1) · f(l + e− 1) · · · f(l + e− i)(−1)i
(
e

i

)
πl+e−i,l+e−i

+ (−1)ef(l + e− 1) · · · f(l + e− e)πl,l+e−e

= f(l) · · · f(l + e− 1)

e∑
i=0

(−1)i
(
e

i

)
πl+e−i. (14.6)

Summing on l from 1 to d− e gives the first required formula.
The second equality is not completely immediate from the first so we quickly

explain how it is obtained. By standard reordering of the sum one gets:

κe = (−1)e
( d−e∑
l=1

f(l) · · · f(l + e− 1) ·
e∑
t=0

(−1)t
(
e

t

)
πl+e−t

)
= (−1)e

e∑
s=0

(−1)e−s
d−e∑
j=1

((e
s

)
f(j) · · · f(j + e− 1)

)
πj+s (s = e− t)

=

e∑
s=0

(−1)s
d−e+s∑
i=s+1

((e
s

)
f(i− s) · · · f(i− s+ e− 1)

)
πi (i = j + s).

One observes then that for every i ∈ J1, sK the number f(i−s) · · · f(i−s+e−1) =
0, since i − s ≤ 0 and i − s + e − 1 ≥ 0 (recall s ∈ J0, eK), so one can extend the
lower index of the sum in i in the above formula to starting from i = 1 and the
sum will be unchanged. Analogous reasoning allows to extend the upper index of
the sum (recall f(x) = f(d− x)) so the proof is complete. �

We need the following to describe adjoint factors in the Hitchin component.

Lemma 14.4 (Exponents are shifted). Consider e, k ∈ J2, d − 1K then the vector
[[F,Ee], Ek] ∈ R · Ee+k−1. Moreover, for k ≤ d− 3, [[F,E3], Ek] 6= 0.

Proof. The centralizer of E has dimension d− 1 (Kostant [46, Corollary 5.3]). It is
thus spanned, as a vector space, by {El : l ∈ J1, d− 1K}. The first assertion of the
lemma follows by the combination of two straightforward calculations:

adE
([

[F,Ee], Ek
])

= [adE([F,Ee]), Ek] =
[
[H,Ee], Ek

]
= 2e[Ee, Ek] = 0;

adH
([

[F,Ee], Ek
])

=
[

adH([F,Ee]), Ek
]

+
[
[F,Ee], adH(Ek)

]
= (2e− 2 + 2k)

[
[F,Ee], Ek

]
.
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Indeed, the first computation gives that the desired element belongs to the span
of {El : l ∈ J1, d − 1K}, and the second asserts that it is an eigenvector of adH of
eigenvalue 2(e+ k − 1), giving the desired conclusion.

To show that [[F,E3], Ek] 6= 0 if k ≤ d− 3 we use Eq. (14.1). One has

[F,E3] =

d−3∑
j=1

f(j)πj+1,j+3 − f(j + 2)πj,j+2.

Since we intend to further bracket with Ek =
∑d−k
l=1 π

l,k+l we observe that

[πj+1,j+3, πl,k+l] =

 πj+1,k+j+3 if l = j + 3,
−πj+1−k,j+3 if k + l = j + 1,

0 otherwise,

where both non-vanishing options cannot simultaneously occur (since k 6= −2).
Similarly one has

[πj,j+2, πl,k+l] =

 πj,j+k+2 if l = l + 2,
−πj−k,j+2 if k + l = j,

0 otherwise.

Putting together the last three equations, one has[
[F,E3], Ek

]
=

d−3∑
j=1

f(j)
(
πj+1,k+j−3−πj+1−k,j+3

)
− f(j+ 2)

(
πj,j+k+2−πj−k,j+2

)
.

We show then that the coefficient of [[F,E3], Ek] in π1,k+3 is non-zero. Indeed it is

−f(3) + f(k + 3)− f(k) = −6k 6= 0

if k ≤ d− 4 or −2f(3) 6= 0 if k = d− 3. �

Proposition 14.5 (Adjoint Factors).
- Let g = so(n, n + 1) or sp(2n,R) and φ : g → sl(d,R) be the defining

representation. Then as an ad(φ g)-module one has

sl(d,R) = φ2$α1
⊕ φ$α2

.

These two factors also correspond to the decomposition of sl(d,R) in odd
versus even exponents. Moreover, for each factor one has θ = ∆ and for
any X0 ∈ a+ the cone of (φ, X0)-compatible elements is Xφ = a+.

- Let now G2 be a real-split form of the exceptional complex Lie algebra of type
G2 and let φ : G2 → sl7(R) be the fundamental representation associated to
the short root. Then φ(G2) has three adjoint factors given by V1 ⊕ V5, V3

and V2⊕V4⊕V6 and for each factor the same conclusion as in the previous
item holds.

Proof. We focus on the first item, the second following similarly but with more
involved computations that we omit. Using the computation for the exponents of
g in Table 2 one sees that φ(g) =

∑
odd e Ve is an irreducible factor. Moreover,

as [F,E3] ∈ φ(g), Lemma 14.4 implies that all even exponents belong to the same
irreducible factor, giving the result. The second statement follows readily as, by
direct computation, the weights of ad(φ) are integer multiples of simple roots of g
and every root appears as a weight in each of the factors. The G2 case follows by
explicit verification. See Figure 4. �
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β α

∆+ = {α, β, α+ β, 2α+ β, 3α+ β, 3α+ 2β}

$α = 2α+ β

Figure 4. Hasse diagram for the 7-dimensional irreducible representa-
tion of G2, which is the fundamental representation of the short root,
together with the corresponding set of weights (in black).

14.2. Cleaner formulae for κe. We proceed to a more explicit computation of
κe. To this end, consider the (finite) difference operator defined, for g : R→ R, by

4g(x) = g(x+ 1)− g(x).

We also consider, for a real number z ∈ R (a slight modification of) the falling
factorial notation: for k ∈ N we let

zk = z(z − 1) · · · (z − k + 1),

with the convention that z0 = 1, in particular 00 = 1, and for later use we define
z−k = 0. For a function g, we let g(x)k be the k-th falling factorial applied to the
real number g(x). Straightforward computations yield the following rules.

Lemma 14.6. For every k ∈ N one has

i) 4kg(x) =

k∑
i=0

(−1)i
(
k

i

)
g(x+ k − i);

ii) a Leibnitz rule 4k(gh)(x) =

k∑
i=0

(
k

i

)
4ig(x)4k−ih(x+ i);

iii) 4xk = kxk−1 and if we let r(x) = l − x for some l ∈ R, then

4
(
r(x)

)k
= −kr(x+ 1)k−1.

Considering the function gd,e(x) = d+ e− x, together with

Fd,e(x) = f(x− e)f(x− e+ 1) · · · f(x− 1) = (x− 1)e ·
(
gd,e(x)

)e
, (14.7)

Proposition 14.3 yields

κe =

d∑
j=1

πj
( e∑
t=0

(−1)t
(
e

t

)
Fd,e(j − t+ e)

)
=

d∑
j=1

πj4eFd,e(j),
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where the last equality comes from Lemma 14.6. We compute then4eFd,e(x) using
the Leibnitz rule applied to the product Fd,e(x) = (x− 1)e · (gd,e(x))e.

4eFd,e(x) =

e∑
i=0

(
e

i

)
4i(x− 1)e4e−i(gd,e(x+ i))e

=

e∑
i=0

(−1)e−i
(
e

i

)
e!

(e− i)!
(x− 1)e−i

e!

i!

(
gd,e(x+ e)

)i
= (−1)ee!

e∑
i=0

(−1)i
(
e

i

)2

(x− 1)e−i
(
gd,e(x+ e)

)i
.

In order to decide whether κe belongs to the kernel of a simple root σj ∈ ∆ we
compute −σj(κe) = 4e+1Fd,e(j), which we write, by Lemma 14.6, as

4e+1Fd,e(x) =

e+1∑
i=0

(
e+ 1

i

)
4i(x− 1)e4e+1−i(gd,e(x+ i))e

=

e+1∑
i=0

(−1)e+1−i
(
e+ 1

i

)
e!

(e− i)!
(x− 1)e−i

e!

i− 1!

(
gd,e(x+ e+ 1)

)i−1

= (−1)e+1(e+ 1)!

e∑
i=1

(−1)i
(
e

i

)(
e

i− 1

)
(x− 1)e−i

(
d− 1− x

)i−1
.

We record the above computations in the following lemma.

Lemma 14.7. One has

κe = (−1)ee!

d∑
j=1

πj
( e∑
t=0

(−1)t
(
e

t

)2

(j − 1)e−t(d− j)t
)

;

σj(κ
e) = (−1)e(e+ 1)!

e∑
t=1

(−1)t
(
e

t

)(
e

t− 1

)
(j − 1)e−t

(
d− 1− j

)t−1
. (14.8)

Remark 14.8. In particular one has $1(κe) = e!(d− 1)e > 0.

14.3. Type D. Consider a 2n-dimensional real vector space equipped with a bilin-
ear form ω of signature (n, n) and let SOn,n be the volume preserving automor-
phisms of ω. Let also x 7→ x∗ be the adjoint operator defined by ω, then

so(n, n) = {x ∈ sl(2n,R) : x+ x∗ = 0}.

Consider a non-isotropic line ` and its orthogonal complement `⊥ for ω.
We have then an ω-preserving involution i with i|` = − id and i|`⊥ = id, which

gives an involution i : SOn,n → SOn,n defined by g 7→ igi. The group of fixed
points of i is the subgroup of SOn,n that stabilizes `. For g ∈ Fix i, the restriction
g 7→ g|`⊥ gives an isomorphism of (Fix i)0 with a special orthogonal group of
signature (n− 1, n).

The differential dei : son,n → son,n coincides with x 7→ ixi and is a Lie-algebra
involution giving a decomposition

son,n = Lie(Fix i)⊕ {x ∈ son,n : dei(x) = −x}. (14.9)
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sl3(R) sl4(R) sl5(R) sl6(R)

κ1 (2, 0,−2) (3, 1,−1,−3) (4, 2, 0,−2,−4) (5, 3, 1,−1,−3,−5)

κ2 (4,−8, 4) 12 · (1,−1,−1, 1) 12 · (2,−1,−2,−1, 2) 8 · (5,−1,−4,−4,−1, 5)

κ3 36 · (1,−3, 3,−1) 144 · (1,−2, 0, 2,−1) 72 · (5,−7,−4, 4, 7,−5)

κ4 576 · (1,−4, 6,−4, 1) 2880 · (1,−3, 2, 2,−3, 1)

κ5 14400 · (1,−5, 10,−10, 5,−1)

sl7(R) sl8(R)

κ1 (6, 4, 2, 0,−2,−4,−6) (7, 5, 3, 1,−1,−3,−5,−7)

κ2 12 · (5, 0,−3,−4,−3, 0, 5) 12 · (7, 1,−3,−5,−5,−3, 1, 7)

κ3 720 · (1,−1,−1, 0, 1, 1,−1) 180 · (7,−5,−7,−3, 3, 7, 5,−7)

κ4 2880 · (3,−7, 1, 6, 1,−7, 3) 2880 · (7,−13,−3, 9, 9,−3,−13, 7)

κ5 86400 · (1,−4, 5, 0,−5, 4,−1) 43200 · (7,−23, 17, 15,−15,−17, 23,−7)

κ6 518400 · (1,−6, 15,−20, 15,−6, 1) 3628800 · (1,−5, 9,−5,−5, 9,−5, 1)

κ7 25401600 · (1,−7, 21,−35, 35,−21, 7,−1)

Table 3. The Kostant vectors of sld(R) for d ∈ J3, 8K.

If x ∈ sl(2n,R) is anti-fixed by dei then one readily observes that x(`) ⊂ `⊥ and
x(`⊥) ⊂ `. We can easily describe then the anti-fixed subspace of so(n, n) as

{x ∈ son,n : dei(x) = −x} =
{
x− x∗ : x ∈ hom(`, `⊥)

}
.

It is a 2n− 1-dimensional vector space and an irreducible Lie(Fix i)-module.
If s is a principal sl2 of son,n then it stabilizes a non-isotropic line, which we can

assume to be `, and acts irreducibly on `⊥, so we conclude that

Vn−1,a := {x : dei(x) = −x}

is an irreducible s-factor of dimension 2(n− 1) + 1.
The a in the notation solves an ambiguity issue when n is even. Indeed, observe

from Table 2 that two situations occur for son,n. If n is odd, the exponent n − 1
occurs with multiplicity one and is the only even exponent of son,n. However if n is
even, there are two s-adjoint factors of dimension 2(n− 1) + 1. One of these factors
is contained in Fix dei, and the other one is Vn−1,a.

Let ason,n = Rn be a Cartan subspace of son,n and consider the set of simple
roots ∆ = {σ1, . . . ,σn−1,αn} where σi(a) = ai − ai+1 and αn(a) = an−1 + an.
We can choose a Cartan subspace ason−1,n

of Fix i that is embedded in ason,n as
{a ∈ Rn : an = 0}. The involution dei acts on ason,n as

i := (a1, . . . , an) 7→ (a1, . . . ,−an).

It sends σn−1 to αn and fixes the other roots so it is the opposition involution i of
ason,n . Moreover, the Kostant line associated to the anti-fixed factor is

κn−1,a := R · (0, . . . , 0, 1).

The other Kostant lines are those of son−1,n inside ason,n via the above inclusion.
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Figure 5. The irreducible representation so(3, 4) → so(4, 4).

14.3.1. Triality. We now deal with the special case D4. In this special case the
Dynkin diagram has an order three automorphism τ that fixes σ2 and σ1 7→ σ3,
σ3 7→ α4 and α4 7→ σ1, see Equation (14.10).

σ1

σ3

α4

(14.10)

This automorphism can be realized as the orthogonal transformation

τ :=
1

2

( 1 1 1 −1
1 1 −1 1
1 −1 1 1
1 −1 −1 −1

)
: aso4,4

→ aso4,4
.

This automorphism can also be extended to an external automorphism of τ :
so4,4 → so4,4 whose fixed point set Fix τ = φ$α(G2). Moreover, the involution
τ i τ−1 of aso4,4

has fixed-point set the image φα(so3,4) of the fundamental repre-
sentation for the short root of so3,4, see Figure 5. The adjoint factors of φα(so3,4)
are then

so4,4 =
(
τ(V1 ⊕ V3 ⊕ V5)

)
⊕ (τ(V3,a)).

Using the explicit formula for τ : aso4,4 → aso4,4 one has

τ(V3,a) ∩ aso4,4
= τ(κ3,a) = R · (−1, 1, 1,−1). (14.11)

This last equation will be needed in the proof of Theorem 15.1.
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15. Pressure degenerations are Lie-theoretic

In this section we prove the following. Recall that for Fuchsian δ ∈ Hg(S) we let

Teδ = H1
Ad δ(π1S, Ve).

Theorem 15.1. Let g be simple split of type A, B, C, D or G2. Consider ρ ∈ Hg(S)
and a length functional ψ ∈ int (Lρ)

∗ then, the pressure form Pψ
ρ is degenerate at

v ∈ TρHg(S) if and only if either of the following situations hold:

- ρ is Fuchsian and

v ∈
⊕

e:ψ(κe)=0

Teδ,

- ρ is self dual, ψ is i-invariant and v is i-anti-invariant.
- g is of type A6 or C3, the Zariski closure of ρ(π1S) is φ$α(G2), ψ(κ3) = 0

and v ∈ H1
Ad ρ(π1S, V3).

- g is of type D4, the Zariski closure of ρ(π1S) is conjugate to φα(SO3,4),
v ∈ H1

Ad ρ

(
π1S, τ(V3,a)

)
and ψ(−1, 1, 1,−1) = 0.

We begin the proof of Theorem 15.1 with some preparation lemmas.

15.1. Preparation Lemmas of independent interest I.

Lemma 15.2. Let δ ∈ Hg(S) be Fuchsian and e an exponent of g. For any non-
zero u ∈ Teδ and every ψ ∈ int (Lδ)

∗ such that ψ(κe) 6= 0 the set of normalized
variations Vψu ⊂ κe has non-empty interior.

Proof. Corollary 13.2 and Equation (2.17) imply that

0 = ∂loghψ = ψ(pψu) ∈ ψ
(
Vψu
)
.

Since kerψ ∩ κe = {0} and Vψu ⊂ κe by Corollary 8.6, the above equation yields
then 0 ∈ Vψu . Since Vψu is convex, if its interior where empty then {0} = Vψu . Thus,
for every γ ∈ π1S one has dλγ(u) = 0, contradicting Theorem 2.33. �

Lemma 15.3. Let ρ ∈ HAd−1
(S) and ψ ∈ int (Lρ)

∗.

(i) If ρ(π1S) has Zariski-closure SO(n, n + 1) or PSp(2n,R) according to the
parity if d, or Zariski-closure φ$α(G2) if d = 7, and if we let g be the
corresponding Lie algebra, then

Vg =
⊕
e even

Ve

is an adjoint factor of ρ and for every non-zero u ∈ H1
Ad ρ(π1S, Vg)

Vψu ⊂ Vg
has non-empty interior.

(ii) If d = 7 and the Zariski closure of ρ(π1S) is φ$α(G2), then for any non-
trivial cocycle u ∈ H1

Ad ρ(π1S, V3) the set Vψu ⊂ κ3 has non-empty interior

and contains {0} in its interior. In particular Pψ(u) 6= 0.

Proof. By Remark 14.2 w0 acts trivially on even exponent spaces, so the first item
is a consequence of Remark 7.1 with Propositions 8.1 and 14.5. To deal with the
second item, we restrict ourselves to φ$α(G2) < SO(3, 4) with Cartan subspace
aso(3,4) = R3, Weyl chamber {a ∈ R3 : a1 ≥ a2 ≥ a3 ≥ 0} and simple roots

σ1(a) = a1 − a2, σ2(a) = a2 − a3 and ε3(a) = a3.
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σ1ε3
Qρ

(aSO(3,4))
∗(aφ$α (G2))

∗

σ2

Figure 6. The critical hypersurface in a∗SO(3,4) of a Hitchin representa-

tion ρ whose Zariski closure is φ$α(G2).

The subalgebra φ$α(G2) has Cartan subspace aφ$α (G2) ⊂ aso(3,4) given by

aφ$α (G2) = {(a1, a2, a1 − a2) : a1, a2 ∈ R}

and simple roots {σ1,σ2}, see Figure 4.
Since aφ$α (G2) = ker(ε − σ1), any convex combination tε − (1 − t)σ1 coincides

with σ1 when restricted to aφ$α (G2). Since hσ1
ρ = 1 by Theorem 13.1, it follows

that the affine line {tε+ (1− t)σ1 : t ∈ R} is contained in the critical hypersurface
Qρ of ρ : π1 → φ$α(G2) < SO(3, 4), see Figure 6. Fix such a combination, ϕ =
(1/2)(ε+ σ1) for example and observe, from Table 3 that κ3 = R · (1,−1,−1) and
that ϕ(1,−1,−1) = 1/2 6= 0.

If we let ρt be tangent to u ∈ H1
Ad ρ(π1S, V3) then again Theorem 13.1 implies

that {ε,σ1} ⊂ Qρt , giving that hϕρt is critical at ρ. We apply now Lemma 15.4(ii)

(with the roles of ϕ and ψ reversed) to obtain that Vψu ⊂ κ3 has non-empty interior.
The last statement now follows from Lemma 15.4(iii). �

15.2. Pressure forms: some information on lower strata. Let now ρ : Γ→ G
be a ∆-Anosov representation and consider an integrable cocycle u ∈ H1

Ad ρ(Γ, g),

we also denote by u ∈ TρX(Γ,G) the associated tangent vector.

Lemma 15.4. Let ρ ∈ A∆(Γ,G) have semi-simple Zariski closure H. Fix ψ ∈
int (Lρ)

∗ and a disjoined adjoint factor VH of H. Consider an integrable cocycle
u ∈ H1

Ad ρ(Γ, VH) such that there exists γ ∈ Γ with dλγ(u) 6= 0, then:

(i) If VH ∩ a ⊂ kerψ, then Pψ degenerates at u.
(ii) If VH ∩ a ∩ kerψ = {0} and dhψ(u) = 0 then for every ϕ ∈ int (Lρ)

∗ with
VH ∩ a ∩ kerϕ = {0} the set Vϕu has non-empty interior and 0 ∈ intVϕu .

(iii) If VH ∩ a∩ kerψ = {0} and Pψ(u) = 0 then Vψu is reduced to a point and is
non-zero.

(iv) Assume H has rank 1. If ψ,ϕ ∈ int (Lρ)
∗ both have kernel whose inter-

section with VH ∩ a vanishes, then there exists c > 0 such that for all
v ∈ H1

Ad ρ(Γ, VH) one has Pψ
ρ (v) = cPϕ

ρ (v).

Proof. Corollary 8.6 implies that for all γ ∈ Γ

dλγ(u) ∈ VH ∩ a. (15.1)
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If we assume that VH ∩ a ⊂ kerψ then Vψu ⊂ kerψ and thus Remark 2.29 shows
degeneracy. If VH ∩ a ∩ kerψ = {0} then necessarily dimVH ∩ a = 1 and Vψu is an
interval contained in this line (possibly reduced to a point).

Let us deal now with item (ii), we first establish the result for ψ and deal after-
wards with the general case. Since dhψ(u) = 0 Eq. (2.17) gives that ψ(pψu) = 0,
however pψu ∈ Vψu ⊂ VH ∩ a which only intersects kerψ at {0}. We conclude that

pψu = 0 ∈ Vψu .

If Vψu = {0} then for all γ ∈ Γ dλγ(u) = 0 contrary to our assumptions. We
obtain thus that Vψu is an interval with non-empty interior. This implies in turn

that ψ(~J) and ψ(J) are not Livšic-cohomologous and thus that 0 = pψu ∈ intVψu .
This gives item (ii) for ψ but also gives a bit more: there exists γ, h ∈ Γ such that

ψ(dλγ(u)) < 0 < ψ(dλh(u)). (15.2)

If ϕ ∈ int (Lρ)
∗ is such that VH∩a∩kerϕ = {0}, then there exists c 6= 0 withϕ|VH∩

a = cψ|VH ∩ a. Assume that c > 0, then Equation (15.2) yields

ϕ(dλγ(u)) < 0 < ϕ(dλh(u)),

which implies that ϕ(Vϕu ) is an interval with 0 in its interior, giving the result.
We now deal with item (iii). If Pψ(u) = 0 then Remark 2.29 implies that Vψu is

contained in a level set of ψ, and is thus a point. If it where zero, for every γ ∈ Γ
we have dλγ(u) = 0. Since we assumed this was not the case, Vψu 6= {0}.

We now focus on item (iv), se we assume H has rank 1. As before VH ∩ a is
one-dimensional. Then one has:

- there exists c > 0 such that for every u ∈ aH one has ϕ(u) = cψ(u),
- there exists C 6= 0 such that for every v ∈ VH ∩ a one has ϕ(v) = Cψ(v).

Consequently, for every v ∈ H1
Ad ρ(Γ, VH) Equation (15.1) implies that ϕ(~Jv) =

Cψ(~Jv) and ϕ(Jρ) = cψ(Jρ). Moreover, Corollary 2.17 implies then that

∂

∂t

∣∣∣
t=0

hϕρtϕ(Jρt) =
C

c

∂

∂t

∣∣∣
t=0

hψρtψ(Jρt).

Thus,

Pϕ
ρ (v) =

var
(
∂
∂t

∣∣∣
t=0

hϕρtϕ(Jρt),m−hϕρ ϕ(J)

)
h
ϕ
ρ

∫
ϕ(Jρ)dm−hϕρ ϕ(J)

=
var
(
C
c
∂
∂t

∣∣∣
t=0

hψρtψ(Jρt),m−hψρ ψ(J)

)
h
ψ
ρ

∫
ψ(Jρ)dm−hψρ ψ(J)

=
C2

c2
Pψ
ρ (v).

�

15.3. Pressure forms at the Fuchsian locus I. For a Fuchsian δ we have

TρHAd−1
(S) =

⊕
e exponent

Teδ. (15.3)

Let e ∈ J1, d− 1K and let q ∈ H0(Ke+1) be a holomorphic differential of degree
e + 1 on the Riemann surface associated to δ. The Hitchin parametrization pro-
vides a normalized deformation Ψ(q) ∈ TδHAd−1

(S) as in Labourie-Wentworth [52],

moreover [52, Corollary 3.5.2] implies that if we let [u]Ψ(q) ∈ H1
Ad δ

(
π1S, sld(R)

)
be
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the associated cocycle then [u]Ψ(q) ∈ Teδ, and [52, Proposition 6.5.7] states that if

p ∈ H0(Kf+1) with f 6= e then

P$1

δ

(
Ψ(q),Ψ(p)

)
= 0. (15.4)

We can now establish the following.

Lemma 15.5. Let g have type A, B, C, D, or G2. Let δ ∈ Hg(S) be a Fuchsian
representation, then for every ψ ∈ int (Lδ)

∗ and exponents e 6= f the subspaces Teδ
and Tfδ are Pψ

δ -orthogonal.

Proof. Since κe is 1-dimensional and does not lie in ker$1 (Remark 14.8), there
exist ce ∈ R− {0} such that ψ|κe = ce$1|κe.

Consider now u ∈ Teδ and v ∈ Tfδ, and write [u] = [u]Ψ(q) for some holomorphic

differential q and similarly for v and a differential p. Corollary 8.6 implies that ~Ju

has values in κe and ~Jv has values in κf , and thus

ψ(~Ju) = ce$1(~Ju),

ψ(~Jv) = cf$1(~Jv).

Moreover, since δ is Fuchsian the argument of Lemma 15.4(iv) yields, by Eq (15.4)

Pψ
δ

(
Ψ(p),Ψ(q)

)
=
cecf
c21

P$1

δ

(
Ψ(p),Ψ(q)

)
= 0.

This deals with types A, B, C and G2, and for all exponents for the type Dk

except κk−1,a. However by § 14.3 the decomposition H1
Ad δ(π1S, so(k − 1, k)) ⊕

H1
Ad δ(π1S, Vk−1,a) consists on fixed and anti-fixed point of the involution dδi

X,
which is an isometry of Pψ by Lemma 2.28, yielding the result. �

15.4. Proof of Theorem 15.1. By means of Theorem 13.4, we proceed with an
analysis according to the Zariski closure of ρ(π1S). If ρ(π1S) is Zariski-dense then
Corollary 11.4 implies that every ψ ∈ int (Lρ)

∗ induces a Riemannian Pψ.
At the other end, if ρ = δ is Fuchsian then we have

TδHg(S) =
⊕

e exponent

Teδ. (15.5)

If follows from Lemma 15.5 that, for type A, B, C, D and G2, the above decom-

position is orthogonal for every pressure form Pψ
δ . So we study each Teδ.

Item (i) from Lemma 15.4 implies that Pψ degenerates on every Teδ with κe ⊂
kerψ. We have to show thus non-degeneracy of Pψ on the adjoint factors with
ψ(κe) 6= 0. Let e be such that this happens.

Lemma 15.2 states that the set of normalized variations Vψv has non-empty in-
terior. If Pψ degenerates in Teδ then Lemma 15.4(ii) states that Vψv is reduced to a
point, yielding thus a contradiction. This concludes the Fuchsian points.

We deal now with type A and intermediate strata, i.e. ρ(π1S) has Zariski-closure
either SO(n, n+ 1) or PSp(2n) according to the parity of d (we deal later with the
G2-case), let g be the associated Lie algebra. In this situation, by Proposition 14.5,
g =

⊕
e odd Ve and Vg =

⊕
e even Ve are the two adjoint factors.

The first factor is settled by Corollary 11.4, so we focus on the latter. Lemma
15.3 states that for any ψ ∈ int (Lρ)

∗ the set Vψv has non-empty interior. So the
only possibility for Vψv to be contained on a level set if ψ is that Vg ⊂ kerψ, or
equivalently ψ is i-invariant. Thus if ψ is not i-invariant then both restrictions
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Pψ|H1
Ad ρ(π1S, g) and Pψ|H1

Ad ρ(π1S, Vg) give definite pressure forms. To conclude
it suffices to show that

H1
Ad ρ(π1S, g) ⊥Pψ H

1
Ad ρ(π1S, Vg).

However, by Corollary 2.28 the involution iX is an isometry of Pψ and the decom-
position above coincides with the decomposition

TρHAd−1
(S) = Fix dρi

X ⊕ Fix(−dρiX),

thus the decomposition is Pψ-orthogonal, giving non-degeneracy on TρHAd−1
(S).

We finally deal with the case where ρ(π1S) has Zariski-closure φ$α(G2), this is
the most involved case. By Proposition 14.5 there are three adjoint factors

sl7(R) = V3 ⊕
(
V1 ⊕ V5)⊕

(
V2 ⊕ V4 ⊕ V6)

= V3 ⊕ φ$α(G2)⊕
(
V2 ⊕ V4 ⊕ V6).

By Corollary 11.4 Pψ is non-degenerate on deformations along V1⊕V5 = φ$α(G2).
The factors V2 ⊕ V4 ⊕ V6 and V3 are dealt with in Lemma 15.3 items (i) and (ii)
respectvely. This deals with the adjoint factors individually. As in the previous
paragraph, the H1 associated to even exponents and the H1 associated to odd ex-
ponents are Pψ-orthogonal, so to prove non-degeneracy it remains to understand
the restriction of Pψ to H1

Ad ρ(π1S, V3) ⊕H1
Ad ρ(π1S, V1 ⊕ V5). As each factor has

already been dealt with, we consider non-vanishing u3 and u1,5 in H1
Ad ρ(π1S, V3)

and H1
Ad ρ(π1S, V1 ⊕ V5) respectively and study the deformation associated to

u = u3 + u1,5 ∈ H1
Ad ρ(π1S, V3)⊕H1

Ad ρ(π1S, V1 ⊕ V5).

We have to show that any ψ ∈ int (Lρ)
∗ verifies Pψ(u) 6= 0.

In this situation, we can restrict ourselves to SO(3, 4) with Cartan subspace
aso(3,4) = R3, Weyl chamber {a ∈ R3 : a1 ≥ a2 ≥ a3 ≥ 0} and simple roots

σ1(a) = a1 − a2, σ2(a) = a2 − a3 and ε3(a) = a3.

The subalgebra φ$α(G2) has Cartan subspace aφ$α (G2) ⊂ aso(3,4) given by

aφ$α (G2) = {(a1, a2, a1 − a2) : a1, a2 ∈ R}

and simple roots {σ1,σ2}, see Figure 4. The proof of non-degeneracy is split into:

(i) σ2 ∈ suppψ,
(ii) σ2 /∈ suppψ.

We deal first with item (i), the proof uses Lemma 10.9 applied to ψ = ϕ, so we

assume by contradiction that Pψ(u) = 0, or equivalently that ψ(~J) and cψ(J) are
Livšic-cohomologous for some c 6= 0. By Theorem 13.1 hσ1

ρ = hσ2
ρ = 1 so Theorem

2.16 implies that there exists γ ∈ π1S such that

σ2(ργ) < σ1(ργ) = ε3(ργ).

Since by assumption σ2 ∈ suppψ we have σ2 strictly minimizes ρ(γ) among suppψ
and we can apply Lemma 10.9 (with α = σ2). Moreover, by Proposition 13.3,
every non-commuting pair g, h ∈ π1S has images ρ(g), ρ(h) that are ∆-transversally
proximal. By Benoist [3, Proposition 5.1], and because i = id in this case, we find a
subgroup Γ ′ < π1S such that ρ(Γ ′) ⊂ φ$α(G2) is Zariski-dense, ∆-Anosov and has
limit cone contained in {a : σ2(a) < σ1(a)}. So applying Lemma 10.9 we see that

VJv|Γ ′ ⊂ kerσ2. (15.6)
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However, the representation AdSO(3,4) |φ$α(G2) is disjoined, indeed it has only
two factors and one of them has more restricted weights than the other (recall
Definition 6.3), whence Corollary 8.6 states that VJv|Γ ′ has non-empty interior
and cannot be contained in kerσ2.

We now turn to item (ii), i.e. σ2 /∈ suppψ. Since we’re working in SO(3, 4) we
think of ψ as an element of a∗SO(3,4), which is spanned by the fundamental weights

$σ1(a) = a1, $σ2(a) = a1 + a2, $ε3(a) = a1 + a2 + a3.

Since, by assumption σ2 /∈ suppψ, up to scaling ψ, which does not change the
pressure form Pψ, we have that for some b ∈ R, either of the following hold:

ψ = $σ1
+ b$ε3 or ψ = b$σ1

+$ε3 .

Assume the first one holds (the other is analogous), so ψ = $σ1 + b$ε3 .
The form ψ, on aφ$α (G2) = κ1 ⊕ κ5, verifies

ψ(a1, a2, a1 − a2) = a1 + b(a1 + a2 + (a1 − a2)) = (1 + 2b)$σ1(a),

and one has moreover $σ1
|κ3 = −$ε3 |κ3 so, upon writing v = v3 + v1,5 in the

decomposition κ3 ⊕ (κ1 ⊕ κ5),

ψ(v) = ψ(v3) + ψ(v1,5) = −b$σ1
(v3) + (1 + 2b)$σ1

(v1,5)

= $σ1

(
− bv3 + (1 + 2b)v1,5

)
.

Assuming by contradiction that there exists c 6= 0 such that for all γ ∈ π1S one
has ψ(dλγ(u))) = cψ(λ(ργ)) we obtain that, for all γ one has

$σ1

(
− bdλγ(u)3 + (1 + 2b)dλγ(u)1,5

)
= c(1 + 2b)$σ1

(
λ(ργ)

)
.

Considering u′ = −bu3 + (1 + 2b)u1,5, linearity of the Margulis invariants gives

dλγ(u′) = −bdλγ(u)3 + (1 + 2b)dλγ(u)1,5,

so one has
$σ1(dλγ(u′)) = c(1 + 2b)$σ1

(
λ(ργ)

)
.

Since ρ(π1S) acts irreducibly on R7 we can apply Theorem 2.33 to obtain that
u′ is trivial, giving that either u3 or u1,5 is trivial which contradicts our starting
assumption. This completes the proof for types A, and thanks to the inclusions
(13.1) we have also dealt with types B, C and G2.

We end this section dealing with type D, so let ρ ∈ H(S,Dn) with n ≥ 5 (we
deal later with D4) and ψ ∈ int (Lρ)

∗.
As before we make use of the classification of Zariski closures of ρ(π1S). By

Carvajales-Dey-Pozzetti-Wienhard [19, Lemma 7.6] the Zariski-closure is semi-

simple and Theorem 13.4 gives thus that ρ(π1S)Z is:

- SO(n, n), in which case Corollary 11.4 implies that Pψ is Riemannian;
- a principal SL2, this case is dealt with by Lemmas 15.2 and 15.5;
- a representation SO(n− 1, n)→ SO(n, n) stabilizing a non-isotropic line.

It remains to deal with the last item. In this case we have a group involution
i of SO(n, n) whose fixed points are the corresponding SO(n − 1, n). Thus, Ad ρ
has two adjoint factors given by Equation (14.9), which are the fixed points and
anti-fixed point set dei; Corollary 2.28 implies that

H1
Ad ρ(π1S,Fix dei) ⊥Pψ H

1
Ad ρ(π1S,AntiFix dei) (15.7)

so we only have to deal with each factor independently.
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One factor corresponds to deformations inside SO(n − 1, n) and is settled by
Corollary 11.4, the other one has one-dimensional neutralizing space, namely κn−1,a

which is dealt with by means of the combination if items (ii) and (iii) of Lemma 15.4.
Indeed, we only need to find a linear form ϕ ∈ int (Lρ)

∗ whose entropy has vanishing
derivative along a given u ∈ H1

Ad ρ(π1S, Vn−1,a). If we let ason,n = Rn be a Cartan

subspace of son,n and consider the set of simple roots ∆ = {σ1, . . . ,σn−1,αn} then
the Cartan subspace of ason−1,n

is ker(σn−1 −αn). Since by Theorem 13.1 ∆ ⊂ Qη
for every η ∈ HDn(S), the linear form (1/2)(σn−1 + αn) has critical entropy at ρ
(the argument is verbatim from the G2-case in Figure 6), as desired.

We finally deal with D4. The above discussion holds verbatim, except that we
have one more possibility for the Zariski closure of ρ(π1S), namely the fundamental
representation for the short root of SO(3, 4). From § 14.3.1 the adjoint factors of
Ad ρ are deformations along SO(3, 4) and cocycles with values in τ(V 3,a), these
spaces correspond also to fixed and anti-fixed points of a Lie-algebra involution
(namely τiτ−1), and the above discussion works verbatim, giving, by Equation
(14.11), the resulting condition for ψ to have degenerate pressure form.

16. Pressure forms at the Fuchsian locus II

We restrict now to g = sl(d,R). Recall from Labourie-Wentworth [52] that if
δ is Fuchsian and q is a holomorphic differential over Sδ, then there is a natural
tangent vector Ψ(q) ∈ TδHAd−1

(S), called the normalized deformation. We will use
our techniques and the results from [52] to homogenize pressure metrics on Ψ(q).

16.1. Description of pressure metrics at the Fuchsian locus. Let us fix $1 ∈
a∗ as reference the functional and consider ψ ∈ a∗ with ψ(κ1) > 0. For each
e ∈ J1, d− 1K we let ce ∈ R be defined by

ψ|κe := ce$1|κe.

Equivalently, by Remark 14.8, ce := ψ(κe)/(e!(d − 1)e). The pressure form Pψ is
defined on Uψ (recall Eq. (2.15)) which, since c1 > 0, contains the Fuchsian locus.
The proof of Lemma 15.4(iv) readily gives:

Proposition 16.1. For every Fuchsian δ and v ∈ Teδ one has Pψ
δ =

(ce
c1

)2

P$1

δ .

16.2. A pressure form compatible at the Fuchsian locus. Consider a Fuch-
sian δ : π1S → PSLd(R), e ∈ J1, d−1K and q ∈ H0(Ke+1) a holomorphic differential
of degree e+ 1 on Sδ. Then Hitchin’s parametrization provides a normalized defor-
mation Ψ(q) ∈ TδHAd−1

(S) and one has the following.

Theorem 16.2 (Labourie-Wentworth [52, Cor. 3.5.2 and Cor. 6.1.2]). Let δ
be Fuchsian, q a holomorphic differential on Sδ of degree e + 1 and [u]Ψ(q) ∈
H1

Ad δ

(
πS , sld(R)

)
the cocycle associated to Ψ(q). Then [u]Ψ(q) ∈ H1

Ad δ

(
πS , Ve) and

P$1

δ

(
Ψ(q)

)
=

(d− 1)!2

2e
(d+ 1)d(d− 1)

3 · 2
(2e+ 1)!

(d+ e)!(d− e− 1)!

∫
S
‖q‖2dareaδ

π|χ(S)|

=
(d− 1)e

(d+ e)e−1

(d− 1)

3

(2e+ 1)!

2e

∫
S
‖q‖2dareaδ

2π|χ(S)|
.

We consider then the following functional.
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Definition 16.3. We let ϕ ∈ a∗ be defined by, for all e ∈ J1, d− 1K,

ϕ|κe =

√
(d+ e)e−1

(d− 1)e
3 · 2e

(dimVe)!(d− 1)
·$1|κe.

By Remark 14.8 $1(κe) 6= 0, whence by definition ϕ(κe) 6= 0 and thus Theorem
15.1 entails that Pϕ is Riemannian on Uϕ. We have:

Corollary 16.4. Let δ be a Fuchsian representation and q ∈
⊕d−1

e=1 H
0(Ke) then

Pϕδ
(
Ψ(q)

)
=

(d− 1)2

2π|χ(S)|

∫
Sδ

‖q‖2dareaδ

and ϕ is the only linear form so that this equation holds at the Fuchsian points.
Thus, there exists λ > 0 so that the operator j defined by Pϕ(u, v) = ω(ju, v)
squares −λ on the tangent space to HAd−1

(S) at the Fuchsian points T(S).

Proof. By Theorem 16.2 [u]Ψ(q) ∈ H1
Ad ρ(π1S, Ve) so the result follows from Theorem

16.2 and Proposition 16.1. The last assertion follows from [52, Lemma 5.1.1]. �

If we want to find the form ϕg restricted to the Hitchin components of type B, C
or G2, then we keep the coefficients of Definition 16.3 for odd exponents and impose
ϕg(κe) = 0 for even exponents, for type G2 we further impose ϕφ$α (G2)(κ3) = 0.

Remark 16.5. Eq. (1.2) contains the computation of ϕ for the rank 2 simple split
algebras, we compute here ϕ for rank 3. These computations are straightforward
consequence of the definition of ϕ and the formulæ for κe from Lemma 14.7:

20ϕsl(4,R)(a) =
(

6 +

√
10

15

)
a1 +

(
4−
√

10

15
−
√

10
√

3

3

)
a2 +

(
2 +

2
√

10

15
−
√

10
√

3

3

)
a3;

35ϕsp(6,R)(a) =
(

5 +
211
√

35

3780

)
a1 +

(
3− 299

√
35

3780

)
a2 +

(
1− 79

√
35

1890

)
a3;

28ϕso(3,4)(a) =
(

3 +

√
42
√

10

90
+

√
42

3780

)
a1 +

(
2−
√

42
√

10)

90
−
√

42

945

)
a2

+
(

1−
√

42
√

10

90
+

√
42

756

)
a3.

17. Hausdorff dimension degenerations

Since Hitchin representations are ∆-positive (Fock-Goncharov [25]), Corollary
12.8 deals with the Hessian of Hausdorff dimension at Zariski-dense points. We
now apply Theorem C to understand degenerations for the lower strata, which
reduces the question to the Fuchsian locus and to two exceptional situations. We
focus on the former. Combining with Theorem 12.6 we get:

Corollary 17.1. Let v ∈ TδHg(S) with δ Fuchsian and σ ∈ ∆. If v ∈ Teδ and
κe ⊂ kerσ, then HessδHffσ(Jv) = 0. If g has classical type then the converse is
also true: if HessδHffσ(Jv) = 0 then v ∈

⊕
e:κe⊂kerσ Teδ.

The question is thus reduced to understanding the triplets (d, e, j) such that

σj(κ
e) = 0. (17.1)

Such line will be called a simple-singular Kostant line. In the following we study
this equation in some situations, however the general case is not understood.



70

17.1. Elementary Families.

Proposition 17.2. The following are simple-singular Kostant lines for Ad−1:

(i) d = 2n, even exponent and the middle simple root σn,
(ii) the second root σ2 and, for every exponent e, d = 1 + e(e+ 1)/2,
(iii) the triplets (d, exponent, root) defined as, for every m ∈ N

(4m+ 3, 2m+ 1, 2m),

(iv) e = 3 and the pairs (d, j) :=
(

4 −5
1 −1

)k(
7
2

)
, for any integer k ≥ 0,

(v) the 4th exponent e = 4 and the pairs (d, j) of the form (d, j) =
(

6 −7
1 −1

)k(
11
2

)
,

or (d, j) =
(

6 −7
1 −1

)k(
17
3

)
, for any integer k ≥ 0.

Proof. Item (i) follows from i-invariance of κe for even e (Remark 14.2). The next
two items follow by direct computation, let us do (iii). Indeed, using Lemma 14.7
and replacing j by 2m, e by 2m+ 1 and d by 4m+ 3 one has

σ2m(κ2m+1)

(−1)e(e+ 1)!
=

2m+1∑
t=1

(−1)t
(

2m+ 1

t

)(
2m+ 1

t− 1

)
(2m− 1)2m+1−t(2m+ 2

)t−1

=

2m+1∑
t=2

(−1)t
(

2m+1
t

)(
2m+1
t−1

) (2m− 1)!

(t− 2)!

(2m+ 2)!

(2m+ 3− t)!

= (2m− 1)!(2m+ 2)

2m+1∑
t=2

(−1)t
(

2m+1
t

)(
2m+1
t−1

)(
2m+1
t−2

)
= 0,

since by considering k = 2m+ 1− t in the above, the sum equals its negative4

The next two also follow from Lemma 14.7 however in these cases one has to
find the integer solutions of an integral equation q = c. For the third exponent one
has q3(d, j) = −d2 + 5dj − 5j2 = 1 which is solved by considering the cyclic group

SO(q3,Z) = 〈
(

4 −5
1 −1

)
〉. The last case is analogous. �

17.2. Degenerations for the 3rd root. We complete the proof of Corollary 1.4.

Corollary 17.3. An element v ∈ Teδ is such that HessδHffσ3
(Jv) = 0 if and only

if the pair (d, e) verifies 1 < e < d and satisfies the Diophantine equation

e4 − 6de2 + 2e3 + 6d2 − 6de+ 11e2 − 18d+ 10e+ 12 = 0. (17.2)

Proof. By Corollary 17.1 we have to solve σ3(κe) = 0 for which Lemma 14.7 gives

e∑
t=1

(−1)t
(
e

t

)(
e

t− 1

)
2e−t

(
d− 4

)t−1
= 0. (17.3)

We begin by observing that 2e−t 6= 0 if and only if e − t ∈ {0, 1, 2}, and that
(d−4)t−1 6= 0 iff t < d−2. Moreover, since t ≤ e and κd−1 is never singular by Eq.
(14.4), we can restrict to t ≤ e ≤ d− 2. If we let p(e, t) denote the general term in
the sum (17.3), then we want to compute the alternated sum

p(e, e)− p(e, e− 1) + p(e, e− 2) = 0,

4We thank Germain Poullot for the above argument.



71

together with the constrain e ≤ d− 2. Explicit computation gives

p(e, e) =
(
e(d− 4)e−3

)
(d− e− 1)(d− e− 2);

p(e, e− 1) =
(
e(d− 4)e−3

)
e(e− 1)(d− e− 1);

p(e, e− 2) =
(
e(d− 4)e−3

)e(e− 1)2(e− 2)

6
.

So alternating the sum and removing the common factor gives Equation (17.2). �

We complete the proof of Corollary 1.4 by solving (17.2) over Z. A first remark
is that it is preserved by the involution (d, e) 7→ (d,−e− 1), so we only need to find
(and care about) its solutions for e ≥ 0.

Proposition 17.4. The integer solutions of (17.2) with e ≥ 0 are

e 0 1 2 4 8

d 2 3 6 17 58
d 1 2 3 6 17

We prove now Proposition 17.4. Clearing the variable d gives d = e2+e+3
2 ±

1
6

√
3(e4 + 2e3 − e2 − 2e+ 3) so we now focus on the Diophantine equation

f(x) := 3(x4 + 2x3 − x2 − 2x+ 3) = y2, (17.4)

which, by means of the rational solution (−1, 3), can be transformed by a Q-
birational map to an elliptic equation:

Lemma 17.5. Consider the elliptic curve over Q defined by

E : y2 = x3 − 147x+ 610. (17.5)

Then rational solutions of Equation (17.4) are parametrized by E(Q) via the maps

X1(x, y) =

(
−−7x+ 35 + y

17 + y − x
, 3
−2x3 + y2 + 9x2 + 28y + 169

(17 + y − x)2

)
;

X2(x, y) =

(
− 7x− 35 + y

−17 + x+ y
, 3
−2x3 + y2 + 9x2 − 28y + 169

(−17 + x+ y)2

)
.

Proof. This is standard given there exists a rational solution of (17.4), in this case
x = −1, y = 3. We begin by replacing x by x− 1 which gives

3x4 − 6x3 − 3x2 + 6x+ 9− y2 = 0,

followed by replacing x by 1/x and y by 3y/x2, which gives, by considering the
numerator

9x4 + 6x3 − 3x2 − 6x+ 3− 9y2 = 0 = x4 +
2

3
x3 − 1

3
x2 − 2

3
x+

1

3
x− y2.

We now replace x by x−2/(3 ·4) and y by x2 +y− (1/6 ·2) to obtain a quadratic
polynomial on x, indeed the additive terms are chosen to make disappear the higher-
degree terms on x. The solutions on x of the obtained quadratic polynomial are

x =
−14±

√
−5832y3 + 2646y + 610

18(6y + 1)
,
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which are obtained by describing the rational solutions of the equation ∆ = v2.
This latter equation is

v2 = −5832u3 + 2646u+ 610 =
(
− 322u

)3 − 147
(
− 322u

)
+ 610,

so replacing −322u by u we obtain the desired elliptic Equation (17.5), and the
composition of the above local change of variables give the stated rational map. �

We now proceed via the Ellog method and, more precisely, use Tzanakis [74].
The Mordel-Weil group of E(Q) consists on one torsion point (5, 0) and the points

R1 = (9, 4) and R2 = (11, 18)

form a basis of the free part. If (x, y) is a rational solution of Equation (17.4) then
via Lemma 17.5 Xi(x, y) ∈ E(Q) and thus can be written as

Xi(x, y) = m0(5, 0) +m1R1 +m2R2

for some integers mi, (with m0 ∈ {0, 1}), additivity denotes the group law of E(Q).
The method consists on providing an upper bound for M = max{|m1|, |m2|}

under the assumption that (x, y) is a pair of integers, which reduces the problem to
an explicit computation that can be carried out by a computer. To find this upper
bound we nedd some data about the curve E, most of the following computations
are computer-assisted and required to work on Maple with 13 decimal digits.

Consider the polynomial q(u) = u3 − 147u+ 610, then

• the solutions to q = 0 are e3 =
−5− 3

√
57

2
, e2 = 5, e1 =

−5 + 3
√

57

2
,

• The discriminant of q is 2659392 and ∆ = 24 ∗ 2659392 = 42550272,

• the minimal real period of E is ω = 2

∫ ∞
e1

dt√
q(t)

� 0.9810124566....

• The fundamental periods are, if M denotes the arithmetic-geometric mean,

ω1 =
2π

M(
√
e1 − e3,

√
e1 − e2)

= 2ω � 1.962095763...,

ω2 =
2π

M(
√
e1 − e3,

√
−1
√
e2 − e3)

� 1.177161295...− 1.128478211...
√
−1.

Since ω2/ω1 does not belong to the Gauss fundamental domain of the mod-
ular surface, we consider

τ =
(

1 0
1 1

)
(−ω2/ω1) � 0.1849446113...+ 1.171782212...

√
−1

with modulus |τ | � 1.186287512...
• The j-invariant is jE = 470596/57 and so the Archimedean contribution to

its height is h∞(j) = log |470596/57| � 9.018703988....

By means of [69, Theorem 1.1] we have, for every p ∈ E(Q), that

ĥ(p)− 1

2
h(x(p)) ≤ h(∆) + h∞(j)

12
+ 1.07 = c11 � 3.285408400... (17.6)

Let h be the logarithmic height, defined for a rational p/q in lowest terms, defined
by h(p/q) = log max{|p|, |q|}, and if (pi/qi) ∈ Qn we let

h(p1/q1, . . . , pn/qn) = log max{q, q|pi|/qi : i ∈ J1, nK},
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where q = lcm{qi : i ∈ J1, nK}. We denote by

hE := max{1, h(−147/4, 610/16), h(jE)}
= h(jE) = log 470596 � 13.06175526....

We will also need the point x0 = 6
√

3− 1 > e1, we let σ = 1 and we consider

R0 =
(
x0, 6(3−

√
3)
)
∈ E(Q(

√
3)).

If we let E0(R) denote the unbounded component of E(R), then for p ∈ E0(R)
with coordinates (u(p), v(p)), the map φ : E0(R)→ R/Z given by

φ(p) :=


0 mod 1 if p = O,
1

ω

∫ ∞
u(p)

du√
q(u)

mod 1 if v(p) ≥ 0,

−φ(−P ) mod 1 if v(p) ≤ 0,

is a group homomorphism. Observe that {R0, R1, R2} ⊂ E0(R). One has

ωφ(R1) � 0.8918445254...

ωφ(R2) � 0.6925571056...

ωφ(R0) � 0.8235278325...

Tzanakis [74] requires us to choose numbers A0, . . . , A3,E such that

A0 ≥ max
{
hE ,

3πω2

|ω1|2I(τ)

}
= hE � 13.06175526....;

Ai+1 ≥ max
{
hE ,

3πω2φ(Ri)
2

|ω1|2I(τ)
, ĥ(Ri) :

}
= max

{
hE , ĥ(Ri)

}
= hE ;

e ≤ E ≤ e min

{
|ω1|
ω
·
√

2A0Iτ

3π
,
|ω1|

ωφ(Ri)
·
√

2Ai+1Iτ

3π
, i = 0, 1, 2

}
;

where we have used Equation (17.6) to find an upper bound of ĥ(Ri), and e is the
Euler number. We can choose then Ai = 13.5 for i = 0, 1, 2, 3, and E = 9. Then we
compute c4, c5 and c6 from [74, § 7] given by David [22, Théorème 2.1]:

c4 = 2.9 · 1030 · 210 · 432 · 580.3(logE)−9(13.5)4

� 2.043497279... · 10110

c5 = log(2E) = log(18)

c6 = log(18) + hE � 15.95212702....

We also consider the regulator matrix associated to the basis {R1, R2}, it is the

matrix associated to the quadratic form on E(Q) defined by 〈P,Q〉 = ĥ(P +Q)−
ĥ(P )− ĥ(Q). We let c1 be its smallest eigenvalue, one has c1 ≤ 0.303868...

We now have to find a constant c9 such that

1

ω

∫ ∞
U

dx√
f(u)

≤ c9
ω

1

U
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which can be easily shown to be c9 = 1/
√

3. We now compute a constant c10 so
that for every u ≥ 1

h
(6
√
Q(u)− 6u+ 18

u2

)
≤ c10 + 2 log u,

and we get c10 = 3. We finally have that the constants c12 = 1 and c13 = 0 and we
obtain the first upper bound on M ≥ 16:

c1M
2 ≤ log c9 +

1

2
c10 + c11 + c4(logM + c5)(log logM + c6)5,

which gives M ≤ 6.123 · 1059.
We now proceed with the reduction of the upper bound for M applying [74, § 5].

Since R0 does not belong to E(Q), the R/Z elements

{φ(R0), φ(R1), φ(R2)}
are linearly independent over Q, and thus our situation is Case 2 in that section, we
are hence bound to use [74, Proposition 4], which gives the reduction M ≤ 30. At
this point we proceed with a case by case computation using, for example, Maple.
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1997. (Cited on pages 2, 3, 13, 14, 39, 40, 46, and 66.)

[4] Y. Benoist. Propriétés asymptotiques des groupes linéaires II. Adv. Stud. Pure Math., 26:33–
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