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ANDRÉS SAMBARINO

Notation.

-. Let Γ be a hyperbolic group and ρ : Γ Ñ PGLpd,Rq be a representation. Consider

the associated flat bundle Rd Ñ Vρ Ñ UΓ, defined by Vρ “ ŨΓ ˆ Rd{Γ, where
γ ¨ pp, vq “ pγp, ρpγqvq. This bundle is equipped with the automorphism ψρ “ pψρt :
Vρ Ñ VρqtPR, defined as the quotient of

px, vq ÞÑ pφ̃tx, vq

on ŨΓˆ Rd, where φ̃ “ pφ̃t : ŨΓ Ñ ŨΓqtPR is the geodesic flow. We will call ψρ the
canonical flat bundle automorphism of ρ.

-. Given g P PGLpd,Rq and an inner product in Rd, denote by σ1pgq ě ¨ ¨ ¨ ě σdpgq
the singular values of g (i.e. the length (in decreasing order) of the ellipse gtv :
}v} “ 1u). If σppgq ą σp`1pgq then we say that g has a gap of index p. If this is the
case, then Uppgq, the unstable direction of g (defined by the vector space spanned
by the greatest p axis of the ellipse gtv : }v} “ 1u), has dimension p.

Exercise 1. Let V Ñ X be a vector bundle over a compact base equipped with a
bundle automorphism ψ “ pψt : V Ñ V qtPT (here T “ Z or R).

- Decay ñ exponential decay. Assume there exists a ψ-invariant continuous
splitting V “ E ‘ F such that for every v P E and w P F one has

}ψtv}

}ψtw}
Ñ 0

as t Ñ `8. Show that E ‘ F is a dominated splitting, i.e. there exist
C, µ ą 0 such that for all t ě 0, v P E and w P F one has

}ψtv}

}ψtw}
ď Ce´µt

}v}

}w}
.

- Coherence of domination. Assume E‘F and E1‘F 1 are dominated split-
tings for ψ, if dimF ď dimF 1 show that F Ă F 1 (and E1 Ă Eq.

Exercise 2.
- Let A P PGLpd,Rq have a gap of index p. Show that for all v P Rd one has

}Av} ě σppAq sin >pv, Ud´ppA
´1qq,

conclude that for every subspace Q of dimension d´ p one has

}A|Q} ě σppAq dpQ,Ud´ppA
´1qq.

- Assume B P PGLpd,Rq is such that AB has a gap of index p, show that

dpUppAq, UppABqq ď }B} }B
´1}

σp`1pAq

σppAq
.
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- Using the path shown in Figure 1, show that Z2 does not admit a dominated
representation.

pn, 0qp´n, 0q

Figure 1. A path in Z2.

Exercise 3.
- Let ` ‘ V “ Rd be a decomposition of Rd where dim ` “ 1, show that the

tangent space T`PpR
dq can be canonically identified with homp`, V q.

- Show that the map PpR2q Ñ R Y t8u “ BH2 given by px, yq ÞÑ x{y is
PSLp2,Rq-equivariant.

- Let S be a closed surface of genus g ě 2 and let ρ : π1S Ñ PSLp2,Rq be
induced by the choice of a hyperbolic metric on S. Show that the canonical
flat bundle automorphism of ρ has a dominated splitting.

Exercise 4. Guichard-Wienhard. Let G be a real rank-1 simple Lie group and
consider Λ : G Ñ PGLpV q a non-trivial representation. Let ρ : Γ Ñ G be an
Anosov representation, show that Λρ is Anosov.

Exercise 5. Morse Lemma. Let pxnqnPZ be a bi-infinte pC, µq-quasi-geodesic on
the hyperbolic plane, i.e. for all n,m P Z one has

1

µ
|n´m| ´ C ď dH2pxn, xmq ď µ|n´m| ` C.

Use Bochi-Gourmelon’s result to show the following weak version of the Morse
Lemma: there exists a unique geodesic at bounded Hausdorff distance of txn : n P
Zu and the bound only depends on C and µ.

(Hint: It might be convenient to interpret H2 as the space of inner products on
R2 (up to homothety); bearing this in mind, if o P H2 and g P PSLp2,Rq then:

- Show that
dH2po, g ¨ oq “ log }g}o,

where } }o is the operator norm associated to o,
- Consider the geodesic ray starting at o going through g ¨ o, show that its

endpoint in BH2 “ PpR2q is the unstable direction Uo1 pgq of g (recall that
in general Uoi pgq is the vector space spanned by the i greatest axis of the
ellipse g ¨ tv : }v}o “ 1u).

- Consider x, y P BH2 “ PpR2q distinct and let σxy be the geodesic with
endpoints x and y, show that the distance

dH2po, σxyq

is coarsely
´ log sin >opx, yq,

where >opx, yq denotes the angle between the lines x and y for the inner
product o.)
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Exercise 6. Dominated splitting of ψρ ñ ρ Anosov. Let Γ be the fundamental
group of a closed negatively curved manifold1 and ρ : Γ Ñ PSLpd,Rq be a represen-
tation.

- Show that if the canonical flat bundle automorphism ψρ admits a dominated
splitting E ‘ F with dimF “ p then ρ is p-dominated, i.e. there exist
C, µ ą 0 such that for all γ P Γ´ tidu one has

σp`1pγq

σppγq
ď Ce´µ|γ|.

Here |γ| denotes the word-length of γ w.r.t some generating set and σipgq
denotes the i-th singular value of the matrix g.

- Show that if x P ŨΓ then the vector space Ẽx only depends on the past of
x, i.e. on φ´8x P BΓ, and that Fx only depends on the future of x, i.e. on

φ̃`8x P BΓ.
- Conclude that if ψρ admits a dominated splitting then ρ is Anosov.

Exercise 7.
- Benoist-Guivarc’h’s limit set. Let Λ Ă PGLpd,Rq be an irreducible sub-

group and assume there exists a proximal g (i.e. there is a g-invariant
decomposition Rd “ g` ‘ Vg, where dim g` “ 1 and the spectral radius of
g|Vg is strictly smaller than the eigenvalue of g`) in Λ. Show that the set

LΛ “ th` : h P Λ proximalu

is contained in any closed Λ-invariant subset of PpRdq.
- Let ρ : Γ Ñ PGLpd,Rq be a representation equipped with a continuous

equivariant map ξ : BΓ Ñ PpRdq. Show that the restriction of ρ to the
vector space spanned by ξpBΓq is irreducible.

Exercise 8. Quint’s indicator function, basic facts.2 Let G be a semi-simple Lie
group and Λ Ă G be a discrete subgroup. Let QΛ : a` Ñ R` Y t´8u be Quint’s
growth indicator function, i.e. given a norm } } on a and an open cone C Ă a` let

h
} }

C “ lim sup
TÑ8

1

T
log #tg P Λ : apgq P C and }apgq} ď T u,

finally define

QΛpvq “ }v} inf
vPC

h
} }

C .

- Show that the function QΛ does not depend on the chosen norm } }.

Let θ : a` Ñ R be positively homogeneous (i.e. θptvq “ tθpvq for all t ě 0) and
continuous (such as a norm on a or an element of a˚).

- Show that if for all v P a` ´ t0u one has θpvq ą QΛpvq then
ÿ

gPΛ

e´θpapgqq ă 8.

1The statements in this exercise hold true for any hyperbolic group but this would require a
technical detour.

2Recall that if pλnqnPN is a sequence of positive numbers then the Dirichlet series Lpsq “
ř

nPN e
´sλn has critical exponent defined by

h “ lim sup
TÑ8

1

T
log #tn P N : λn ď T u;

if s ą h then Lpsq is convergent and if s ă h then Lpsq “ 8.
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- Show that if there exists v such that θpvq ă Qpvq then
ÿ

gPΛ

e´θpapgqq “ 8.

- Conclude that

hθpΛq “ lim sup
TÑ8

1

T
log #tg P Λ : θpapgqq ď T u “ sup

Qpvq

θpvq
.

Exercise 9. Growth for linear forms. Let G be a semi-simple Lie group, Λ Ă G
be a discrete subgroup and QΛ : a` Ñ R` Y t´8u be Quint’s growth indicator
function. Consider the set of a˚ defined by

DΛ “ tϕ P a
˚ : ϕ ě Qu.

- Show that DΛ is convex.
- Let } } be a norm on a and denote by } }˚ the associated norm on a˚. Show

that
h} }pΛq “ inf

ϕPDΛ

}ϕ}˚.
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