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Abstract Given a convex representation p : ' — PGL(d, R) of a convex cocompact
group T of Isom HF, we find upper bounds for the quantity ah p» Where h, is the
entropy of p and « is the Holder exponent of the equivariant map ds,I" — P(R?). We
also give rigidity statements when the upper bound is attained. This provides an analog
of Thurston’s metric for convex cocompact groups of Isom . H¥. We then prove that if
p : m X — PSL(d, R) is in the Hitchin component then ah, < 2/(d — 1) (where o
is the Holder exponent of Labourie’s equivariant flag curve) with equality if and only
if p is Fuchsian.
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1 Introduction

Consider a CAT(—1) space X. Its visual boundary 0., X is equipped with a natural
metric called a visual metric. This metric depends on the choice of a point in X and
different points induce bi-Lipschitz equivalent metrics.

Consider now a convex cocompact action of a hyperbolic group I" on X. An impor-
tant invariant for this action is the Hausdorff dimension Ar, for a (any) visual metric,
of the limit set L of I" on the visual boundary 9., X of X.

Several rigidity statements have been found concerning lower bounds on this Haus-
dorff dimension. For example, Bourdon [6] proved that if ' = 71 M, where M is a
closed k-dimensional manifold modeled on H¥, then A > k — 1 with equality only
if there is a totally geodesic copy of H¥ on X preserved by I'. We refer the reader to
Courtois [9] for a more detailed exposition on this problem in the negative curvature
setting.

Given two convex cocompact actions p; : I' — Isom X; i = 1,2 on CAT(—1)
spaces X;, there is an obvious relation between the Hausdorff dimensions of their
limit sets. Let £ : L, — L,,r be the Holder-continuous equivariant map. From the
definition of Hausdorff dimension one obtains

ahp, =< hp, 0

when & is a-Hélder, i.e. when d(&(x), £(y)) < Kd(x, y)* for some K > 0, and all
x, y. Denote by

A(py.pn) = sup {o € RY : & is a-Holder} .

Remark that & is not necessarily (,,, »,)-Holder. Incidentally, we prove the following
proposition. For a non-torsion y € I', denote by

lyl = inf dx(p, yp),
peX

the length of the closed geodesic of I'\ X determined by the conjugacy class [y ] of y.

Proposition 1.1 Consider two convex cocompact actions p; : I' — Isom(X;) on
CAT(—1)-spaces X;, i € {1, 2}, such that oy, p)hp, = hp,. Then for every non-
torsion y € I, one has

02V | = @(py, 0|01

Deciding if an equation such as |pyy| = c|p1y |, for some ¢ > 0 and all non-torsion
y € I', determines the action p; is a difficult problem known as the marked length
spectrum problem (when ¢ = 1). Besides certain situations such as negatively curved
closed surfaces (treated by Otal [18]) or if p; is cocompact in H” (treated by Bourdon
[6] and Hamenstadt [13]) little is known.

The following is a corollary of Theorem B below.
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Corollary 1.2 Let p; : I' — Isom H¥ be a Zariski-dense convex cocompact action,
and consider a convex cocompact action py : I' — Isomy H" such that oy, po)hp, =
hp,, then & is the induced map on the boundary of an equivariant isometric embedding

HF — H".

This is to say, if equality holds then p, T preserves a totally geodesic copy of H¥ in
H", moreover the action of poI" on this geodesic copy is conjugated by an isometry
to p1. This provides a rigidity statement for Schottky groups, for example.

The main purpose of this work is to extend inequality (1) for convex representations,
and give rigidity results when the equality holds. In order to do so, we will exploit the
well known fact that Ar is also a dynamical invariant.

Consider the geodesic flow of '\ X, ¢ = (¢, : T\UX — I'\UX),cr. The fact
that T" is convex cocompact, is equivalent to the fact that the non-wandering set of
¢, denoted from now on UT, is compact. Moreover, ¢|UT" has very nice dynamical
properties coming from the negative curvature of X, namely it is a metric Anosov
flow (see Definition 4.4). The topological entropy of ¢ coincides with the Hausdorff
dimension At (Sullivan [22], see also Bourdon [5]), and can be computed by counting
how many periodic orbits ¢ has:

1
hr = lim —log#{[y] € [["] non-torsion : |y| < t}. 2)
t—o0 t

Definition 1.3 We will say that a representation p : ' — PGL(d, R) is convex if
there exist a p-equivariant Holder-continuous map

(£,6%) :Lr — P(R?) x P(RY)*)

such that if x, y € 95T are distinct, then £(x) @ ker £*(y) = R.

Different notions of entropy can be defined for a convex representation by analogy
with Eq. (2). For g € PGL(d, R) denote by A1(g) the logarithm of the spectral radius
of g. The spectral entropy of a convex representation p : I' — PGL(d, R) is defined
by

1
hy = llim ?log#{[y] € [I"] non-torsion : A1 (py) < t},
— 00

and the Hilbert entropy of p is defined by

1 A — A
H, = tlim " log# §[y] € [I"] non-torsion : 1Y) a(py) < t] ,
—00

2

where A4(py) is the log of the modulus of the smallest eigenvalue of py. One has the
following proposition.

Proposition 1.4 ([20], see also [8]) The spectral entropy of an irreducible convex
representation of a (finitely generated non-elementary) hyperbolic group is finite and
positive.
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If V is a finite dimensional vector space, we will consider the distance dp on P(V')
induced by a Euclidean metric on V. An important remark is that the entropy of
a convex representation is not necessarily the Hausdorff dimension of & (9,I") (see
Remark 2.2 below). Our first result is the following:

Theorem A Let I' be a convex cocompact group of a CAT(—1) space X and let
p : ' - PGL(d, R) be an irreducible convex representation with d > 3. Then

ah, < hr and oH, < hr,

when & is a-Holder.

Observe that the dimension d of R¢ does not appear in the inequality.

Consider Ad : PGL(d,R) — PGL(sl(d, R)) the Adjoint representation. If
p : ' - PGL(d, R) is an irreducible convex representation then Adp : ' —
PGL(sl(d, R)) is not necessarily irreducible but there is a natural subspace V, C
sl(d, R) such that

A, =Adp|V, : T — PGL(V,)

is again irreducible and convex (see Lemma 6.6). The representation A, will be referred
to as the irreducible adjoint representation of p, and will play an important role on
understanding rigidity for Hilbert’s entropy.

A simple computation shows that the Hilbert entropy of p is related to the spectral
entropy of A,, namely H, = 2hp,. Nevertheless, applying this relation to the first
inequality in Theorem A, gives the bad upper bound «H, < 2hr.

2 Examples

There are three examples of irreducible convex representations of I' of particular
interest.

Recall that the group PSO(1, k), of projective transformations preserving a bilinear
form of signature (1, k), is isomorphic to the orientation preserving isometry group
Isom_. H* of the k-dimensional hyperbolic space. Throughout this work we will refer
to the representation ¢ : Isom, H*¥ — PSO(1, k) (or any of its conjugates gpg ™
with g € PGL(k + 1, R)) as the Klein model of H¥.

Remark 2.1 The Klein model of H¥ induces an equivariant map doHF — P(R 1),
This equivariant map is a bi-Lipschitz homeomorphism onto its image.

2.1 Benoist representations

If p : ' = PGL(k + 1, R) preserves a proper open convex set €2, of P(R**1) and
pI'\2, is compact, then p is called a Benoist representation.' Results from Benoist

1 These are also called divisible convex sets with strictly convex boundary or strictly convex projective
structures on closed manifolds.
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[3], imply that Benoist representations are irreducible convex representations (see [20]
for details).

The Hilbert entropy of p is the topological entropy of the geodesic flow of pI"\ 2,
associated to the Hilbert metric. Crampon [10] proved that the Hilbert entropy verifies
H, <k —1 =dimd2,, and equality holds only when €2, is an ellipsoid, i.e. I" acts
cocompactly on H¥ and p extends to the Klein model of H.

Notice that 92, = £(dI") is topologically a k — 1 dimensional sphere, hence
when €2, is not an ellipsoid, H,, is not the Hausdorff dimension of & (dsoI").

2.2 Convex cocompact groups in H¥

Consider a convex cocompact group ¢ : I' — Isom . H¥. The composition of ¢ with
the Klein model of H¥ gives rise to a convex representation ¢’ : I' — PGL(k + 1, R).

In this setting, ¢ is Zariski-dense in Isom HF if and only if, up to finite index,
¢TI" does not have an invariant totally geodesic copy of HF~!. If this is the case, the
convex representation ¢'T" is irreducible.

An easy computation shows that the spectral entropy of ¢’ and the Hilbert entropy,
coincide with the topological entropy of the geodesic flow of ¢ I'\H¥, which in turn
coincides with the Hausdorff dimension of the limit set Ly on 00 HIF (Sullivan [22]).

Assume now that I' = 71 M is the fundamental group of a closed k-dimensional
hyperbolic manifold, it is well known that or = k — 1. Consider now a convex co-
compact action ¢ : m1M — Isom H" with n > k. As we explained before, Bourdon
states that hy > k — 1.

In light of the last examples, one sees that a deformation of

M = Isomy H* — PGL(k + 1, R)
decreases Hilbert’s entropy, but on the contrary, a deformation of
M — Isom, HF — Isom H"
increases Hilbert’s entropy. As a conclusion, the Hilbert entropy of a convex represen-

tation of 711 M may be greater or smaller than dim M — 1, nevertheless the quantity aH
has to remain bounded by this number. Theorem A is thus optimal in this generality.

2.3 Hitchin representations and small deformations of exterior products

Consider a closed oriented hyperbolic surface ¥ and say that a representation p :
1% — PSL(d, R) is Fuchsian if it factors as

P =T40 f,
where 75 : PSL(2, R) — PSL(d, R) is the irreducible linear action (unique modulo

conjugation) of PSL(2, R) on R and f: 1T — PSL(2, R) is a choice of a hyper-
bolic metric on X. A Hitchin component of PSL(d, R) is a connected component of
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hom (1 X, PSL(d, R)) containing a Fuchsian representation. As Hitchin [14] proves,
representations in the Hitchin component are irreducible.

Recall that a (complete) flag of R is a collection of subspaces {V; }?:0 such that
Vi C Vi41 and dim V; = i. The space of flags is denoted by .%. Two flags {V;} and
{W;} are in general position if for every i one has

Vi ® Wy =R,

Labourie [16] proves thatif p : 1 X — PSL(d, R) is a representation in a Hitchin
component then, there exists a p-equivariant Holder-continuous map ¢ : 0w X —
% such that the flags ¢(x) and ¢ (y) are in general position when x, y € doo7r1 X are
distinct.

Considering thus & = ¢; the first coordinate of ¢ and £&* = ¢, the last coordinate
of ¢, one obtains an irreducible convex representation. Moreover, let A”R¢ be the nth
exterior power of R?. An n—dimensional subspace is sent to a line on A”R?, hence
Labourie’s theorem implies that the composition A”p : 71 % — PSL(A"R?) is again
convex.

Finally, if p is Zariski-dense on PGL(d, R) then A" p is irreducible. Guichard and
Wienhard [12] have shown that convex irreducible representations form an open set
on the space of representations. Hence small deformations of A” p are still irreducible
and convex.

Remark 2.2 Labourie’s statement implies that if p : 71X — PGL(d, R) is a Hitchin
representation then the image & (35,71 X) is a curve of class C! (even thought the map
& is only Holder). Hence, neither entropy of p can be interpreted as the Hausdorff
dimension of £(dxc71X). For example, if p is Fuchsian, then an easy computation
shows that h, = H, =2/(d — 1), even thought the limit curve is a polynomial.

3 Rigidity statements

For a convex representation p : I' — PGL(d, R) and a fixed action of I" ona CAT(—1)
space X, denote by

o, = sup [a eR} :&:Lr > P(RY) is oz—Hélder}

the “best” Holder exponent of the equivariant map &. Remark that £ is not necessarily
a,-Holder.

Theorem B (Spectral entropy rigidity) Let I" be a Zariski-dense convex cocompact
group of Isomy H¥ and consider a convex irreducible representation p : I' —
PGL(d, R) with d > 3 with connected Zariski closure. If

Olp/’lp = h[‘

thend =k + 1, a, = 1 and p extends to p : Isom HF — PGL(k + 1, R) as the
Klein model of HF.
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A slight modification of the proof of Theorem B gives the following weaker state-
ment for Hilbert’s entropy.

Corollary 3.1 (Hilbert entropy rigidity) Let I be a Zariski-dense convex cocom-
pact group of Isom H* and consider a convex irreducible representation p : I' —
PGL(d, R) with d > 3 with connected Zariski closure. If

O[pHp = hr

then V, = so(l,k) and the adjoint irreducible representation A, : T' —
PGL(s0(1, k)) extends to A, : Isom, H¥ — PGL(s0(1,k)) as the adjoint repre-
sentation of the Klein model of H¥.

The proofs of Theorem B and Corollary 3.1 are very similar and postponed to
Sect. 10.

3.1 Statements for hyperconvex representations

The fact that equality in Theorem B can only hold for a representation p : 11X —
PSL(3, R), suggests that the upper bound for a, /1, is not optimal, for Hitchin repre-
sentations on PSL(d, R), say. We will now focus on improving the bound when more
information on the representation p is given.

Let G be a connected real-algebraic semisimple Lie group without compact factors,
P a minimal parabolic subgroup of G, and denote by .% = G/P the Furstenberg
boundary of the symmetric space of G.

Let K be a maximal compact subgroup of G, let T be the Cartan involution on g
whose fixed point set is the Lie algebra of K. Consider p = {v € g : Tv = —v} and
a a maximal abelian subspace contained in p. Let ¥ be the set of (restricted) roots of
aon g. Fix a® a closed Weyl chamber and let =7 be a system of positive roots on %
associated to a™. Denote by IT the set of simple roots associated to the choice 1.

The space .# can be embedded in a product of projective spaces [ [5<r P(Vp) (see
Sect. 8), we will consider the metric on .% induced by this embedding.

The product .% x . has a unique open G-orbit denoted by .# ). For example, if
G = PGL(d, R) then .Z is the space of complete flags of R¢, and .Z? is the space
of flags in general position.

Definition 3.2 We say that a representation p : I' — G is hyperconvex if there exists
a Holder-continuous equivariant map ¢ : deo” — %, such that if x, y € 05" are
distinct, then (¢ (x), ¢(y)) belongs to .Z 2.

Hyperconvex representations on PGL(d, R) are, of course, convex. As explained
before, Labourie [16] proved that representations in a Hitchin component are hyper-
convex.

We will say that g € G is R-regular if it is diagonalizable over R, elliptic if it is
contained in a compact subgroup of G, or unipotent if all its eigenvalues are equal to 1.

Recall that Jordan’s decomposition states that every g € G can be written as a
product ¢ = g.8n8u, Where g., gn, g € G commute, g, is elliptic, g, is R-regular
and g, is unipotent.
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460 A. Sambarino

For g € G denote by A(g) € a' its Jordan projection, this is the unique ele-
ment on a™ such that exp A(g) is conjugated to the R-regular element on the Jordan
decomposition of g.

If p : T — G is ahyperconvex representation and ¢ € a* is a linear form such that
@lat > 0, we define the entropy of p relative to ¢ by

1
hy = lim —log#{[y] € [I'] non-torsion : ¢ (A(py)) < t}.
§—>00 t

Proposition 3.3 [20, Section 7] Let p : I' — G a Zariski-dense hyperconvex repre-
sentation, and consider ¢ € a* such that ¢la™ — {0} > 0, then hy € (0, 00).

The barycenter of the Weyl chamber a™ is the half line contained in a™ determined
by

barg: = {a € at : 0;(a) = 62(a) for every pair 0y, 6, € I1}.

Theorem C Let p : ' — G be a Zariski-dense hyperconvex representation and
¢ € a* a linear form such that ¢la™ — {0} > 0. Then

O (barg+)

hy <h ,
*le = P obarg)

where 6 € I1 is any simple root and ¢ is a-Holder.

Note that the direction of a™ that gives the upper bound does not depend on the
linear form ¢.
Denote by

ap =sup{a € RY : ¢ : Lp — F is a-Holder} .

Theorem D Let I' be a Zariski-dense convex cocompact group of Isomy HF and
consider a Zariski-dense hyperconvex representation p : I' — G. Assume there exists
(¢ € a™)* such that

O(barq+)

hy = ,
@ty = 1T p(barg)

where @ € Tlisany simple root, then p extends as an isomorphismp : Isomy HF — G.

Theorem D together with a theorem of Guichard (11.1 below) give the following
corollary whose proof is postponed to the end of this article. Recall that X is a closed
oriented hyperbolic surface.

Corollary 3.4 Let f : 12 — PSL(2, R) be a hyperbolization of ¥ and consider a
representation in the Hitchin component p : 1% — PGL(d, R). Then

2
d—1 and OlpHp < ﬁ,

aph, <
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and either equality holds only if p = t4 o f, where 5 : PSL(2, R) — PSL(d, R) is
the irreducible representation.

Remark thatif ¢ : dsom1 X — Z is the equivariant map of a Hitchin representation
then, by definition, it is less (or equally) regular than & = ¢; : 9o X — P(RY).
Hence, even though we obtain a much better bound on a4, we do not know if this
is produced by a decay of regularity of the map ¢.

4 Reparametrizations and thermodynamic formalism

Let X be a compact metric space and let ¢ = (¢; : X — X);cr be a continuous flow
on X without fixed points. Consider a positive continuous function f : X — R and
define k : X x R — R by

t
K(x,t)=/O Jbs(x)ds. 3

The function « has the cocycle property « (x, t + s) = k(¢p:x, s) + «(x, t) for every
t,s e Rand x € X.

Since f > 0 and X is compact, f has a positive minimum and « (x, -) is an
increasing homeomorphism of R. We then have a map « : X x R — R such that

a(x,k(x,t) =«x(x,a(x, 1)) =t, 4)

for every (x,7) € X x R.

Definition 4.1 The reparametrization of ¢ by f is the flow v = ¢/ = {y; : X —
X}ier defined by ¥ (x) = Py (x,r)(x). If f is Holder-continuous we will say that v is
a Holder reparametrization of ¢.

A function U : X — Ris C! in the direction of the flow ¢ if for every p € X the
function 1 — U (¢;(p)) is of class C', and the function

3
P =

7| U@(p)

t=0

is continuous. Two Holder-continuous functions f,g : X — R are Livsic-
cohomologous if there exists a continuous function U : X — R, C! in the direction
of the flow, such that for all p € X one has

9
f(p)—glp)=—

a7 Ui (p)).

t=0

Remark 4.2 1f f, g : X — R are continuous and LivSic-cohomologous the repara-
metrization of ¢ by f is conjugated to the reparametrization by g, i.e. there exists a
homeomorphism / : X — X such thatforall p € X andt € R
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n (vl p) =i ).

Let r be the reparametrization of ¢ by f : X — R . If 7 is a periodic orbit of ¢
of period p(t), then the period of t for v is

p(T)
/f=/0 S (@s(x))ds, 5)

where x € 1. If m is a ¢-invariant probability measure on X, the probability measure

m* defined by
—()-f()//fdm

is Y¥-invariant. This relation between invariant probability measures induces a bijection
and Abramov [1] relates the corresponding metric entropies:

h(y, m*) = h(8, m)// fdm. 6)

Denote by M? the set of ¢-invariant probability measures. The pressure of a con-
tinuous function f : X — R is defined by

P(p, f)= sup h(¢,m)+/fdm.
meM® X

A probability m such that the supremum is attained is called an equilibrium state of f.
An equilibrium state for f = 0 is called a probability of maximal entropy, its entropy
is called the topological entropy of ¢ and is denoted by hop(¢h).

Lemma 4.3 [20, Section 2] Let  be the reparametrization of ¢ by f : X — R*,
and assume that hyop (V) is finite. Then m +— m* induces a bijection between the set
of equilibrium states of —hwp(¥) f and the set of probability measures of maximal

entropy of V.

4.1 Metric Anosov flows

We will now define metric Anosov flows, the transfer of classical results from axiom A
flows to this more general setting is provided by Pollicott’s work [19] and references
therein.

As before ¢ denotes a continuous flow on the compact metric space X. For ¢ > 0
one defines the local stable set of x by

W;(x)z{yeX:d(¢,x,¢,y)§8\7’t>0 and d(¢ix,¢ry) > 0 as t — oo}

and the local unstable set by
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WEx)={yeX :d(p_tx,¢p_1y)<eVt>0 and d(¢_;x,¢_;y)—0 as t— 00}

Definition 4.4 We will say that ¢ is a metric Anosov flow if the following holds:

— There exist positive constants C, A and ¢ such that for every x € X, every y €
Wi (x) and every ¢t > 0 one has

d(i(x), ¢ (y) < Ce™

and such that for every y € W/ (x) one has

d(@—1(x), p—1(y)) < Ce™™.

— There exists a continuous map v : {(x,y) € X x X : d(x, y) < 8} — Rsuch that,
v(x, y) is the unique value such that W (¢,x) N W7 () is non empty and consists
of exactly one point.

A flow is said to be transitive if it has a dense orbit. Anosov’s closing Lemma is a
standard dynamical tool in hyperbolic dynamics, see Sigmund [21].

Theorem 4.5 (Anosov’s closing Lemma) Let ¢ be transitive metric Anosov flow, then
periodic orbits are dense in M.

The following is standard in the study of Ergodic Theory of Anosov flows.

Proposition 4.6 (Bowen-Ruelle [7]) Let ¢ be a transitive metric Anosov flow. Then
given a Holder-continuous function f : X — R there exists a unique equilibrium
state for f. If two functions have the same equilibrium state their difference is Livsic-
cohomologous to a constant.

We will need the following immediate lemma.

Lemma 4.7 Let ¢ be a metric Anosov flow on X and let f : X — R be Holder-
continuous. Denote by

1
hy = lim —log#[tperi()dic:/f §t],
t—o00 t T

then

h(¢p,m_p,r)

Proof Let v be the reparametrization of ¢ by f. The flow v is still a metric Anosov
flow and hence its topological entropy is the exponential growth rate of its periodic
orbits, i.e. the metric entropy of ¥ is & s (recall Eq. (5)). The proof is completed by
applying Lemma 4.3 and Abramov’s formula (6). O
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5 CAT(—1) spaces

The standard reference for this section is Bourdon [5]. Consider a CAT(—1) space X
and 00 X its visual boundary. The Busseman function of X, B : 00X X X x X — R,
is defined by

B p.q) = B.(p.q) = lim dx(p,o(s)) = dx(q, 0 (s)),

where o : [0, 00) — X is any geodesic ray such that o (c0) = z.
Denote by

900 P X = 000X X 00X — {(x,X) : X € 3o X}

and fix a point 0 € X. The Gromov product of X based on o, [-, -], : 9P X —> R,
is defined by

1
[)C, y]o = E(BX(O’ p) + By(ov P)),

where p is any point in the geodesic joining x and y. Remark that [x, y], — oo as y
approaches x. The visual metric on d,, X based on o, is defined by 8, (x, y) = e~1¥:Ylo,
Since X is CAT(—1) this is in fact a distance on 9 X.

For y € Isom X, denote by |y| = inf ,ex dx(p, yp) its translation length. If y is
hyperbolic then one has

1

|7/| = BV+(7/7 o, 0)

for any o € X, where y is the attractor of y on doo X.

Lemma 5.1 Consider a hyperbolic element y € Isom X, then for any x € 050X —
{y_} one has

. logd,(y"x, vy)
lim ——— = =

n—o00 n

=yl

Proof This is standard (Yue [24]). Fix two points x, z € dx X, then for every y €
Isom X one has

8o (yz, yX) = e%(Byz(yo,a>+3yx(yo,o>)50(Z, X).

Hence, for a given ¢ there exists a neighborhood V' of z such that, for every x € V
one has

|— o< S0tzyX) g,

0.0 <1 4¢,
- au(st) N
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Assume now that y is hyperbolic, consider z = y; and choose V with the additional
property yV C V. Fix ¢ > 0 and assume that x € V, then one has

8o (¥4, an)e_ng

V+(yo,0) < (1 +8)n.
5,,(7/+,x) a

(1—-¢)" <

Taking logarithm and dividing by n one obtains the desired conclusion. If x ¢ V, then

a big enough power ¥V x does lie in V (recall x # y_), and one repeats the argument.
O

For a discrete subgroup I" of Isom X denote by L its limit set on doo X. Consider
the space UT" defined by

{o : (—00,00) — X : o is a complete geodesic witho (—00), o(c0) € Lr}.

The group I" naturally acts on UT and we denote by Ul = F\Uf‘ its quotient. We
will say that I is convex cocompact if the space UT" is compact. The following is a
standard consequence of Morse’s lemma.

Proposition 5.2 (c.f. Bourdon [5]) Consider a hyperbolic group T and p : ' —
Isom X a (faithful) convex cocompact action on a CAT(—1) space X. Then there
exists a Holder-continuous equivariant map & : do0I" — Lor.

Remark 5.3 Throughout this work we will fix a convex cocompact action of I" on X,
hence we allow ourselves to naturally identify L to d.o[" and to refer to the space
UT as only depending on T".

Given two convex cocompact actions of I', the regularity of the equivariant map
between their respective limit sets is directly related to the ratios of the periods:

Lemma 5.4 Consider a convex cocompact group I' of X and p : I' — IsomY a
convex cocompact action on a CAT(—1) space Y. Then for every non torsion y € T,
one has

o« < Im/l’
Iyl
when & is a-Holder.

Proof Consider a non-torsion y € I'. Lemma 5.1 states that for any x € 000 X —{y—},
one has

. logd(py"(§x), (py)+) . logd(§(y"x), E(y+))
lpyl = lim = lim :

00 n n—o0 n

since & is equivariant. Holder continuity of & implies that the last quantity is bounded
above by

. 10g K5o()/”)€7 J/+)a
lim

n—00 n

= _05|7/|s
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again using Lemma 5.1. Thus, for every non-torsion y € I', one has

o< ol
[yl

This finishes the proof. O

The space UT is naturally equipped witha flow ¢ = {¢, : UI' — UTI'},cR simply by
changing the parametrization of a given complete geodesic. This is called the geodesic
flow of T'. The following theorem relates this section to the preceding one.

Theorem 5.5 (c.f. Bourdon [5]) Let I" be a convex cocompact group of Isom X. Then
the geodesic flow of T is a metric Anosov flow. The topological entropy of the geodesic
flow is hence

1
hr = tlim " log#{[y] € [I'] non-torsion : |y| < t}.
—00

5.1 Holder cocycles

We will now focus on Holder cocycles on 0, I". The main references for this subsection
are Ledrappier [17] and [20, Section 5].

Definition 5.6 A Holder cocycle is a function ¢ : I' X dsoI" — R such that

c(yoyr, x) = c(yo, y1x) +c(y1, x)

for any yp, y1 € I' and x € 951" and where c(y, -) is a Holder map for every y € I'
(the same exponent is assumed for every y € I').

Given a Holder cocycle c and y € I' — {e}, the period of y for c is defined by

be(y) =c(y, v4),
where y. is the attractive fixed point of ¥ on dx,I". The cocycle property implies that
the period of y only depends on its conjugacy class [y] € [T'].

Two Holder cocycles ¢, ¢’ : T x 00" — R are cohomologous if there exists a
Holder-continuous function U : 95" — R such that, for all y € I" one has

ey, x) = (y,x) = U(yx) = Ux).

One easily deduces from the definition that the set of periods of a Holder cocycle, is
a cohomological invariant.

Theorem 5.7 (Ledrappier [17]) Tivo Holder cocycles are cohomologous if and only if
their periods coincide for every non-torsion 'y € I. For a given Holder cocycle c there
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exists a Holder-continuous function f. : UT' — R such that for every non-torsion [y ]
one has

/ fc ZZC(V)'
[v]

If ¢ is cohomologous to ¢’ then f, is Livsic-cohomologous to f..
We are interested in cocycles whose periods are non-negative, i.e. such that £, (y) >

0 for every non-torsion y € I'. The entropy? of such cocycle is defined by

1
he = limsup — log# {[y] € [T"] non-torsion : £.(y) <t} € Ry U {o0}.

t—oo I

The Busseman function induces a Holder cocycle on doI" as follows. Fix a point
o € X, consider the equivariant map & : dooI" — Lr and define or : I’ X 05oI" = R
by

or(y, x) = Be(o)(y 0, 0).

The period or (Y, y+) = |y| is the length of the closed geodesic associated to y, and
the entropy of or is Ar.

Lemma 5.8 [20, Section 3] Let ¢ be a Holder cocycle with h. € (0, 00), then f, is
Livsic-cohomologous to a positive function.

Lemma 5.9 Consider a Holder cocycle ¢ with finite and positive entropy. Then there
exists a positive number L(c), and a sequence y, — oo in ', such that

Le(Yn)
[Vl

hr
— L(e) = —,

he
asn — 00. Moreover, if L(¢c) = hr/ h¢, then there exists a constant k > 0, such that
¢ and kot are cohomologous.

In the language of [8], one has L(c)I(f;, 1) = 1, and the lemma is direct conse-
quence of [8, Proposition 7.7]. Nevertheless, we give a proof for completeness.

Proof Applying Lemma 5.8, there exists a positive, Holder-continuous function f, :
UI" — R such that, for every non-torsion conjugacy class [y ] of [I'], one has

/ Je=L:(y).
(]

2 In [20] this is called the exponential growth rate of the cocycle.
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Denote by m_y, . the equilibrium state of —A. f. and consider a sequence of periodic
orbits {[;]} such that
Leb,,

—> M_p, f.,
[Vl e

as n — o0o. The existence of this sequence is guaranteed by Anosov’s closing
Lemma 4.5. Thus,

tem) 1
[Vl [Vl [¥n]

7 [ rami,

which, using Lemma 4.7, is equal to

h(¢,m_p_f1.)
he '

Define L(c) = h(¢p, m_p.5.)/ he.

Recall that hr is the maximal entropy of ¢, hence L(c) < hr/h. and the equality
L(c) = hr/h. implies that m_j,, is the measure of maximal entropy of ¢. Thus,
Proposition 4.6 implies that the function f. is LivSic-cohomologous to a constant and
the proof is completed. O

If p : I' = Isom(Y) is a convex cocompact action on a CAT(—1) space Y, denote
by
a, =sup{o € R : the equivariant map & : Ly — L, is a-Holder} .
We can now prove the following proposition stated in the Introduction, this is a simpler
version of the arguments for Theorem A.

Proposition 5.10 Consider a convex cocompact group I of X and consider a convex
cocompact action p : I' — Isom(Y), where Y is CAT(—1), such that ayh, = hr.
Then the Holder cocycles o,r and a,or are cohomologous.

Proof Recall that h, is the entropy of the Holder cocycle o,r, hence i, € (0, 00).
Applying Lemma 5.9 to the cocycle o, one obtains a sequence {y,} in I such that

Le h
c(Yn) - L(Up[‘) < _F
[Vl h,o
Using Lemma 5.4 one has
|oYal hr
op < <L) +e) < —(+e),
[Vn hyp

foragivene > 0and bigenoughn. The equality a1, = hr implies L(o,r) = hr/h,
and hence there exists « such that o, and kot are cohomologous. Again ap,h, = hr
implies k = a,. m|
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6 Convex representations

Let I" be a convex cocompact isometry group of a CAT(—1) space.

Definition 6.1 A representation p : ' — PGL(d, R) is convex if there exists a p-
equivariant Holder-continuous map

(£,£%) 1 8ol — P(R?) x P((RY)),

such that R = £(x) @ ker £*(y) whenever x # y.

Lemma 6.2 Let p : I' — PGL(d, R) be a convex representation, then the action of
ol on (£(0s01")) is irreducible.

Proof Consider W C (£(d.0I")) a pI'-invariant subspace. Consider w € W and write

k
w = E o; V;
i=1

where v; € £(x;) for k-points x; € dso['. Consider now some non-torsion y € I' such
that y_ ¢ {xy, ..., xx}. We then have y"x; — y4 and hence Rpy"(w) — &(y4) in
P(R?). Thus &(y4) € W, since W is pI'-invariant one has

§(0cl) =8 - y3) CW.

This finishes the proof. O

We say that g € PGL(d, R) is proximal if it has a unique complex eigenvalue of
maximal modulus, and its generalized eigenspace is one dimensional. This eigenvalue
is necessarily real, and its modulus is equal to exp A1(g). Denote by g the g-fixed line
of R? consisting of eigenvectors of this eigenvalue and g_ the g-invariant complement
of g4 (i.e. RY = g, @ g_). The line g is an attractor on P(R¥) for the action of g,
and g_ is the repelling hyperplane.

Lemma 6.3 [20, Section 3] Let p : ' — PGL(d, R) be a convex irreducible rep-
resentation. Then for every non-torsion element y € T, p(y) is proximal, &(yy)
is its attractive fixed line and §*(y_) is the repelling hyperplane. Consequently
E(x) C E*(x) forevery x € dxT.

Fix now anorm | || on R¢. We define the Holder cocycles Bp, Ep ' X 00’ = R
by

160 oyl
el

e (y)vll

and B,(y,x) = log
vl r

Bo(y. x) =log

for a non zero v € £(x), and a non zero linear form 6 € £*(x). Lemma 6.3 implies
the following.

Lemma 6.4 [20, Section 3] Assume p is convex and irreducible, then for every non-
torsion y € I' one has Lp,(y) = ri(py) and Zgﬂ(y) = Al(py_l) = —Aq(py).
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6.1 Adjoint representation

Given an irreducible convex representation p : I' — PGL(d, R) we will now show
how the Adjoint representation Ad : PGL(d, R) — PGL(sl(d, R)) induces again an
irreducible convex representation A, such that

MAyY) = ri(py) — Xa(py).

This is standard.

Recall that the adjoint representation is defined by conjugation Ad(g)(7T) =
gTg~ !, where T € sl(d, R) = {traceless endomorphisms of R?}. Consider .%, (R%)
the space of incomplete flags consisting of a line contained on a hyperplane,

Z(RY) = {(v,0) € PR?Y) x P(RY*) : 0(v) = 0}.

Given (v, 0) € %, define M (v, 0) € P(sl(d, R)) by M(v, 0)(w) = 6(w)v and
define ® (v, 0) € P(sl(d, R)*) by ® (v, 8)(T) = (T v). These maps induce a map

M, ®) : Z.(RY) > Z.(sl(d, R)).
Say that two points (v, 0), (w, ¢) € F, (R9)Y are in general position if
O(w) #0 and ¢(v) #0.

Lemma 6.5 The maps M and ® are Ad-equivariant. If (v, 0), (w, @) € F(R?) are
in general position, the points

M, ®)(v,0) and (M, P)(w, @)

are also in general position. If g and g~

attractor is M (g, (g71)_).

are proximal then Ad g is proximal and its

The proof of the lemma is standard and direct.

Lemma 6.6 Consider a convex irreducible representation p : I' — PGL(d, R) and
consider the map 1 = M o (§, &) : 3" — P(sl(d, R)). Denote by V, = (n(3ocT))
and

Nt =(Po(§,E))NV,.

Then A, = Adopl|V, : I' = PGL(V,) is an irreducible convex representation with
equivariant maps (n, n*), moreover for a non-torsion y € I', one has

MAyY) = ri(py) — Xa(py).

We will say that A, is the irreducible adjoint representation of p.
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Proof Irreducibility follows from Lemma 6.2. The other properties are consequence
of Lemma 6.5, together with Lemma 6.3. The last statement follows from the fact that,
if y € I is non-torsion, then &£*(y ) is the repelling hyperplane of py ~! and hence

ME(y4), §° (1)),

the attractor of A,y, belongs to V,. O

6.2 Regularity

The following lemma is from Benoist [3].

Lemma 6.7 (Benoist [3]) Let g € PGL(V) be proximal and let V(g be the sum of
the characteristic spaces of g whose associated eigenvalue is of modulus exp A»(g).
Then for every v ¢ P(g_), with non zero component in V), one has

n— 00 n

The following lemma relates the Holder exponent of the equivariant map and eigen-
values of p(y) for non-torsion y € I'.

Lemma 6.8 Letp : I' — PGL(d, R) be a convex irreducible representation then, for
every non torsion y € I', one has

. [/\1(;07/) —2200y) ra—1(py) —kd(py)]
o S min )

¥ ’ v
when & is a-Holder.

Proof Consider a non-torsion y € I'. Since p is irreducible, there exists x € doo” —
{y—} such that £ (x) has non zero projection to Vj,(,y), the characteristic space of py
of eigenvalue of modulus exp A2 (py). Lemma 6.3 states that £ (y-) is the attractor of
py. Applying Benoist’s Lemma 6.7 we obtain

logdp(py"(€x). £(v)) _ .~ logdp(E(¥"x). §(r+))

n n— o0 n

A (py) — A(py) = nli?éo

since & is equivariant. Holder continuity of & implies that the last quantity is smaller
than

. log Ké,(y"x, yp)*
lim

n— 00 n

=« | Y | ’
according to Lemma 5.1. Thus, for every non-torsion y € I', one has

< AL(py) — A2(py)
ly|

)
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I one obtains

applying this inequality to y~
ra-1(py) — ra(py)
a < .

N [y

7 Proof of Theorem A

This section is devoted to the proof of Theorem A. Consider an irreducible convex
representation p : ' — PGL(d, R). Proposition 1.4 states that 2, € (0, co). Since
A, is also convex and irreducible one gets H, = 2hp, € (0, 00).

Denote by c either the Holder cocyle

ﬁp +Ep

Bo >

Remark that, either i, = h, or he = H,.
Using Lemma 5.9 for ¢, one obtains a sequence {y,} in I', such that

) gy I

[Vl

Lemma 6.8 then gives

. [ 1 =22 (pYn) (Ag—1 — kd)(m/n)]
o < min )
o 21 21
| a =22 (eve) a—1 — Aa)(pYn)
< min [ RS , o ] L) +¢), @)

for a given ¢ and big enough n. B
We will now distinguish the two cases ¢ = B, and ¢ = (B, + B,)/2 separately:

First case: ¢ = B, In this case £.(y) = A1(py), he = h, (the spectral entropy of p)
and Eq. (7) is

— A
#(pm] (1+e).

Ad—
(PYn)s

< < min
Al Al

ah, o . ’)\1 — A2
hr — L(Bp) —

We will now maximize the function Vi : P(a™) — R defined by

. ay —daz dq—1 —daq
Vi(ay,...,as) = min , .
ai ai

Recall that

at ={@,...,a) eR a1+ +az=0 and a; > -- > ay}

and consider a € a™. We will distinguish two cases.
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Assume a, > 0: In this case one has

@a-a_, @ _,
ai ar —

Vi(a) <

Assume ap < 0:
Lemma 7.1 Inthis case one has ay —ay > aq—1 —aq, hence V' (a) = (ag—1—ag)/a.

Proof Recall thatay41 —ar < Oforallk € {1, ...,d—1}. Using the following tricky
equality (recall d > 3)

d—1
a1+ (d—Nay+ Y (d =k —a) =ai +ar + - +ag =0,
k=2
one obtains
d—2
ay —ax+aqg —ag—1 = —day — Z(d —k)(ar+1 —ax) > 0.
k=2
Hence a; —ay > aq—1 — ay. 0
Since 0 > ap > --- > a4 one has
ay=—ay —---—aq > —(ag-1+aq) > 0.

Given that d > 3 one obtains, ag—1 < 0 < —ag—1 and subtracting a; on each side
one gets ag—1 — aqg < —(aqg—1 + aq) < ai, finally
1 —ad

aq_—
Vi(a) = -2 .

< 1.

In any case one obtains V| < 1. We then get

ah, o
— < <Vi(pyn)(1 +e) <1+e. (3)
e = LBy o

Since ¢ is arbitrary, we obtain the desired inequality.

Second case: ¢ = (B, + E,,)/Z

In this case we have £.(y) = (A1 (py) —Xa(py))/2, he = H, (the Hilbert entropy of
p) and inequality (7) is

oH, _ * <min[—M_M D N i PR O S
hr =~ L(By +B,)/2) ~ =227 O — a2 ’

for all n large enough.
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We will now maximize the function V; : P(a™) — R defined by

ap —az aq—1 — dd

Vatar. - aq) = min ) o @ —an2 )

Consider a € at such that
X=day —a=aq4—1 —aq4 =Y.

For sucha one hasay = a; —x andag—1 = y + a4. Sinced > 3 one has ay > a4
hence a; —x > a4z + y > a4 + x and thus

2x
Vy(a) = <1.
alp —daqg
If, on the opposite, one has a € a™ such that
X =daq4-1 —a4 = a1 —ay =y,

then, again the fact that a, > ay—1 implies a; — x > a; — y > ag + x and thus

2
Vala) = ——— <11.

ay —daq

In any case one obtains V, < 1. We then get
LR <Vak(pya) (1 +6) < 1+ ©)

= = = V2 (A(pY &) = €.
hr = L((Bp + B,)/2) !

Since ¢ is arbitrary we obtain the desired inequality. This finishes the proof. O

Denote by a, = sup{a € R% : & is a-Holder}. From the proof one obtains the
following.

Proposition 7.2 Let p : I' — PGL(d, R) be an irreducible convex representation.

() Ifaph, = hr, then B, and a,or are cohomologous.
(i) Ifa,H, = hr, then B, + B, and 2,01 are cohomologous.

Proof Let us prove (i), the other being completely analogous. If one has «,h, = hr,
then inequality (8) implies L(8,) = hr/h,, and hence using Lemma 5.9, there exists
k > 0 such that, B, and kor are cohomologous. Equality a,h, = hr implies then
ap, =K. O

@ Springer



Entropy, regularity and rigidity for convex representations. .. 475

8 Proximal representations and the limit cone of Benoist

We will freely use the notations of Sect. 3.1. For an irreducible representation ¢ :
G — PGL(d, R), denote by x4 € a* its restricted highest weight. For every g € G
one has, by definition,

r1(@8) = xp(A(8))- (10)

The representation ¢ is proximal if there exists g € G such that ¢(g) is a proximal
matrix. One has the following standard proposition in Representation Theory.

Proposition 8.1 (see Benoist [4, Section 2.2]) The set of restricted weights of a* is in
bijection with (equivalence classes of) irreducible proximal representations of G.

Let {wp}pen be the set of fundamental weights of IT. We will need the following
result of Tits [23].

Proposition 8.2 (Tits [23]) Foreach 6 € I1, there exists a finite dimensional proximal
irreducible representation Ay : G — PGL(Vy) such that the restricted highest weight
Xo of Ag is an integer multiple of wg.

We will now specialize to the group Isom HX. The Cartan subspace apk is 1-
dimensional and is thus identified with R. The Jordan projection of y € Isom HF
is

A (y) = inf dig(p, yp),
peHk

which coincides with the translation length |y | when y is a hyperbolic element.

Remark 8.3 1f p : Isomy H* — PGL(k + 1, R) is the Klein model of H¥ and y €
Isom; HF is hyperbolic then A1(py) = |y| and A1 (Ad py) = 2|y|.

8.1 The limit cone of Benoist

Let A be a subgroup of G. The limit cone of A is the closed cone of a™ generated by

{A(g) : g € A}
and we denote it by -ZA. One has the following theorem of Benoist [2].

Theorem 8.4 (Benoist [2]) Let A be a Zariski-dense discrete subgroup of G, then
LA has non-empty interior.

Let G; i = 1,2 be connected center free real-algebraic semisimple Lie groups

without compact factors, and denote by ag, a Cartan subspace of G;. The main purpose
of this section is the following corollary personally communicated by Quint.
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Corollary 8.5 (Quint) Let p : A — Gy andn : A — Gy be Zariski-dense. Assume
there exist ¢| € (agI )Y* and ¢, € (a'gz)* such that for all g € A one has

v1(A,(pg)) = p2(AG,(Ng)).

1

Thenno p~" : p(A) — n(A) extends to an isomorphism G1 — G».

Proof Let H be the Zariski closure of the product representation pxn : A — G1x G2,
defined by g — (pg, ng). Since the equation

p1(AG,(g1) = ¢2(Ag,(g2)) (11

holds for every pair (g1, g2) € p x 1 (A), Benoist’s [2] Theorem 8.4 implies that the
same relation holds for every pair (g1, g2) € H.

The group HN (G x {e}) is a normal subgroup of G, itis hence (up to finite index)
a product of simple factors. Equation (11) implies that for all (g, e) € HN (G, x {e})
necessarily one has ¢1(Ag,g) = 0. Since ¢1(v) > Oforall v € agl — {0}, one has
AG,(g) = 0. This implies that H N (G x {e}) is a normal compact subgroup of
G1. Since G does not have compact factors and is center free one concludes that
HN (G, xe)={e}.

The same argument implies that H N ({e} x G2) = {e} and hence H is the graph
of an isomorphism extending np~". O

We will need the following lemma.

Lemma 8.6 (Quint) Let A be a subgroup of GL(d, R) acting irreducibly on R? and
with a proximal element. Then the Zariski closure of A is a center free semisimple Lie
group without compact factors.

Proof Assume that g € PGL(d, R) commutes with all elements on A, and let y € A
be proximal. The attractor of y is fixed by g and hence gv = av for some a € R
and all v € y4. One easily sees that if 2~ € A is another proximal element of A then
necessarily gw = aw for w € h,. Thus, g acts as an homothety on the vector space
spanned by the attracting lines of proximal elements of A. Since A acts irreducibly
this vector space is R?. The Zariski closure G of A is hence center free.

Since A acts irreducibly so does G, hence G is a center free reductive Lie group,
i.e. a semisimple Lie group without center.

Let K be the maximal normal connected compact subgroup of G, and let H be the
product of the non-compact Zariski connected, simple factors of G. Then H and K
commute and H K has finite index in G.

Consider now a proximal element g € G. Replacing g by a large enough power,
we can assume that g = hk for some h € H and k € K. Since eigenvalues of k have
modulus 1 and k and & commute, we conclude that 4 is proximal. So we can assume
that g € H.

Since g and K commute, the attracting line of g is fixed by K, and, since K is
connected, each vector of this attracting line is fixed by K. Let W be the vector space
of K-fixed vectors on R?, then W is G-invariant (K is normal in G) and nonzero.
Since G is irreducible on obtains W = R? and K = {e}. O
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9 Hyperconvex representations and Theorem C

Recall that T" is a convex cocompact isometry group of a CAT(—1) space. We will
freely use the notations of Sect. 8. Let G be a real non-compact semi-simple Lie group,
and denote by .# the Furstenberg boundary of the symmetric space of G. The product
F x . has a unique open G-orbit, denoted by .Z ?.

Definition 9.1 A representation p : I' — G is hyperconvex if there exists a p-
equivariant Holder-continuous map ¢ : 9" — % such that if x # y are distinct
points in dso I, then the pair (£ (x), £(y)) belongs to FO,

The following lemma relates hyperconvex representations to convex ones.

Lemma 9.2 Ifp : I" — G is Zariski-dense and hyperconvex and A : G — PGL(V)
is a finite dimensional irreducible proximal representation, then the composition Aop :
I' — PGL(V) is irreducible and convex.

Proof A proximal representation A : G — PGL(V) induces a C* equivariant map
# — P(V). Considering the dual representation A* : G — PGL(V*) one obtains
another equivariant map .% — PGL(V*). The remainder of the statement follows
directly. O

We need the following theorem from [20].

Theorem 9.3 [20, Section 7] Let p : I' — G be a Zariski-dense hyperconvex repre-
sentation, then there exists a (vector valued) Holder cocycle B : T' X 000" — a such
that, for every non-torsion conjugacy class [y] € [['] one has, B(y, y+) = A(py). If
@ € a* is such that |a™ — {0} > 0, then the Holder cocycle B¢ = ¢ o B has finite
and positive entropy.

Assume from now on that p : ' — G is a Zariski-dense hyperconvex representa-
tion, and assume that ¢ : L — % is a-Holder.

Lemma 9.4 For every simple root 6 € Il and every non-torsion y € I', one has

- 9(k(m/)).
-yl

Proof Let Ag o p : T' — PGL(Vp) be the irreducible convex representation given by
Tits’s Proposition 8.2 and Lemma 9.2. One then has

O(A(py)) = 21(Ag o py) — Aa(Ag o py).

The lemma follows from Lemma 6.8. O

9.1 Proof of Theorem C

The proof is very similar to the proof of Theorem A. Consider the cocycle g : I' x
90" = a given by Theorem 9.3, and consider ¢ € a* such that p|a™ — {0} > 0.
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Consider the Holder cocycle 8¢ = ¢ o 8. Theorem 9.3 states that hge = h,, is finite
and positive. Hence, Lemma 5.9 applies to the cocycle 8¢ and one obtains a sequence
{yn} in T" such that

oA (p¥n))

Lt <
vl r

¢

Analogous reasoning to Theorem A, together with Lemma 9.4, yields
ahy <% 9()»(/)%:))(1 L)
hr = L(B%) — ¢ (pyn))

for every simple root & € II, and all big enough n. We now try to maximize the
function V : P(a™) — R defined by

V(a) = min I b(@) ] .
oell | p(a)

We need the following standard Linear Algebra lemma. Consider an n-dimensional
vector space W, a k-simplex is the convex hull of k + 1 points {xo, ..., xx} in W such
that for every i € {0, ..., k} the set {xq, ..., xx} — {x;} is linearly independent.

Lemma 9.5 Consider n + 1 affine linear forms ¢; : W — R on an n-dimensional
vector space V, such that

A=(lveW:pw =0
0

is an n-dimensional simplex. Then
max min{g; (v) :i € {0, ..., n}},
vEA

is given in the point all the ;’s coincide, i.e. in the unique v € A such that

o) =1 (v) = = @, (v).

We continue with the proof of Theorem C. Fix a vector v in the interior of a™ such
that ¢ (v) # Oand considerthe map T : ker ¢ — P(a) defined by w > R(v+w). This
map identifies ker ¢ with P(a) — P(ker ¢). The functions 7 : ker ¢ — R given by

O(w + v) _ 6(v) O(w)

T = =
)= Ty e T e

are affine functionals. Since ¢ is positive on the Weyl chamber at — {0}, we get that

A=T"'P@)=T1" (P(ﬂ 0= 0})) = (T = 0)

Oell fell

is a simplex of dimension dim a — 1 = dim ker ¢.

@ Springer



Entropy, regularity and rigidity for convex representations. .. 479

Remark that Vo T = min{Ty : 6 € II}. Hence Lemma 9.5 implies that the
maximum of V o T|A is realized where all the functions {7y : 6 € I1} coincide, i.e.
in the set

{a € a¥ : 61(a) = 02(a) for every pair 0y, 6, € IT}.

This is exactly the barycenter of the Weyl chamber bar +.

H
o ahy _ o V(oy)) (1 + &) < M(l +e) (12)
e LB " ~glbarg)

This shows the desired inequality.

Remark 9.6 As in Theorem A, observe that equality in Eq. (12) implies that there
exists k > 0 such that 8% and ko are cohomologous.

10 Proof of rigidity statements

Let’s prove Theorem B (Corollary 3.1 and Theorem D are completely analogous).
Assume p : I' — PGL(d, R) is a convex representation such that o,h, = hr.
Proposition 7.2 implies that for all y € I' one has

A(py) = aplyl.

Since pI is irreducible and proximal, and I" is Zariski-dense in Isom 4 H*, Lemma 8.6
and Corollary 8.5 imply that p extends to p : Isom HF — PGL(d, R). Hence, the
equivariant map & is the restriction of the C*°, p-equivariant map € : 9o HF — P(RY).
Thus, & is Lipschitz, i.e. «, = 1. Proposition 8.1 together with Remark 8.3 imply that
7 is the Klein model of HF.

11 Proof of Corollary 3.4

We will now prove the following corollary. Recall that X is a closed oriented hyperbolic
surface.

Corollary Let f : m;Z — PSL(2,R) be a hyperbolization of X, and consider a
representation in the Hitchin component p : m1X — PSL(d, R). Denote by o the best
Holder exponent of the equivariant map ¢ : d0H?> — .F. Then

2
ozhpfd_l and aprﬁ.

Either equality holds only if p = 14 o f, where 14 : PSL(2, R) — PSL(d, R) is the
irreducible representation.

Denote by G the Zariski closure of p, since G is a semisimple Lie group without
compact factors p : 71X — G is again hyperconvex. Consider a a Cartan subspace
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of g, and let x € a* be the restricted highest weight of the (irreducible proximal)
representation G C PSL(d, R), i.e. if g € G then x(A(g)) = A1(g). Denote by
i:a— athe opposition involution of a associated to the choice of a*.

Remark that by definition the entropy of p relative to x is the spectral entropy
h, = hy of p, and the entropy of p relative to

Xt xoi
2

is the Hilbert entropy H, = h, of p. We will prove the corollary for the spectral
entropy, the other being completely analogous.
Theorem C asserts that
- O(bar+)

*e = x (barg+) (13)

for any simple root & € TII of a and where bar,+ is the barycenter of the Weyl
chamber a™. Theorem D implies that equality in (13) can only hold if G is isomorphic
to PSL(2, R).

Guichard’s Theorem gives a finite list of possible groups G, i.e. of possible Zariski
closures of p (71 X). We will finish with an explicit computation showing that in all
possible cases one has

obarg+) 2
x(barg)  d—1

The author would like to thank Olivier Guichard for discussions concerning his
work.

Theorem 11.1 (Guichard [11]) Let p : m; %X — SL(d, R)ie the lift of a represen-
tation in the Hitchin component, then the Zariski closure pZ is either conjugate to
t4(SL(2, R)), SL(d, R) or conjugate to one of the following groups:

- Sp(2n, R) if d = 2n,
- SO(n,n+ 1) ifd =2n+1,
- G orSO@3,4) ifd =1.

Fori € {1, ..., k} we will denote by ¢; : RF — R the function
giay, ..., ar) = a;.

We refer the reader to Knapp’s book [15] for the standard computations of simple
roots and highest weights that follow.

The 7;(SL(2, R)) and SL(d, R) cases

Assume first that p (771 ) is Fuchsian, i.e. it is Zariski dense in 77 (SL(2, R)). A Cartan
subspace of s[(2, R) is a = {(a, —a) : a € R} the Weyl chamber is a* = {(a, —a) :
a > 0} with simple root IT = {2¢}. The highest weight of the representation 7, is
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x(a, —a) = (d — 1)a. Hence

0 (bary+) 22 2
xarg) d—1Da d—1

Suppose now that p(;r; X) is Zariski dense in SL(d, R). The Cartan subspace of
sld,R)yisa={(ai,...,aq) €eR? :a; + -+ +ay =0} and

ot ={(ar,....az) €a:a; = - > aq),
the simple roots are
I={6;(ar,...,aq) =a; —ajy1 i €{l,...,d —1}}
and the barycenter is
bar+ ={((d—-Dt,(d—=3)t,...,3—=d)t,(1 —d)r): t > 0}.
Hence for any 6 € II one has

6(barg+) 2 2
xbarg) d—-Dt d—1°

The Sp(2n, R) case

Assume d = 2n and that the Zariski closure of p (71 X) is Sp(2n, R). Standard com-
putations show that a = R", and a Weyl chamber is

at ={(a,....,an):a; > aj;1i=1,...,.n—1 and a, > 0}.
The set of simple roots associated to this Weyl chamber is
ND={e; —¢cit1:i=1,...,n—1} U {2¢,}.
The barycenter of the Weyl chamber is hence
bar+ = {(2n — Dt, 2n —3)t,...,3t,1) : t > 0}.

The highest weight of the representation Sp(2n, R) C SL(d, R) is x(ai,...,an) =
aj. Finally, for any 6 € IT one has

O(barg+) 2t 2
xbarg)  @Cn—Dr d—1'

@ Springer



482 A. Sambarino

The SO(n, n + 1) case

Suppose now that d = 2n + 1 and that the Zariski closure of p (1 X) is SO(n, n + 1).
Standard computations show that a = R", and a Weyl chamber is

a+:{(a1,...,an):ai >air1i=1,...,n—1 and a, > 0}.
The set of simple roots associated to this Weyl chamber is

=A{ei —¢giy1:i=1,....,n—1}U{g,}.
The barycenter of the Weyl chamber is hence

bary+ = {(nt,(n — )t,...,2t,t) : t > 0}.

The highest weight of the representation SO(n, n+1) C SL(d, R)is x(ay, ..., a,) =
ay. Finally, for any 6 € IT one has

O(barg+) ¢ 1 2

xbarg) nt n d—1
The G, case
Proof The remaining case is d = 7 and the Zariski closure of p(w1X) being the
exceptional simple Lie group Gy . We refer the reader to Knapp’s book [15, page 692]
for the following computations. In this case we have

a={(aa,a) € R’ :ay+ax+a3 =0},
a Weyl chamber is
at = {(a1,az,a3) :a;y > ap and —2a;+ ar+ a3z > 0}.

The set of simple roots is

IT = {e] — &2, =21 + &2 + &3},
and the barycenter of the Weyl chamber is hence

bar.+ = {(—t, —4¢,5¢t) : t > 0}.
The highest weight associated to the representation G — SL(7, R) is

X =w1 =2(e1 —&3) —2e1 + &2+ 63 =63 — .

Finally, for any 6 € II one has
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o(barg+) 3t 1 2

xbarg) St+4r 3 d—1
This finishes the proof. O
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