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A REPORT ON AN ERGODIC DICHOTOMY

ANDRES SAMBARINO

ABSTRACT. We establish (some directions) of a Ledrappier correspondence be-
tween Holder cocycles, Patterson-Sullivan measures, etc for word-hyperbolic
groups with metric-Anosov Mineyev flow. We then study Patterson-Sullivan
measures for ¥-Anosov representations over a local field and show that these
are parametrized by the ¥-critical hypersurface of the representation. We use
these Patterson-Sullivan measures to establish a dichotomy concerning direc-
tions in the interior of the ¥-limit cone of the representation in question: if u is
such a half-line, then the subset of u-conical limit points has either total-mass
if 9] < 2 or zero-mass if [ > 4. The case [ = 3 remains unsettled.
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1. INTRODUCTION

Let G be the real points of a semi-simple real-algebraic group of the non-compact
type. The (Riemannian) globally symmetric space X associated to G is non-
positively curved, its visual boundary 0,,X is a union of compact G-orbits, para-
metrized by directions in a (fixed beforehand) closed Weyl chamber a™ of g. The
G-orbit associated to a direction u € P(a™) is G-equivariantly identified with the
flag space Jy, of G, where ¥, is the subset of simple roots that do not vanish on u.

Let now TI" be a finitely generated group and p : ' — G a representation with
discrete image. A fundamental object of study is the limit set L, of p(I") on the
visual boundary 0,X, defined as the set of accumulation points of a (any) orbit
p(T") - 0 on the natural compactification X U O X.

When p(T") is Zariski-dense, this object has the following topological description
by Benoist [7]: the action of p(I') on each flag space Fy has a smallest closed
invariant set, called the limit set on Fy and denoted by L}Z; on the other hand one
has the limit cone £, C at of p(T'), defined as the subset of at of accumulation
points of sequences of the form

tna(p('yn))a

where ¢, € R, converges to 0, v, € I goes to infinity and a : G — a™ is the Cartan
projection. It is a convex cone with non-empty interior and the limit set L,y on
O0soX is the ”fibration” over P(Z,), whose fiber over a given direction u € P(Z,) is
the limit set Lg“ of p(T") on Fy,.

Inspired by the rank 1 case, as in Sullivan [68], one may seek to distinguish the
subset of conical points of L, i.e. points on the limit set that are approached in a
uniform manner by elements of the orbit p(I") - 0. However, the definition of uniform
depends on:
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- the type of G-orbit the point lies in: a point =z € Lg is conical if there
exists a (to be called conical) sequence {v,} C I" converging to x such that
for every y € L1’ in general position' with z the sequence 7, ' (y, =) has

compact closure on the space of pairs of flags in general position 3"1(92),

- the specific direction u € P(Z,), associated to the given point: fix a norm
||| on a and define the tube of size r > 0 as the r-tubular neighborhood

T,.(u)={vea:B(v,r)Nu#d},

then z € Lg“ is u-conical if there exists » > 0 and a conical sequence v, — «
such that for all n one has

a(ﬂ(%)) € Ty (u).

A measurable description has been recently established by Burger-Landesberg-
Lee-Oh [20] for u-conical points of Zariski-dense subgroups: under some extra as-
sumptions, the Patterson-Sullivan measure associated to the direction u charges
totally the subset of u-conical points iff G has rank < 3, if rank G > 4 then the
subset of u-conical points has zero mass.

In this paper we will also study a measurable description of u-conical limit
points, but for general Anosov representations, a class introduced by Labourie [43]
for fundamental groups of closed negatively-curved manifolds and generalized by
Guichard-Wienhard [35] for arbitrary (finitely generated) word-hyperbolic groups.
Thanks to the recent work by Kapovich-Leeb-Porti [40] (see also Bochi-Potrie-S.
[10] and Guéritaud-Guichard-Kassel-Wienhard [34]) we can define them as follows,
see §5.2.

Definition 1.0.1. Let 9 C A be a non-empty subset of simple roots and denote by
|| the word length on T" for some (fixed) symmetric generating set. A representation
p: T — Gis ¥-Anosov if there exist positive constants ¢, i such that for all v € T’
and o € 9 one has

o(a(p(v))) > ply| =

A key feature of a 1¥-Anosov representation p is that I' is necessarily word-
hyperbolic and there exist continuous p-equivariant limit maps (Proposition 5.2.3)
defined on its Gromov-boundary,

0 0r = Fy
&Y. 00 — Fi,

such that the flags £V (x) and ¢”(y) are in general position whenever z # .
We begin by studying the Patterson-Sullivan theory for these groups. Fix then

9 C A, let
ay = ﬂ ker o
oceA-Y
be the center of the associated Levi group and let py : @ — ay be the projection
invariant under the subgroup of the Weyl group point-wise fixing ay (see §4.2). The
dual space (ayg)* sits naturally as the subspace of a* of py-invariant linear forms.
It is spanned by the fundamental weights of the elements in ¥:

(a9)* = ({wolag : o0 € 9}).

lhere we let i: a — a be the opposition involution and ¥ := ¢ o1,
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Let us write ay for the composition ay = pyoa: G — ay.
Let B : G x Fa — a be the Buseman-Iwasawa cocycle of G introduced by Quint
[62] (see §4.6). The map By = py o 3 factors as a cocycle By : G x Fy — ay.

Definition 1.0.2. A Patterson-Sullivan measure for p on Fy is a probability mea-
sure v on Jy such that there exists ¢ € aj, with, for every vy €T,

dp(v)*v(.) _ e (Boten ™).

dv
For ¢ € (ay)* denote by

.1
0% = lim ;log#{v er: @(a(p(v))) < t} € [0, 00]
and, inspired by Quint’s growth indicator [61], consider the ¥-critical hypersurface

ng = {(,O S (uﬂ)* 1 0¥ = 1}.
Let us define the ¥-limit cone of p, denoted by Zy ,, as the asymptotic cone of the
projections

{as(p(v)) : v €T},

i.e. all limits of sequences of the form t¢,,ay (p('yn)), where 7y, = coin I'" and ¢,, — 0
in R+.

In the real case, if p(I") is Zariski-dense, then Benoist’s aforementioned result
implies that &y, , has non-empty interior. However, for arbitrary local fields this is
no longer the case!. We aim to work on this more general context, so let us assume
now that G is (the K-points of) a semi-simple algebraic group over a local field K,
we refer the reader to §4 for the analogous definitions, where ay is replaced by the
real vector space Ey, etc.

Let Ann(Zy ,) be the annihilator of the ¥-limit cone and denote by wg :(Ey)* —
(Ey)*/Ann(Zy,,) the quotient projection.

Theorem A. Let p: T — G be ¥-Anosov. Then, Qy , is a closed co-dimension-one
analytic sub-manifold of (Ey)* that bounds a convex set; moreover the projection
7rfo9 (Qg,p) s also a closed co-dimension-one analytic sub-manifold, boundary of a
strictly convex set. For each ¢ € Qg , there exists a unique Patterson-Sullivan
measure V¥ with support on £°(9T). The map ¢ +— v% is an analytic homeomor-
phism between the projection 77;9 (Qﬁ)p) and the space of Patterson-Sullivan measures
on Fy whose support is contained in £ (9T). Such Patterson-Sullivan measures are
ergodic and pairwise mutually singular.

We refer the reader to Corollary 5.5.3 and Proposition 5.9.2 for the proofs of the
above statements.

The fact that both Qg , and wg (Qﬁ’p) are closed analytic hypersurfaces can be
found in Potrie-S. [57, Proposition 4.11] for K = R with essentially the same ar-
guments. The parametrization of Patterson-Sullivan measures by Wg (ngp) was
previously stablished by Lee-Oh [46, Theorem 1.3] for K = R, ¥ = A and as-
suming Zariski-density of p(I"). Existence and ergodicity was previously stablished,
for K = R by Dey-Kapovich [29, Main Theorem] for i-invariant functionals ¢ €
(a™)* N (ay)* and i-invariant subsets ¥J; and S. [66, Corollary 4.22] for arbitrary
functionals but Zariski-dense representations of fundamental groups of negatively

L(even assuming Zariski-density and Anosov)
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curved manifolds. Existence of Patterson-Sullivan measures has also been stablished
by Canary-Zhang-Zimmer [21] in the real case for relative Anosov representations.

We keep the discussion for K = R since this is essential in the following result.
Consider ¢ € Qy , with associated Patterson-Sullivan measure u#. Via the duality

Graimay—1 ((a9)*) = P(ay),

the tangent space T,Qy , gives a direction u, of P(ay) contained in the relative
interior of the limit cone Z , (Corollary 5.9.1). We then further investigate the
pP-mass of ug-conical points on £?(AT).

Since we are dealing with the limit cone on ay (and not on a as before) u,-conical
are points are yet to be defined. It is standard that every point ¢(z) € £7(9T) is
conical', let us say it is further u,-conical if there exists a conical sequence (for z)
as above and r > 0 such that ay(p(vn)) € T, (uy). Denote by d,I" C 9T the subset

9,7 = {x € 0r: £(=) is ug,-conical }.

Theorem B (Theorem 5.13.3). Let K = R and assume p is ¥-Anosov and Zariski-
dense. If [9] < 2 then p? (£7(8,T)) =1, if [0 > 4 then p? (£7(9,T)) = 0.

The case || = 3 is sadly presently untreated, the missing fact that would make
our technique directly apply is an ergodicity result for translation skew-products
over metric-Anosov flows where the abelian group is isomorphic to R? = RI?I=1,
more precisely, we need equivalence between ergodicity and dim V' < 2 in Corollary
2.5.5.

When ¢ = A, a stronger version of Theorem B dealing also with the case |A| = 3
was previously established by Burger-Landesberg-Lee-Oh [20, Theorem 1.6]. It is
likely that the combination of their techniques and ours settles the missing |¢| = 3
case.

1.1. General strategy for Theorem B. Let us briefly explain the proof of Theo-
rem B, which we believe is the main contribution of this work. The main ingredient
is a precise description of the ¥-parallel sets dynamics of G. If (z,y) € Fiy X Fy
are in general position, the associated parallel set is a subset of X consisting on
the union of totally geodesic maximal flats p of X whose associated complete flags
in the Furstenberg boundary p(—a™) and p(a™) contain, respectively, x and y as
a partial flag. This parallel set is a reductive symmetric space, and the associated
dynamical system consists on moving along its center.

More concisely, if one considers the space 3"1(92) C Fiy x Fy of transverse flags,

then the space ?1(92) X ay carries a G-action (on the left) given by

9(z,y,v) = (92, 99,0 — Ba(9,v)),
and an ag-action (on the right) by translation on the last coordinate.
Observe however that the left-action of p(I") on 3"7(92) X ay need not be proper.
For 9¥-Anosov groups though one finds an ag-invariant subset which is also p(T")-

invariant and on which this latter action is proper (§3.5.2 and §5.3.2). Its quotient
by p(T") will be denoted, throughout this introduction, by Oy ,.

1(This follows from the fact that every point x € 9T is conical and the existence of the
equivariant limit maps for p.)
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For each ¢ € Qg , the space Oy , will carry a ¢-Bowen-Margulis measure 2¥
invariant under the directional flow w¥ : Oy, — Oy , along u, € u,, defined by
(the induced on the quotient by p(T") of)

(JZ, Y, U) = (33, Y, v = tutﬂ)
The idea generalizing S. [66] is that w? is conjugated to a skew-product over a
metric-Anosov flow ¢¥ = (qbf XY — X“’) ter O @ compact metric space x?. This

is stablished in §5.12 and previously stablished by Carvajales [23, Appendix] when
9= A.

Remark 1.1.1. The flow ¢¥ plays a central role in this work. We propose to name
it the p-refraction flow of p, because one may think as if the projection on the base
X% refracts the orbits of w? (almost all of them wondering! when |9 > 4) in order
to bind them in a compact space x¥ and obtain non-trivial dynamical behavior.
On the other hand, the term geodesic flow has too many meanings on this setting
(the geodesic flow of T, the geodesic flow of the locally symmetric space p(I")\X,
the geodesic flow of a projective-Anosov representation associated to p by Plucker
embedings...).

An ergodicity result for skew-products over metric-Anosov flows (see §2.5) gives
an ergodic vs totally dissipative dichotomy for w? according to |9 < 2 or || > 4,
here the base field K = R and Zariski-density of p are essential, since Benoist’s [8]
density of Jordan projections does not hold for non-Archimedean K. This dichotomy
is reminiscent of Sullivan’s [68] conservative vs totally dissipative dichotomy in rank
1. Observe again the untreated case |[J| = 3.

These dynamical properties of w? imply the following. The set K(w?) of points
in Oy,, whose future orbit returns unboundedly to some open bounded set, has
either zero Q¥-mass if [] > 4 or its complement has zero Q¥-mass if |J| < 2.

The key feature now is to relate u,-conical points with the set K(w?), this is

attained in Lemma 5.13.3 where it is shown that a triple (x, y,v) € §f92) Xty projects
to K(w¥) if and only if y is u,-conical. The previous dynamical dichotomy gives
then the dichotomy on the p¥-measure on conical points:

W] < 2= p2@0,0) =1,  [9] > 4= p#(d,T) =0. (1)

The global strategy of our proof is different from the analog result in Burger-
Landesberg-Lee-Oh [20]. While, inspired by them, we also use a mixing result, the
use of Dirichlet-Poincaré series along tubes does not play any role in the proof of
Theorem B, nor on the ergodicity dichotomy for directional flows.

Let us end this Introduction be observing that both Burger-Landesberg-Lee-Oh
[20] and Chow-Sarkar [25] prove dynamical statements on p(I")\G (as opposed to

p(M\G/M).

1.2. Plan of the paper. In § 2 we recall some basic facts about the Ergodic Theory
of metric-Anosov flows, and then study translation cocycles over them. Section 3
deals with a Ledrappier correspondence for word-hyperbolic groups whose Gromov-
Mineyev geodesic flow is metric-Anosov. We will mainly apply these results to the
Buseman-Iwasawa cocycle of G, for applications to other cocycles the reader may
check Carvajales [22, 23].

Lin spite of being topologically mixing, these flows are wondering in a measureable sense i.e.
almost every point belongs to a subset of positive measure with bounded return times,



A REPORT ON AN ERGODIC DICHOTOMY 7

We then recall in §4 necessary definitions on semi-simple algebraic groups over
a local field and deal with Anosov representations on §5. We explain in this section
how the Ledrappier correspondence applies in this setting to give, mainly:

- uniqueness results on the Patterson-Sullivan measures,
- precise dynamical information on the directional flows w?.

The proof of Theorem B can be found in §5.13.

1.3. Acknowledgements. This paper grew from a question asked to the author
by Hee Oh on the ergodicity of directional flows for Anosov representations (now
Theorem 5.12.1). He would like to thank her for asking the question. He would also
like to thank Marc Burger for encouraging him to pursue the ideas sketched on a
very early version of this work, together with the remaining authors O. Landesberg,
M. Lee and H. Oh of the paper [20], whose results inspired Theorem B.

2. SKEW-PRODUCTS OVER METRIC-ANOSOV FLOWS

Throughout this section we let X be a compact metric space and V a finite
dimension real vector space.

2.1. Thermodynamic Formalism and reparametrizations. Let ¢ = (¢; :
X — X)ier be a continuous flow without fixed points. The space of ¢-invariant
probability measures on X is denoted by M®. It is a convex, weakly-compact subset
of C*(X), the dual space to the space of continuous functions equipped with the
uniform topology. The metric entropy of m € M? will be denoted by h(¢,m), its
definition can be found in Aaronson [1]. Via the variational principle, we will define
the topological pressure (or just pressure) of a function f: X — R as the quantity

Po.f) = sup (n(o.m)+ [ gm). 2)

A probability measure m realizing the least upper bound is called an equilibrium
state of f. An equilibrium state for f = 0 is called a measure of mazimal entropy,
and its entropy is called the topological entropy of ¢, denoted by h(¢).

Let f: X — Ry be continuous. For every x € X the function £y : X x R — R,

defined by ky(z,t) = fg f(@sz)ds, is an increasing homeomorphism of R. There is
thus a continuous function ay : X x R — R such that for all (z,t) € X xR,

af(z,ky(z,1) = ky(z, ap(z,t) =t

The reparametrization of ¢ by f : X — Ry is the flow ¢/ = (gb{ X = Xer
defined, for all (x,t) € X x R by

3 (@) = bas () (@)-

The Abramov transform of m € M? is the probability measure m# € M’
defined by

mi = ——. (3)

One has the following;:
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Lemma 2.1.1 (S. [65, Lemma 2.4]). Let f : X — Rsq be a continuous function.
Assume the equation

P(p,—sf)=0 seER

has a finite positive solution h, then h is the topological entropy of ¢f. Conversely
if h(¢T) is finite then it is a solution to the last equation. In this situation, the
Abramov transform induces a bijection between the set of equilibrium states of —hf
and the set of probability measures maximizing entropy for ¢7.

Two continuous maps f,g : X — V are Livsic-cohomologous if there exists a
U:X —V,of class C! in the direction of the flow’, such that for all z € X one has

0
f(@) —g(x) = ot U(dz).
=0
Remark 2.1.2. If f and g are real-valued and Livsic-cohomologous then P(¢, f) =
P(¢,9).

2.2. Metric-Anosov flows I: LivSic-cohomology. Metric-Anosov flows are a
metric version of what is commonly known as hyperbolic flows. The former are
called Smale flows by Pollicott [56], who transferred to this more general setting
the classical theory carried out for the latter. We recall here their definition and
some well known facts on their Ergodic Theory needed in the sequel. Throughout
this subsection we will further assume that ¢ is Hélder-continuous with an exponent
independent of ¢, that it is transitive, i.e. it has a dense orbit, and that it is metric-
Anosov.
For £ > 0 the local stable/unstable set of x are (respectively)

Wi(x) ={y € X : d(¢rx, pry) < eVt > 0 and d(érx, pry) — 0 as t — oo}
Wiz)={ye X :d(p_rz,p_1y) < eVt >0 and d(p_sz,p_1y) — 0 as t = oo}.
Definition 2.2.1 (Metric-Anosov). The flow ¢ is metric-Anosov if the following

holds:

- (Exponential decay) There exist positive constants C, A and € such that for
every ¢ € X, every y € WZ(x) and every t > 0 one has

d((bt'ra ¢ty) S Cei)\t7

and such that for every y € W¥(z) one has d(¢p_,z,¢d_y) < Ce .
- (Local product structure) There exist §,e > 0 and a Holder-continuous map

vi{(z,y) € X x X :d(z,y) <d} = R

such that v(z,y) is the unique value v such that W2(¢z) N W2(y) is non-
empty, and consists of exactly one point, called (z,y); and for every € X
the map

WE(x) x Wi(z) x (=4,0) = X,

given by (y,z,t) — &:({y, 2)), is a Holder-homeomorphism onto an open
neighborhood of x.

Le. such that if for every € X, the map t — U(¢psz) is of class C!, and the map z —

F) . .
AP U(¢ix) is continuous
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A translation cocycle over ¢ is a map k : X x R — V such that for every z € X
and ¢, s € R, one has
k(z,t + s) = k(¢sx, t) + k(x, s),
and such that the map k(-,t) is Holder-continuous with exponent independent of ¢,
and with bounded multiplicative constant when ¢ remains on a bounded set. Two
translation cocycles k1 and ko are Livsic-cohomologous, if there exists a continuous
map U : X — V| such that for all x € X and ¢t € R one has

ki(z,t) — ka(z,t) = U(drx) — Ulz). (4)
If k£ is a translation cocycle then the period for k of a periodic orbit 7 is
l:(k) = k(z,p(7)),

for any = € 7. The marked spectrum T — €, (T) is a cohomological invariant that
uniquely determines its class:

Theorem 2.2.2 (Livsic [47]). Let k : X x R — V be a translation cocycle. If
Li(T) = 0 for every periodic orbit T, then k is Livgic-cohomologous to 0.

Observe that if f: X — V is Holder-continuous then the map

by (1) = / f(ée)ds

is a translation cocycle. Two such functions are LivSic-cohomologous if and only if
the associated cocycles are, and the period of f on T is, for any = € T,

f) = /f: by (2.p(7)).

It turns out that every cocycle is LivSic-cohomologous to a cocycle of the form kj:

Corollary 2.2.3 (S. [66, Lemma 2.6]). If k: X x R — V is a translation cocycle
then there exists a Hélder-continuous f : X — V such that k and ky are Livsic-
cohomologous.

Proof. For any k > 0, the function j(z,t) = ZL f k(xz,t+ s)ds is differentiable on
the second variable, let f(z) = (8/0s)|s=0j(z,s). T

t
0

k t) = du = —

s = [ somm=[ 2

Lo

so the period k¢(z,p(1)) = j(z,p(7)) — j(x,0) = k(x,p(7)). By Theorem 2.2.2 the
cocycles k and ks are thus LivSic-cohomologous. O

j(buz, s)du
s=0

j(ams + u)du = j(.f(:,t) - j(l‘,O),

s=0

We record also the following immediate consequence of Liv§ic’s Theorem:

Remark 2.2.4. The space of functions Livsic-cohomologous to a strictly positive
function is an (open cone on an) infinite dimensional space.

In this context much more information can be stated about the pressure function.
Recall that the space Holder®(X) of real valued a-Holder functions is naturally a
Banach space when equipped with the norm

£@) ~ F)]

[flla = [Iflloc +sup
TH£yY d(x,y)o‘
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Proposition 2.2.5 (Bowen-Ruelle [16] and Parry-Pollicott [53, Prop. 4.10]). The
function P(¢,-) is analytic on Holder®(X). If f,g € Holder®(X), then

0
Sl Pt +t9) = [ gimy.

where my is the equilibrium state of f, and the funcion t — P(¢, f + tg) is strictly
convez unless g is Livsic-cohomologous to a constant. Finally, one also has

Y 1 e (f)
P(cb,f)—h?iigptlog > et (5)

T:p(7)<t

Let f € Holder®(X) have non-negative (and not all vanishing) periods and define
its entropy by

1
Yoy = limsupflog#{f periodic : /f < s} € (0, 00].

s—o0 S -
Remark 2.2.6. Observe that %, is necessarily > 0 since f must have a positive
maximum and h(¢$) > 0.

One has the following lemma.

Lemma 2.2.7 (Ledrappier [44, Lemma 1]+S. [65, Lemma 3.8]). Consider a Holder-
continuous function f : X — R with non-negative periods. Then the following
statements are equivalent:

- the function f is Livsic-cohomologous to a positive Hélder-continuous func-
tion,

- there exists k > 0 such that fT f > wp(7) for every periodic orbit T,

- the entropy %y is finite,

- the function t — P(¢, —tf) has a positive zero, in which case is % .

Let us fix an exponent o and consider the cone Holder{ (X, R) of Hélder-continuous
functions that are Livsic-cohomologous to a strictly positive function. The implicit
function theorem for Banach spaces (see Akerkar [2]) and the explicit formula for
the derivative of pressure (Proposition 2.2.5) give the following corollary.

Lemma 2.2.8. The entropy map #% : Holder{ (X, R) — R, is analytic.

Proof. Indeed Lemma 2.2.7 gives the equation P(¢, —%y f) = 0 and equation (2.2.5)
gives that the non-vanishing derivative

4, s P(6.5) = [ fam_i,y >0,

so the implicit function completes de result. O

2.3. Metric-Anosov flows II: Ergodic Theory. A fundamental tool for study-
ing the Ergodic Theory of metric-Anosov systems is the existence of a Markov
coding.

Let 3 be an irreducible sub-shift of finite type equipped with its shift transfor-
mation ¢ : ¥ — X, and 7 : ¥ — Ry be Holder-continuous. Let 7 : X xR — X x R
be defined as

7(x,s) = (ox, s — r(x)),
and consider the quotient space X, = X x R/ (7). It is equipped with the flow

o’ = (G{ HPIES ZT)tER induced on the quotient by the translation flow.
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Definition 2.3.1 (Markov coding). A triplet (X, 7,r) is a Markov coding for ¢ if &
and r are as above, 7 : 3 — X is Hoélder-continuous and the function m,. : ¥ xR — X
defined as

7TT($7t) = (btﬂ-(x)
verifies the following conditions:

i) m, is Holder-continuous, surjective and 7-invariant; it passes then to the
quotient X,
ii) 7. : X, — X is bounded-to-one and injective on a residual set which is of
full measure for every ergodic o”-invariant measure of total support,
iii) for every ¢t € R one has m,.0] = ¢;m,.

The following result has a long history, see for example Bowen [14, 15], Ratner
[63], Pollicott [56] and more recently Constantine-Lafont-Thompson [27].

Theorem 2.3.2 (Existence of coding). A transitive metric-Anosov flow admits a
Markov coding.

The above is a fundamental tool to obtain the following, see for example Bowen-
Ruelle [16], Parry-Pollicott [53] and more recently Giulietti-Kloeckner-Lopes-Marcon
[31], recall from §2.1 the definition of equilibrium state.

Theorem 2.3.3 (Uniqueness of equilibrium states). Let f : X — R be Hélder-
continuous, then there exists a unique equilibrium state for f, denoted by my; it is
an ergodic measure. If g : X — R is also Hélder, then my < my if and only if
f — g is Livsic-cohomologous to a constant function, in which case mg = my. The
function f +— my, defined on the space of Hélder-continuous functions with fized
exponent, is analytic.'

A final fact we will require on this setting (introduced by Margulis [48]) is the
decomposition of the measure of maximal entropy along the stable/ central-unstable
sets of ¢.

The stable/unstable leaf of x is

Wo(@) = | o-(W2(¢r2))
teRy
Wh(z) = | ¢:(W2(¢-s2)),
teR,
and the central stable/unstable leaf is (respectively) the ¢-orbit of W*(x) (resp.
WH(z)). These sets are independent of (any small enough) € (i.e. smaller than the
e given by Definition 2.2.1).
One has the following, see for example Margulis [49], Pollicott [55] for a con-
struction via Markov codings or Katok-Hasselblatt’s book [41, §5 of Chapter 20]
for the discrete-time case.

Theorem 2.3.4 (Margulis description). For each x € X there exists a measure (i
on the stable leaf W*(z) and a measure puS" on the central unstable leaf such that

- for allt > 0 and all measurable U C W3(z) one has
Moo (&) = ™ML (U), (6)

e emphasize that the space of measures is endowed with the differentiable structure induced
by being the dual space of continuous functions.
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- the local product structure on Definition 2.2 induces a local isomorphism
between the measure p, @ ps* and the measure of maximal entropy of ¢.

The family of measures is unique in the following sense. If v, and v are also
a family of measures along the stable and central-unstable leafs of x such that the
product vy ® vt is locally isomorphic to a ¢-invariant measure and v verifies

equation (6) with some arbitrary fized 6 > 0 (instead of h(¢)) then § = h(¢),
vy = piy ond pgt =

2.4. Skew-products over sub-shifts. Consider now the two-sided subshift ¥ and
let K: ¥ — V be Holder-continuous.

Definition 2.4.1. We say that K is non-arithmetic if the group spanned by the
periods of K is dense in V.

The skew-product system is defined by f = fK: S xV = L xV
fp,v) = (a(p),v — K(p)). (7)

If v is a o-invariant probability measure on ¥ then the measure Q = Q, = v ® Leb
is f-invariant.

The following proposition seems to be well known but we haven’t been able to
find a specific reference in the literature, for completeness we added a short proof
Appendix A.

Proposition 2.4.2. Let ¥ be a two-sided sub-shift, v be an equilibrium state of
some Hélder potential, and K : ¥ — R a non-arithmetic Hélder-continuous function
with f Kdv = 0. Then the skew-product f¥ : L x R — X x R is ergodic w.r.t. Q,.

We record also the following classical lemma. Let us say that a subset of ¥ x V
is bounded if it has compact closure, and that it has total mass (w.r.t. Q) if its
complement has measure zero. As the space ¥ x V' is non-compact, it is natural
to study the subset of points of ¥ x V whose future orbit returns infinitely many
times to a fixed open bounded set:

K(f)={p € ¥ x V : 3B open bounded set and n, — oo with f™*(p) € B}.

One can be more specific. If By,By C ¥ x W we want to understand the measure
of

X (B1,B2) = {p € By : Iny — oo with f™*(p) € Bz},
to this end one considers the sum > o° Q(1p, - 1p, o f7):

Lemma 2.4.3. If > Q(1p, - 1, 0 f") < 0o then Q(X(By,B2)) = 0. On the
other hand if v has no atoms and f is ergodic w.r.t. Q then K(f) has total mass
and for every pair By, Bs one has X(B1,Bs) has total mass on Bj.

Proof. This is a standard argument valid for any measure preserving transforma-
tion. The first assertion follows by looking at the tail of the series in question

> 0(1p, -1, 0 f*) = Q(Ey),
n=~k

where, for each k € N, By, = {p € By : 3N > k with f"(p) € By}. The second
assertion can be found in, for example, Aaronson’s book [1, page 22]. [
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2.5. An ergodic dichotomy. Asin §2.3, let 0" be the suspension of the shift on
by the function r. If v is a o-invariant probability measure, then v ® dt/ f rdv is in-
variant under the translation flow ¥ x R and induces thus a 0"-invariant probability
measure on X,., denoted by 7.

Remark 2.5.1. Tt is a classical fact, to be found for example in Bowen-Ruelle [16],
that if v is the equilibrium state of —h(0")r then ¥ realizes the topological entropy
of o,.

Let K : ¥ x R — V be a (f)-invariant Holder-continuous function and consider
the flow

Y= (L, xV = L x V)er

t
wulp.v) = (@0~ [ K(op)ds),
0
Consider the measure on L, x V defined by Q, = ® Leb.

Theorem 2.5.2 (S. [66, Theorem 3.8]). Assume the group generated by the pe-
riods of (r,K) is dense in R x V and that deﬁ = 0 for the equilibrium state
v of —h(c")r. Then there exists k > 0 such that given two compactly supported
continuous functions g1,g92 : L, X V. — R, one has

V200, (g1 - g2 0r) = £ QL (91) Qv (g2),
as t — oo.

We include the main outline of its proof in Appendix B. As it is classical, the
above result holds for characteristic functions of open bounded sets whose boundary
has measure zero.

Corollary 2.5.3. Under the same assumptions of Theorem 2.5.2, if dimV =1
then ¥ is ergodic w.r.t. Q,. If dimV > 3 then Q, (9{(1/})) =0.

Proof. The skew-product system fX : ¥ x V — ¥ x V of equation (7), where
K: ¥ — V is defined by
r(x)
K(z) = K(x,s)ds, (8)
0

is the first-return map of ¢ to its global section (X x {0})/~ x V. Consequently,
following the flow-lines until reaching the section, one finds a natural (measurable)
bijection between -invariant subsets and f-invariant subsets. If y is a o-invariant
probability measure on Y, then this bijection preserves the class of invariant-zero-
sets between the measures i ® Leb on X, x V and p ® Leb on ¥ x V. Thus we can
translate ergodicity results from f to the flow ¢ and vice-versa.

The case dim V' =1 is hence settled by Proposition 2.4.2.

For dim V' > 3 one considers an open A C ¥ with v(0A) = 0, an open interval
I C R with length < minr and B C V an open ball. Applying Theorem 2.5.2 to

B:B1:B2:AXIXB

gives a positive C such that for large ¢ one has ¢4i™ V/QQ(IB 10 wt) < C. Thus,
for a fixed tg > 0 one has that

(.¢] _ o 1
to t()
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If dim V > 3 then [ Q(15-1g04)dt < co and Lemma 2.4.3 gives Q(X(¢)) =
0, in particular the system is not ergodic. O

Remark 2.5.4. An ergodicity dichotomy for fK has been previously established
by Guivarc’h [36, Corollaire 3 on page 443] under the stronger assumption that K
is aperiodic.

By means of Markov partitions (Theorem 2.3.2), the above corollary immediately
translates in the following. As in the previous section, let X be a compact metric
space equipped with a topologically transitive, Holder-continuous, metric-Anosov
flow ¢. Let F : X — V be Holder-continuous and consider the flow & = ((Dt :
XXV = XxV), o

S
Bi(p.0) = (0 | Floup)ds)
0
It is convenient to call the flow ® by the skew product of ¢ by F.

Corollary 2.5.5 (Dichotomy). Assume the group spanned by the periods of (1, F)
is dense in R x V and that [ Fdm = 0 for the measure of mazimal entropy m of
¢. Then ® is mizing as in Theorem 2.5.2, moreover

dimV <1 = ® is ergodic w.r.t. m ® Leb = dimV < 2.
If dimV > 3 then X(®) has zero measure.

Proof. Follows from the corresponding results for subshifts and Remark 2.5.1 de-
scribing the measure of maximal entropy of ¢. (]

2.6. The critical hypersurface. We recall here two results from Babillot-Ledra-
ppier [5]. Their paper concerns differentiable Anosov flows but, as one checks the
proofs, only the existence of a Markov coding is required for both their results
below. We take the liberty to state them in our broader generality and refer the
reader to loc. cit. whose proofs work verbatim.

As before, let F': X — V be Hélder-continuous.

Assumption A. We will assume throughout the remainder of §2 that the closed
group A spanned by the periods of F' has rank dim V, (i.e. A ~ RF x Zz4mV=F for
some k € [0,dim V]) and that moreover the group spanned by

{(p(T),/F) iT periodic}

is isomorphic to R x A.

The compact convex subset of V

MO (F) = {/Xqu:ueMﬂ

has hence non-empty interior. On the other hand, for each ¢ € V* one can consider
the pressure of the function p(F): X — R:

By Assumption A the function P : V* — R is analytic and strictly convex (Propo-
sition 2.2.5). Using the formula for the derivative of pressure (Proposition 2.2.5),
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and the natural identification Grgim, v—1(V*) — P(V), one has, for ¢ € V* that

d@P = /de_w(p), (9)
where m_,,py is the equilibrium state of —p(F"). One has the following.

Proposition 2.6.1 (Babillot-Ledrappier [5, Prop. 1.1]). The map p : V* = V
defined by ¢ — d,P is a diffeomorphism between V* and the interior of M?(F).

Let us denote by &r = Ry - M?(F') the closed cone generated by the periods of
F. If 0 does not belong to M?(F) then Zr is a sharp cone (i.e. does not contain a
hyperplane of V') and its interior is

int Zp = Ry - int (M?(F)).
One has moreover the following.

Proposition 2.6.2 (Babillot-Ledrappier [5, Prop. 3.1]). Assume 0 ¢ M?(F), then
the set p({¢ € V* : P(p) = 0}) generates the cone int L.

Remark 2.6.3. Observe that if ¢ € V* is such that > e tr(eel) < oo

then necessarily ¢ is strictly positive on the cone £, i.e. ¢ € int (3};) Indeed, if

T periodic

> e~ (#°F) is convergent then the formula for pressure on Proposition 2.2.5 gives
that P(¢) < 0. Since P(0) > 0, there exists s € (0,1] such that P(s¢) = 0. The
variational principle (equation (2)) implies that

/so(F)zo

T

for every periodic orbit 7, and thus Lemma 2.2.7 applies to give that ¢(F) is Livsic-
cohomologous to a strictly positive function and 7%,y € (0, 1].

We are thus interested in the convergence domain of F
Dp = {(p € int (g;v) : ﬁ/(p(p) S (0, 1)}
C {90 ev*: Z e trleol) oo},
7 periodic
and the critical hypersurface’ (whose name is justified by the next corollary)
QF = {(p € int (3;‘) : ﬁ«p(F) = 1}.
Corollary 2.6.4. Assume 0 ¢ M?(F), then Dp = P~(—00,0) and Qr = P~1(0)
Consequently D is a strictly conver set whose boundary coincides with Qp. The
latter is a closed analytic co-dimension-one submanifold of V*. The map
p€Qp+— TQOQF

induces a diffeomorphism between Qp and directions in the interior of the cone £Lp.

Proof. We have already shown the inclusions P~1(—c0,0) C D and P~1(0) C Qp,
the other ones follow at once from Lemmas 2.2.7 and 2.1.1. Since 0 ¢ M¥(F)
Proposition 2.6.1 implies that P has no critical points, thus P~1(0) = Qf is an
analytic sub-manifold of V*. Strict convexity follows from that of P, and the last
assertion follows by observing that the tangent space T,QF equals kerd,P. O

Lalso usually called the entropy-one set or the Manhattan curve,
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We now focus on the variation of the critical hypersurface when F' varies. To
this end consider the Banach space Holder®(X, V) of V-valued Hélder continuous
functions with exponent «. The pressure can be considered as an analytic map
P : Holder®(X,V) x V* — R defined as P(G,v¢) := P(¢,—¢(G)). Its differential
at the point (F, ) on the vector (G, ) is

dpoP(G ) = — / ($(F) + 9(G))dm_ e,

and vanishes identically only if (F, @) = (0,0). The pre-image P~1(0) is thus a
Banach-manifold.
If F € Holder®(X, V) is such that 0 ¢ M?(F), then its critical hypersurface

Qp ={peV*: (Fp)eP1(0)}

is the intersection of { F'} x V* with the level set P~'(0). This intersection will vary
analytically on compact sets with F' as long as the tangent space ker d(p )P (for
fixed (F,p) with P(F,¢) = 0) is transverse to the vector space {0} x V*. Since
ker d(p, )P has co-dimension 1, transversality is implied by ker d(p )P N {0} x V*
being co-dimension 1 on V*. However by Corollary 2.6.4, this latter intersection is,
as long as F verifies assumption A and 0 ¢ M?(F), the tangnet space T, Qp, which
has co-dimension 1. We have thus established the following.

Corollary 2.6.5. The critical hypersurface Qp varies analytically on compact sets
when varying the function F' among Hoélder functions verifying the hypothesis of
Corollary 2.6.4.

2.7. Dynamical Intersection and the critical hypersurface. We recall here
the concept of dynamical intersection from Bridgeman-Canary-Labourie-S. [17],
similar concepts have been previously studied by Bonahon [11], Burger [19], Croke-
Fathi [28] and Knieper [42], among others.

Let f: X — R be a positive Holder-continuous function and, for ¢t > 0, consider
the finite set Ry(f) = {7 periodic : £,(f) < t}. Let g : X — R be Hélder-continuous
(but not necessarily positive), then the dynamical intersection between f and g is
defined by

— lim 1 ET(Q)
9= Jm 2o d 2 oy

TER(f)
Then one has the following.
Proposition 2.7.1 ([17, §3.4]). One has
Jgdm s,
I(f.g) =
f fdm_ﬁ;ff

in particular 1 is well defined and varies analytically with f and g among Hélder-
continuous functions with fized Hélder exponent. If g is moreover positive then one
has X(f,q) > 7y //ig.

We now place ourselves in the context of the previous subsection, i.e. we consider
a Holder-continuous F : X — V and we assume moreover that 0 ¢ M?(F). For
¢ € Qp we consider the map I, : V* — R defined by

_ JYE)dm_gr)

() = Mo (F), v (F)) = =,

(10)
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where the last equality comes from Proposition 2.7.1 and the fact that Z,p) = 1.
Observe that it is a linear map. We then have the following explicit interpretation
of the tangent space to the critical hypersurface purely in terms of periods.

Corollary 2.7.2. Let F: X — V be as in § 2.6 and such that 0 ¢ M?(F). Then
for ¢ € Qp one has T,Qp = kerIL,.

Proof. Since by Corollary 2.6.4 one has Qp = P~1(0), the tangent space T,Qp =
ker d,P = ker I,, where the last equality comes from the combination of Equations
(9) and (10). O

3. A LEDRAPPIER CORRESPONDENCE

In [44] Ledrappier establishes, for a closed negatively-curved manifold M, bijec-
tions between Livsic-cohomology classes of pressure zero functions on T'M, nor-
malized Hélder cocycles for the action of w1 M on the visual boundary 9. M of
the universal cover of M, quasi-invariant measures on dso M, among other objects.
The purpose of this section is to establish, in the context of word-hyperbolic groups
with metric-Anosov geodesic flow, some of these correspondences. We also extend
results from S. [64, 65, 66] to this setting. Some ideas from Bridgeman-Canary-
Labourie-S. [17, 18] and Carvajales [23, Appendix] are used. The reader can also
check Paulin-Pollicott-Schapira [54] for similar results in situations allowing cusps.

Let T be a finitely generated, non-elementary, word-hyperbolic group (see Ghys-
de la Harpe [30] for a definition). Denote by g = (gt Ul — Ur)te[R the Gromov-
Mineyev geodesic flow of I' (see Gromov [33] and Mineyev [51]). The total space UT
is the quotient of 9T x R by a properly discontinuous co-compact I'-action (defined
in loc. cit.). This action restricted to 9T coincides with the induced 'action on
its Gromov boundary, and commutes with the R-action by translations, giving on
the quotient the desired flow g. We will save the notation

ur
for the pair consisting on the space 9°T" x R equipped with the above I'-action.

Assumption B. We will assume throughout §3 that g is metric-Anosov (recall
that in general g is transitive (see Remark 3.0.1)) and that the lamination induced

on the quotient by Weu = {(z,,") € l,J\I:} is the central-unstable lamination of g.

Let us emphasize that, in what follows, the Gromov-Mineyev geodesic flow is
merely an auxiliary object. The whole discussion works verbatim replacing g by
the following flows known to satisfy Assumption B:

- the non-wandering set of the geodesic flow of a convex co-compact action of
I on a CAT(—1) space (if this is known to exist), see Constantine-Lafont-

Thompson [27],
- the geodesic flow of a projective-Anosov representation of p (again if this is
known to exist) as introduced in Bridgeman-Canary-Labourie-S. [17], see

also §5.1.

Recall that every hyperbolic element' v € T has two fixed points on T, the
attracting 4 and the repelling v_. If © € 9" — {y_} then "z — 4 as n — oo.
The axis (y—,74+) X R projects then to a periodic orbit of g, denoted by [y]. If I(7)

Li.e. an infinite order element



18 A. SAMBARINO

denotes the translation length of v along this axis, then I(v) is an integer multiple
of the period of the periodic orbit [y]. Observe we allow [y] to tour several times
along the orbits it surjects to, so at least formally, we let [y"] be the orbit [y] toured
n-times.

Remark 3.0.1. We briefly justify why g is transitive. It suffices to show that given
two open sets U,V there exists t € R s.t. g,(U) NV # (), so the question is reduced
to the same question for the action of I' on 92T the open sets to be considered can
be reduced to be of the form U; x Uy and Vi x V,, where U;, V; C OTI" are open and
Ui NUy =V, NV, = (); an element v € T with y_ € U, and 7, € V; has a positive
power such that v™*(U; x Uz) N Vi x Va # (.

3.1. The Ledrappier potential of a Hélder cocycle. Let V be a finite dimen-
sional real vector space. A Hélder cocycle is a function ¢ : T x 8°T — V such
that:

- for all 4, h € T one has c(’yh, (x,y)) = c(h, (a:,y)) + c(’y, h(z, y)),
- there exists « € (0, 1] such that for every v € T' the map ¢(v, -) is a-Holder
continuous.

The period of a Holder cocycle for a hyperbolic v € T is £.(7) := ¢(v, (v,7T)).
Two cocycles ¢, ¢’ are cohomologous if there exists a Holder-continuous function
U : 0°T — V such that for all v € T" and (x,y) € 9°T one has

(v, (@,9)) = (v, (z,9)) = Ulv(z,y)) — Uz, y).
Two cohomolgous cocycles have the same marked spectrum v — £.(). The follow-

ing should be compared with Ledrappier [44, Théoréme 3].

Proposition 3.1.1. For every Hélder cocycle c there exists a Holder-continuous
function J. : UI' =V such that for every hyperbolic v € T' one has

gc - ec(’)’)-

]
Cohomologous cocycles induce Livsic-cohomolgous functions.

Proof. The general case follows from the case V' = R by Riesz representation The-
orem. Assume thus V = R and consider the trivial line bundle UI' x R equipped
with the bundle automorphisms

v (p,s) = (’yp, e_c(’%(ﬂﬁ,y))s)7

where p = (z,y,t). Denote by F — UT" the quotient line bundle. It is equipped with
a flow (ét F— F) teR by bundle automorphisms, induced on the quotient by

t- (p75) = (gtp7$)'

Let || be a Euclidean metric on F and define, for v € Fp,

)
T(p,1) = log B (11)

It is a translation cocycle over g, indeed since F,, is one dimensional the choice of v
does not matter, and since g is a flow one has

Bl _, @) )] _ | [(E)

|85 (v)|
> = log = + log -
v vl 18s(v)] |8 (v)] [v]

log
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By Corollary 2.2.3, there exists a Holder-continuous function J. : UI' = R such
that T and kj_ are LivSic-cohomologous. We end the proof by a period compu-
tation. For every hyperbolic v € T one has, for all s € R, that y(v_,v4+,s) =
(Y_, v+, e ts), or equivalently, for any z € [y] C UT" and v € F,,

|8p(1) v
le() = log == = £,)(T) = | 3.,
[v] &
where p(7) is the period of [y] for g. Since cohomologous cocycles have the same
marked spectrum, the associated functions have the same periods and are thus
Livsic-cohomolgous by Theorem 2.2.2. O

Definition 3.1.2. We say that J. is a Ledrappier potential of c over g.

3.2. Real cocycles and reparametrizations. Assume now V' = R and consider
a cocycle ¢ with non-negative (and not all vanishing) periods. Define its entropy
by

/. = limsup % log #{[’y] € [T hyperbolic : £.(v) < t}.
t—o00

Remark 3.2.1. It follows from Proposition 3.1.1 and Remark 2.2.6 that #Z. > 0.

For such a cocycle consider the action of T on 9°T" x R via c:
v @y t) = (vt = e( (@) ). (12)

Let us denote by x¢ the quotient space x¢ = F\(82F X IR). The following can
be found in S. [65] for fundamental groups of closed negatively-curved manifolds
and in Carvajales [23] for the refraction cocycle of a A-Anosov representation (see
Definition 5.3.1).

Theorem 3.2.2. If ¢ is a Hélder cocycle with non-negative periods and finite en-
tropy, then its Ledrappier potential is LivSic-cohomologous to a strictly positive
function. Moreover, the above action of T on 0°T x R is properly-discontinuous and
co-compact and the flow ¢ = (¢§ T X¢ — xc)tGR induced on the quotient by the
R-translation flow is Hélder-conjugated to the reparametrization of g by J..

The topological entropy of ¢ is thus® %..

Proof. The first assertion follows at once from Lemma 2.2.7. For the remaining
statements, we continue as in the proof of the proposition but for the cocycle —c.
Observe first that —J. = J_.. Since T and kj_, are LivSic-cohomologous, there
exists U : UI' — R such that for all t € R, p € Ul and v € F, one has (recall
equation (11))

A t
mé&“—/aﬁzv@m—vw»
|U| 0

Since J_. = —J. is LivSic-cohomologous to a strictly negative function, the above
equation implies that the flow g is contracting on F, i.e. there exist positive C' and

u such that for all v € F and ¢t € R one has
grv| < Ce™|u].

IWhen T has torsion elements this fact requires some work, see Carvajales-Dai-Pozzetti-
Wienhard [24, Section 5] for details.
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A standard procedure (see for example Katok-Hasselblat [41] or Bridgeman-Canary-
Labourie-S. [17, Lemma 4.3]) provides a Euclidean metric || || on F such that the

constant C' equals 1. We denote also by || || the lift of this metric to UI' x R, it is a
[-invariant family. .

Given then (z,y,t) € UT we let v(, 1) € (R—{0})/% be such that |[v(g,, 4|l = 1.
As in [17, Proposition 4.2] the map

UT — 0°T x (R — {0}/4) — 0°T x R
E,: (l'vyat) = (xay7v(;c,y,t)) — (xay,l()gv(x,y,t))v (13)

is M-equivariant and an orbit equivalence between de R-actions. ([

Definition 3.2.3. The flow ¢° will be called the refraction flow of c.

3.3. Patterson-Sullivan measures. Let us consider now Hoélder cocycles with
V =R and only depending on one variable, i.e. ¢: T x OI' — R. Assume moreover
that ¢ has non-negative periods and finite entropy. A cocycle ¢: ' x ' = R is dual
to c if for every hyperbolic v € T one has

Definition 3.3.1.
- A Patterson-Sullivan measure for ¢ of exponent 6 € R, is a probability
measure g on JI' such that for every v € I' one has

drY*M —50('\/71 )
.) = LV 14
() = e (1)
- A Gromov product for the ordered pair (¢,c) is a function [-,-] : 9°T — R

such that for all 4 € T and (x,y) € 8T one has

[y, vyl = [z, 4] = = (E(v, ) + c(7,9))-

Consider a pair of dual cocycles (¢, c¢) and assume a Patterson-Sullivan measure
of exponent § exists for each ¢ and ¢, denoted by p and g respectively. Assume
moreover that a Gromov product for the pair (¢, c) exists. The measure

7 =e¢peuedt (15)

on 9°T xR is hence T-invariant! and R-invariant. Passing to the quotient one obtains
a measure 7z on ¢ invariant under the flow ¢¢. Observe that we can write 7z as

dm(z,y,t) = /

I xR

e Otdu(y)dt (/ eéte_‘s[w’y]d,u(ac)> .
ar

Lthe action being via ¢, v(z,y,t) = (v, vy, t — c(v, y))
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The measure e~ **dudt is T-invariant! on 9" x R and the family

My, = e dp
is M-equivariant. This decomposition induces then a local decomposition of 72 as a
product of measures on the laminations induced on the quotient by W = {(x, o)

x € OI'} and V= {(~,y,t) cyedlte [R}. The local product structure induced
by OI' x 9I' x R permits to transport the measures my, ), parallel to the central
stable leaf We[(z,y,t)], to the stable leaf of [(z,y,t)] for ¢° to obtain a family of
measures at each strong stable leaf v such that

(& S

d(i:)*yp _ 6_&. (16)

Voep
Margulis’s description of the measure maximizing entropy (§2.3.4) then gives that
0 = /. and that »2 maximizes entropy for ¢°. Thus, subject to the existence of
the Patterson-Sullivan measures and the Gromov product, we summarize the above
discussion in the following.

Proposition 3.3.2. The measure 7 on X° maximizes entropy for the flow ¢°.
The exponent & necessarily equals the topological entropy of ¢, %, if v is another
Patterson-Sullivan measure for ¢ then v = p.

Let us consider again the measure 7z on 9T x R from (15) but let us instead
study the T'-action on the R-coordinate by the Gromov-Mineyev cocycle, so that
M\ (6T xR) = UT and the induced flow is g. The quotient measure, «, is g-invariant
and the orbit equivalence & from equation (13) preserves, by the way it is defined,
zero flow-invariant sets between « and 7z. Since £ is a conjugation between g?< and
¢°, and 7 maximizes entropy for ¢°, the measure &,772 is gd-invariant, maximizes
entropy for gd¢ and has the same zero sets as «.

One concludes that the Abramov transform (3) «# (w.r.t. J.) is a measure
of maximal entropy of the flow g°. Lemma 2.1.1 implies then that « /|| is the
equilibrium state of —/%.d.. Let us summarize in the following remark:

Remark 3.3.3. The probability measure « /|| on UT' = I“\L/J? induced by 77z is
the equilibrium state of —7%.J..

Since the zero sets of an equilibrium state are uniquely determined by the Livsic-
cohomology class of the associated potential up to an additive constant (Theorem
2.3.3), one concludes the following:

Corollary 3.3.4. Let i,k be a pair of dual cocycles with non-negative periods and
finite entropy. Assume Patterson-Sullivan measures, v and U, exist for k and R

Undeed, if f:0l'x R — R is continuous then
/f(v(% t))e tdudt, = /f("/y,t—C(%y))e*‘”dudt
= /f(’Y% t)e_é(t_c(%w)dudt (by translation invariance)

= /f(y, t)676(t76(’y’7_1y))e_‘sc(”il’y)d,udt (by definition of p)

= / f(y, t)eiétdudt.
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respectively, together with a Gromov product for the pair. If v has the same zero sets
as p then the (scaled) Ledrappier potentials %4.J. and %, are LivSic-cohomologous
and v = L.

Proof. A final argument is required, indeed from §2.3.3 there exists a constant K
such that %.J. and %,J, + K are LivSic-cohomologous. However, since %, is the
topological entropy of gd¢, Lemma 2.1.1 gives

0=P(g,~%cdc) = P(g, ~#ndn + K) = K,

where the second equality holds by Remark 2.1.2, and the third equality by the
definition of P (equation (2)). O

The above corollary can be found in Ledrappier [44] when I is the fundamental
group of a negatively curved closed manifold. The proof uses also a disintegration
argument. One may also check Kaimanovich [39] and Babillot’s survey [4] specifi-
cally for the Buseman cocycle (I" as in Ledrappier’s aforementioned situation), and
Carvajales [23, Appendix] for the refraction cocycle B, (see §5.3 for the definition)
of a A-Anosov representation of an arbitrary word-hyperbolic group.

3.4. Vector-valued cocycles I: the critical hypersurface. Let now ¢ : 'xdl' —
V be a Holder cocycle and consider the compact convex set M&(J.) C V. Since this
set depends on the base flow g it is natural to consider the limit cone of ¢

e = U Ry - Le(y) = Ry - ME(F.).
yer

Remark 3.4.1. Up to Livsic -cohomology we can assume that J. has values in the
vector space V' = (M8(J.)) . We can moreover choose a reparametrization g/ of g
so that if 3%"' : Ul — V' is the Ledrappier potential for ¢ over gf then the flow g/
together with the potential H%f verify Assumption A from §2.6.

Proof. By Remark 2.2.7 the space of Livsic-cohomology classes over g is infinite
dimensional, so the remark follows. O

We will work from now on with flow g/ given by the remark and the Ledrappier
potential ggf, we will rename these by g and J. though as to not overcharge the
paper with notation and keep in mind that, when we restrict the image of J. to V’,
Assumption A is verified.

Let (.EZC)* ={y € V*: ¢|Z. > 0} be the dual cone of c. For ) € V* denote by

cpy =poc:TxIN = Rand iy = %,
Assumption C. There exists ¢ € (30)* such that ¢, has finite entropy.

Lemma 3.4.2. In this case 0 ¢ M&(J.), (gp)* has non-empty interior and int (Z()*
{pe (&) :h, < oo}

Proof. The Lemma follows essentially from §3.1 and Lemma 2.2.7, indeed since
Yoy = Tip(g.) < 00 there exists x > 0 such that for all hyperbolic v € T it holds

¥(€:(v)/p(7)) > k; by density of periodic orbits on ME one has inf {¢)(M8(J.)) } >
% > 0. The remaining statements follows similarly. ([l
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Since 0 ¢ M?™ (J,) we can apply Corollary 2.6. Denote by
0. = {peint () 4, =1}

D, = {(p cint (Z.)" : 4, € (0, 1)} - {(p eV Y et < oo}
[v]€lr]

respectively the critical hypersurface and the convergence domain of c.

Since we haven’t required the cone &, to have non-empty interior, consider its
annihilation space

Am(Z,) ={Y e V* : L. C ker¢}.

If ¢ € int (.,?c)* and ¢ € Ann(Z,) then the potentials ¢(d.) and (¢ + ¢)(J.) are
Livsic-cohomologous. Let 7¢: V* — V*/Ann(Z,) be the quotient projection.

We also import the concept of dynamical intersection of § 2.7 to this setting using
the Ledrappier potential of c¢. For ¢ € Q. define the dynamical intersection map
associated to ¢ by I, =I¢, : V* — R be defined by

Lo (v) = 1(e(de), ¥(dc)-

By definition I(ap(Hc), 1/}(36)) only depends on the Livsic-cohomology classes of ¢(d.
and ¥ (J.), so we may freely consider I as defined on Q. x V* or on 7¢(Q.) x
V*/Ann(Z,). One has the following:

Corollary 3.4.3. Under Assumption C one has that 7¢(D..) is a strictly convex set
whose boundary is w¢(Q.). The latter is an analytic co-dimension-one sub-manifold.
The map u : 7(Q.) — P(span{Z.}) defined by

@ u, = T,m(Q) = kerI,

is an analytic diffeomorphism between w¢(Q.) and directions in the relative interior
of Z..

Proof. By Remark 3.4.1 we can apply §2.6 to d., the equality T,Q. = ker L, follows
from Corollary 2.7.2. O

3.5. Vector-valued cocycles II: skew-product structure. We remain in the
situation of §3.4, i.e. we keep Assumption C. It follows at once from Theorem 3.2
that the M-action 0°T x V

Y@, y,0) = (vo, vy, 0 = c(7,y))
is properly discontinuous. We aim to give a description of the V-action on the
quotient space I\ (82F X V) space.
By Lemma 3.4.2 and Theorem 3.2.2 we can, for every ¢ € int (i’c)*, consider

the refraction flow ¢ = (qﬁ?“’ 1X% — X%)tER' Such a ¢ is fixed from now on.

Remark 3.5.1. Let us still denote by J. the Ledrappier potential for ¢ over the
flow ¢, i.e. for every hyperbolic v € T' one has

/ 30 = gc(’}/) eV
[]
Let 2 be the probability measure of maximal entropy of ¢¢. The growth direction

of v is the line of V

u, =T,0. =R- . dedp (17)
X P
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(the last equality follows from equation (9) and Corollary 2.6.4). Consider also
the projection 7% : V' — ker ¢ parallel to u, and denote by J¢ : x°» — ker ¢ the
composition J¥ = 7% o J.. Observe that

/ d%dn = 0. (18)
X

Fix u, € u, with ¢(u,) = 1 and define the directional flow (wf : T\(9?T x V) —

T\(9?T x V)), g by the induced on the quotient of

t- (ZC, y:”) = (Qj,y, v —= tusﬁ)'
Proposition 3.5.2 (S. [66]). There exist a (bi)-Holder-continuous homeomorphism
E: F\(82F X V) — X% X ker ¢,

commuting with the ker ¢ action, that conjugates the flow w¥ with ®¥ = (@f :

X% X ker o — x x kerap)teR

0 .0) = (657 o — [ 9¢(EepIas).

Proof. This is the first item of S. [66, Proposition 3.5] when I is the fundamental
group of a closed negatively curved manifold. The proof adapts mutatis mutandis
once § 3.2 is stablished. [

Let us moreover place ourselves in the existence assumptions of subsection 3.3
for the cocycle c,, i.e. assume there exists:

- a dual cocycle ¢, together with a Gromov product [-, -] for the pair (¢,, c,),
- a Patterson-Sullivan measure for each c, and ¢,, denoted by ;1 and i re-
spectively. Recall from Proposition 3.3.2 that necessarily the exponent of
both p and fi is 4., the topological entropy of ¢.
By Proposition 3.3.2 the measure 7 maximizes entropy for ¢, one has then
72 = m/|m|. Consider the ¢-Bowen-Margulis measure Q% on '\ (9?T x V) defined
as the induced on the quotient by

e "l @ @ Leby,
for a Lebesgue measure on V. One has the following result.

Proposition 3.5.3 (S. [66]). The (bi)-Holder-continuous homeomorphism from
Proposition 3.5.2 is a measurable isomorphism between Q¥ and 72 ® Lebye, o, -

Proof. This follows again as in S. [66, Proposition 3.5] once Proposition 3.3.2 is
established. 0

3.6. Vector-valued cocycles III: Dynamical consequences. We remain in the
situation of § 3.4. Let us say that c is non-arithmetic if the periods of ¢ span a dense
subgroup in V.

One concludes at once the following consequences:

Corollary 3.6.1 (Ergodicity dichotomy). Assume ¢ is non-arithmetic, then w?
is mizing as in Theorem 2.5.2, consequently if dimV > 4 then KX(w?) has zero
Q¥-measure. If dimV < 2 then the directional flow w¥ is Q¥-ergodic.
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Proof. By Proposition 3.5.2 the flow w¥ is Holder-conjugated to the skew-product
of ¢% with the Ledrappier potential J¢, the fiber being ker ¢ and thus dimV —
1-dimensional. Proposition 3.5.3 describes the desired measures in terms of the
skew-product structure; non-arithmeticity of ¢ and equation (18) allow us to apply
Corollary 2.5.5. |

4. ALGEBRAIC SEMI-SIMPLE GROUPS OVER A LOCAL FIELD

This section is a collection of necessary language and basic results needed for
the sequel. Most of the material covered here can be found in, for example, Borel’s
book [12] and/or in the book by Benoist-Quint [9].

Let K be a local field. If K is non-Archimedean let us denote by ¢ the cardinality
of its residue field, u € K a uniformizing element, and choose the norm || on K so
that |u| = ¢~!. In this case log denotes the logarithm on base ¢, so that logq = 1. If
K =R or C then || is the standard modulus, g := e and log is the usual logarithm.

Let G be the K-points of a connected semi-simple K-group, A the K-points of a
maximal K-split torus and X(A) the group of its IK*-characters. Consider the real
vector space E* = X(A) ®z R and E its dual. For every x € X(A), we denote by x*
the corresponding linear form on E.

Let ® be the set of restricted roots of A in g, the set ®“ is a root system of E*. Let
(®“)T be a system of positive roots, ET the associated Weyl chamber and ¢+ and
A C @ the corresponding system of positive roots and simple roots respectively.

Let v : A — E be defined, for z € A, as the unique vector in E such that for every
X € X(A) one has

X*(v(z)) = log|x(2)]-
Denote by At = v=1(ET).

Let W be the Weyl group of @, it is isomorphic to the quotient of the normalizer
Ng(A) of A in G by its centralizer Zg(A). Let i : E — E be the opposition involution:
if u : E — E is the unique element in the Weyl group with w(E*) = —ET then
i=—u.

4.1. Restricted roots and parabolic groups. Consider ¥ C A and let Py, resp.
Py, be the normalizers in G of, respectively, the Lie algebras

P s P ga

ac(A—-1) acdt
P .o P oo
ac(A—0) acdt

The ¥-flag space is Fy = G/Py. The orbit G - ([|579]7 [Pg]) C Fiy x Fy is the
unique open orbit on this product space, we will denote it by 3"1(92) and say that
(z,y) € Fig x Fy are transverse if in fact (z,y) € 3"1(92).

Denote by (-, ) a W-invariant inner product on E, (-, ) the induced inner product
on E*, define (, ) on E* by

_2009)

and let {ww, }aemr be the fundamental weights of ®, defined by the equations (w,, o) =
do0no, where dy = 1 if 20 ¢ @ and d, = 2 otherwise.
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4.2. The center of the Levi group. We now consider the vector subspace

together with the unique projection py : E — Ey invariant under the subgroup of
the Weyl group Wy = {w € W : w|Ey = id}. The dual space (Ey)* sits naturally
as the subspace of E* of py-invariant linear forms

(Ey)* = {cpe E*:popy :ap}.
It is spanned by the fundamental weights {wU|E19 1o € 19}.

4.3. Cartan decomposition. Let K C G be a compact group that contains a
representative for every element of the Weyl group W. This is to say, such that
the normalizer Ng(A) verifies Ng(A) = (Ng(A) N K)A. One has G = KATK and if
z,w € AT are such that 2 € KwK then v(z) = v(w). There exists thus a function

a:G—ET

such that for every g1, g2 € G one has g1 € KgoK if and only if a(g1) = a(g2). It is
called the Cartan projection of G.

4.4. Jordan decomposition. Recall that the Jordan decomposition states that
every g € G has a power! ¢g* that can be written as a commuting product g =
JeGngn, Where g. is elliptic, g is semi-simple over K and g, is unipotent. The
component g, is conjugate to an element z, € AT and we let

A(g) = (1/k)w(z,) € E*.
The map A : G — E™ is the Jordan projection of G. We will also denote by Ay : G —

Ey the composition py o A\. For G = PGL4(K) we will denote by A1(g) the logarithm
of the spectral radius if g.

4.5. Representations of G. Let V be a finite-dimensional K-vector space and
¢ : G — PGL(V) be an algebraic irreducible representation. Then the weight space
associated to x € X(A) is the vector space

Vy ={veV:d(a)v = x(a)v Va € A}

and if V,, # 0 then we say that x* € E* is a restricted weight of ¢. Theorem 7.2 of
Tits [69] states that the set of weights has a unique maximal element with respect
to the order y > % if x — 1) is a sum of simple roots with non-negative coefficients.
This is called the highest weight of ¢ and denoted by x¢.

We denote by || ||¢ a norm on V invariant under K and such that ¢pA consists
on semi-homotheties?. If K is Archimedean the existence of such a norm is classical
(see for example Benoist-Quint [9, Lemma 6.33]), if K is non-Archimedean then
this is the content of Quint [60, Théoréme 6.1].

For every g € G one has then

log [bglle = x5 (alg)),
log A1 (dbg) = x§ (M9))- (19)
mis Archimedean)

2% e. diagonal on an orthonormal basis € of V, in the classical sense if K Archimedean, and
such that || Y5 c¢ vee|| = max{|ve|} if K is non-Archimedean.
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Denote by W, the ¢pA-invariant complement of V, . The stabilizer in G of W,
is I5797|K, and thus one has a map of flag spaces

(20,Z5) : T5HG) = Grlihy. (V) (20)

dim de)

where ¥4 = {0 € A : x¢ — 0 is a weight of ¢}. This is a proper embedding which

is an homeomorphism onto its image. Here ?éizl vy (V) is the open PGL(V)-orbit in
&

the product of the Grassmannians of (dim V, , )-dimensional and (dim V—dim V,, )-

dimensional subspaces.

One has the following proposition from Tits [69] that guarantees existence of
certain representations of G. We say that ¢ is prozimal if dimV, , = 1.

Proposition 4.5.1 (Tits [69]). For every o € A there exists an irreducible prozimal
representation of G whose highest restricted weight is l,w, for some l, € Z>1.

Definition 4.5.2. We will fix and denote by ¢, : G — GL(V,) such a set of
representations.

4.6. Buseman-Iwasawa cocycle. The Iwasawa decomposition of G states that
every g € G can be written as a product lzu with [ € K, z € A and u € Ua,
where Up is the unipotent radical of Pa. When K is non-Archimedean the Iwasawa
decomposition is not unique, however if z1,zo € A are such that z; € KzoUa then
v(z1) = v(z9).

The Buseman-Iwasawa cocycle of G, 8 : GxF — E, is defined by, for all ¢ € G and
k[Pa] € 7, if gk = lzu is an Iwasawa decomposition of gk then 5(g, k[Pa]) = v(2).
Quint proved the following.

Lemma 4.6.1 (Quint [62, Lemmas 6.1 and 6.2]). The function By = pgo 8 factors
as a cocycle By : G x Fy — Ey.

The Buseman-Iwasawa cocycle can also be read from the representations of G.
Indeed, Quint [62, Lemme 6.4] states that for every g € G and z € Fy one has

[P0 (9)vllo

le )

lows(8(g,2)) = log
where v € E¢,_ (z) € P(V,) is non-zero.

4.7. Gromov product. As in S. [66], the Gromov product &y : 5"1(92) — Ey is
defined such that, for every (z,y) € 3'“1(92) and o € 9, one has
lp(v)l

lelle, lvlle,
where ¢ € =3, () and v € Z¢,, (y) are the equivariant maps from equation (20).

lﬂwa (?19 (I, y)) = IOg

Remark 4.7.1. Observe that the limiting situation l,w, (f%(z, y)) = —00 occurs
when v € ker ¢, i.e. when z and y are no longer transverse flags, so a statement of
the form w,@y(x,y) > —k for all o € ¥ is a quantitative version (that depends on
K) of the transversality between z and y.

A straightforward computation (S. [66, Lemma 4.12]) gives, for all ¢ € G and
(2,y) € T,

Go(gz,g9y) — Go(x,y) = —(1Biv(g, %) + Ba(g,v)). (22)
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4.8. Proximality. Recall that g € PGL4(V) is prozimal if it has a unique eigen-
value with maximal modulus and that the multiplicity of this eigenvalue in the
characteristic polynomial of g is 1. The associated eigenline is denoted by g+ € P(V)
and ¢~ is its g-invariant complementary subspace.

We say then that g € G is ¥-prozimal if for every o € ¢ one has ¢, (g) is proximal.
In this situation, there exists a pair (g, , g;) € 3"1(92), defined by, for every o € 9,
Eo, (gf{) = ¢, (g)", and every flag x € Fy in general position with g; verifies
gtz — g:{ .

It is also useful to consider a quantified version of proximality. Given r, e positive
we say that g is (r, €)-prozimal if it is proximal,

wag’ﬂ(g;agg) > —r

for all o € ¥ and for every x € Fy with min,_y @w,%9(gy,z) > — ' one has

ds, (gz, g;) < e. More details on the following can be found in S. [65, Lemma 5.6].

Proposition 4.8.1 (Benoist [6, Corollaire 6.3]). For every § > 0 there exist r,e > 0
such that if g € G is (r,e)-proximal then

|as(g) = No(9) — Golgy . 95)|| < 6.

4.9. Cartan attractors. Consider g € G and let g = ky24l, be a Cartan decom-
position. We say that g € G has a gap at ¥ if for all o € ¥ one has

o(a(g)) > 0.
In that case the Cartan attractor of g in Fy
Uy(g) = kq[Pys]

is well defined: uniquely defined if KK is Archimedian; defined up to a ball of radius
g~ ™ineeo 7(9) if K is non-Archimedean (see Pozzetti-S.-Wienhard [59, Remark 2.4]).

Remark 4.9.1. For every o € ¥ one has Eq, (Ug(9)) = U1 (ds(9)).

Lemma 4.9.2 (Bochi-Potrie-S. [10, Lemma A.5]). Consider g,h € G such that h
and gh have gaps at every o € ¥, then one has

d(Us(gh), gUs(h)) < = ™= 7 max {|bg () [ b0 (97 ")) }-
The Cartan basin of g is defined, for @ > 0, by (recall Remark 4.7.1)
By .o(9) = {x cFy: wg(?g(Uig(g_l)),x) > —a Vo e 19}.

It is clear from the definition that given o > 0 there exists a constant K, such that
if y € Fy belongs to By o(g) then one has

lav(g) — Bo(g.v)| < Ka. (23)

Lemma 4.9.3 (Quint [62, Lemme 6.6]). For every g € G one has ay(gh) —ay(h) —
B (g, Uﬂ(h)) — 0 as mingey J(a(h)) — 00.
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4.10. General facts on discrete subgroups. We record here some facts related
to the title that we will need in the sequel.

Lemma 4.10.1. Let A C G be a discrete subgroup, then for every ¢ € E* strictly
positive on ET the exponential rate

0% = limsup%log#{g € A:p(alg) <t}
t—o0

s finite.

Proof. Follows from a computation of the Haar measure of G, to be found in Hel-
gason [37] for the Archimedean case and in Matsumoto [50, §3.2.7] for the non-
Archimedean case, see Quint [61, §4] for details. O

We record also the following theorem from Benoist [8].

Theorem 4.10.2 (Benoist [8]). Assume K =R and let A C G be a Zariski-dense
subgroup, then the group spanned by the Jordan projections {\(g) : g € A} is dense
in E.

5. ANOSOV REPRESENTATIONS

Anosov representations where introduced by Labourie [43] for fundamental groups
of negatively curved manifolds and extended to arbitrary finitely generated hyper-
bolic groups by Guichard-Wienhard [35]. They originated as a tool to study higher
rank Teichmiiller Theory, and are nowadays consider as the higher-rank analog of
what is known in pinched negative curvature as conver co-compact groups.

Notation. If p : ' — G is a representation we will simplify notation and denote,
for vy € T, by 7, = p(7).

5.1. Real projective-Anosov representations. We begin by recalling Labourie’s
original approach. Let I be a finitely generated word-hyperbolic group. If p: T —

PGL4(R) is a representation then we can consider the natural flat bundle automor-
phism defined as follows. Consider the flat bundle R — E, — UT defined by

Ur x RY/. where (p,v) ~ (yp,7,v), and define g = (g : E, — Eﬂ)teR as the
induced on the quotient by t - (p,v) = (gp, v).

Definition 5.1.1. The representation p is projective-Anosov if there exists a pair
of continuous p-equivariant maps

¢l or — P(RY
¢t or — P((RY))
such that:

- for every (x,y) € 0°T one has ker £471(z) @ £} (y) = RY; this induces a
g-invariant decomposition 2@ O = E,

- the decomposition E, = 2@ O is a dominated splitting for g, i.e. there exist
¢, a positive such that for every v € E, and w € ©,, one has

&l —ar 10l
lgewll — [[]]
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One has the following standard consequences, see for example Guichard-Wienhard
[35, Lemma 3.1] or Bridgeman-Canary-Labourie-S. [17, Lemma 2.5+Proposition
2.6]. Recall from §4.8 that g € PGL4(R) is proxzimal if the Jordan block associated
to the eigenvalues with maximal modulus is 1-dimensional.

Lemma 5.1.2. If p is projective-Anosov then for every hyperbolic v one has vy, is
prozimal with attracting line £ (v,). In particular the entropy

o1 .
tli>rro1o n log #{[7] € [I] hyperbolic : A\ (7,) <t} € [0,00).

The equivariant maps &' and 4= are Hélder-continuous.

Proof. Let us add a word on finiteness of entropy. Recall from Bowditch [13] that,
since T is hyperbolic its action on the space of pairwise distinct triples )T is
properly discontinuous and co-cocompact. If v € T is hyperbolic one can choose
then 1 € [y] (the conjugacy class of ) whose fixed points are far appart by a
constant independent of +y. Since the image v, is proximal and the equivariant maps
are continuous, one has that 7, is (r,e)-proximal, for constants r,e independent
of [y]. By Proposition 4.8.1 one has then ‘log lnall — )\1(77,))’ < K for some K
independent of 7. If follows then that for every t € R,

#{[7] € [I'] hyperbolic : X\ (y,) <t} < #{y €T :log|y,l <t+ K}.

Finiteness of entropy then follows from Lemma 4.10.1. (]

We use the equivariant maps to construct a bundle R — F — 0°T whose fiber at
(z,y) € 07T is

Flag = {(pv) € &7 @) x € (y) : p(v) = 1}/ ~,

where (p,v) ~ (—¢, —v). This bundle is equipped with a Iaction y(¢,v) = (¢ o
v, 1,7,v) and an R-action (g?, : F— F)teR defined by g?, - (¢, v) = ('@, e *v). Let
F= F\F and denote by gf = (gf :F— F) tcR the induced flow on the quotient, it
is usually called the geodesic flow of p.

Theorem 5.1.3 (Bridgeman-Canary-Labourie-S. [17]). The above I'-action is prop-
erly discontinuous and co-compact. The flow gP is Hélder-continuous and metric-
Anosov with stable/unstable laminations the (induced on the quotient by)

W (@, (p,0)) = { (2, (¢,-)) € F}
W (@9, (2v) = { (9. (,v)) € F}.

It is moreover Holder-conjugated to the Gromov-Mineyev geodesic flow g of T, con-
sequently this latter flow is also metric-Anosov.

Consequently, hyperbolic groups admitting a real projective-Anosov represen-
tation verify Assumption B and are thus subject of a Ledrappier correspondence
(§3). It is stablished in Carvajales [22, Appendix] that g is topologically mixing
(regardless the Zariski closure of p) and thus mixing for any equilibrium state.
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5.2. Arbitrary G, coarse geometry viewpoint. Let G be as in §4, we use freely
the notation introduced there and fix from now on a subset ¢ C A of simple roots.

Let T" be a finitely generated group and denote, for v € T, by |v| the word length
w.r.t. a fixed finite symmetric generating set of T.

Definition 5.2.1. A representation p : I' — G is ¥-Anosov if there exist ¢, u
positive such that for all v € ' and o € ¥ one has
a(a(y,)) = ulyl — e (24)
The constants ¢ and p will be referred to as the domination constants of p.
The Theorem below follows from the main result by Kapovich-Leeb-Porti [40]

and the standard facts from representation theory stated in §4.5, a proof can also
be found in Bochi-Potrie-S. [10].

Theorem 5.2.2. Ifp: T — G is ¥-Anosov then T is word-hyperbolic. If moreover
K =R then for every o € O the representation ¢y o p: ' — PGL(V,) is projective-
Anosov (as in §5.1).

The following lemma is essentially a consequence of Bochi-Potrie-S. [10, Lemma
4.9]. See Pozzetti-S.-Wienhard [59, Proposition 3.5] for details concerning the non-
Archimedean case. The last assertion is classical.

Proposition 5.2.3 (Bochi-Potrie-S. [10, Proposition 4.9 |). If p : T' — G is 0-
Anosov, then for any geodesic ray {a, }§° with endpoint xz, the limits

90N o 1 0\ . 1
& (@) = lim Uy (p(am)) &, (x) := lim Uiy (p(am))
ezist and do not depend on the ray; they define continuous p-equivariant transverse
maps €7 1 OT — Ty, €7 : 0 — Fiy. If v € T is hyerbolic, then Yp 18 V-prozimal
with attracting point £°(vF) = (,)5-
The above Proposition readily implies the following Lemma (recall Remark

4.7.1).

Lemma 5.2.4. Let p : I' = G be ¥-Anosov, {v,} C T a divergent sequence and

x € II'. Then, as n — 0o, one has:

T =z < Uy(p(n)) — ¢(z) & 3o e st wggﬁ(Uiﬂ(p(’)/n)),fﬂ(.%)) — —00.
We finally record the following useful Lemma.

Lemma 5.2.5 (Pozzetti-S.-Wienhard [59, Lemma 3.6]). Let p : I' — G be 9-Anosov,
then for every e > 0 there exists L such that

U Us(r,) c N(€7(am)),

yily|>L
where N, denotes the e-tubular-neighborhood.

Remark 5.2.6 (Non-Archimedean case). The existence of continuous p-equivariant
maps implies, when K is non-Archimedean, that the boundary of T' is necessarily
a Cantor set and thus I is virtually free. The Gromov-Mineyev of T is thus a
suspension of a sub-shift of finite type and is, hence, metric-Anosov.

Setting. A ©¥-Anosov representation p : I' — G is fixed from now on. By §5.1 for
K =R or C, and the preceding paragraph for non-Archimedean K, the Gromov-
Mineyev flow g of T" satisfies Assumption B.
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5.3. The refraction cocycle verifies Assumption C. Via the equivariant bound-
ary maps of p one can pullback the Buseman-Iwasawa cocycle of G to obtain a
Holder-cocycle on the boundary of T

Definition 5.3.1. The refraction cocycle of pis  : T x T — Ey
B(v,2) = B’(v,2) = By (70, &) (7))

The limit cone of $ will be denoted by Z , and referred to as the ¥-limit cone
of p. The period computation below implies it is the smallest closed cone of Ey
that contains the projections {Ay(7,) : 7 € T'}. We prove moreover that B verifies
Assumption C from § 3.4.

Lemma 5.3.2. The periods of p are B(v,v+) = Mo (’7,0)7 consequently Assumption
C holds for 3, in particular int (Sf,g,p)* = {<p € (3197,))* ey < oo}.

Proof. The first assertion follows from Proposition 5.2.3. To prove assumption C
holds one considers any o € ¥ and the representation ¢,. By Theorem 5.2.2 the
composition ¢, p : ' — GL(V,,) is projective-Anosov and thus, by (19) and Lemma
5.1.2, the form w, € (Ey)* has finite entropy. The last assertion follows from
Lemma 3.4.2. (]

Lemma 3.4.2 and Theorem 3.2.2 give then the following.

Corollary 5.3.3. There exists a Hélder-continuous function Jy , : UT' — Ey such
that for every hyperbolic v € T one has f['v} Jo,p= Mo (’yp). For every ¢ € int (31971))*
the T-action on 0°T x R defined by

v (z,y,t) = (vxwy,t —Be(7:9)) (25)

is properly discontinuous and co-compact. The R-translation flow induces on the
quotient a flow ¢¥ = (d)f 1 X? = X¥)ter (bi)-Hélder-conjugated to the reparametriza-
tion of g by ¢ o dy p.

Definition 5.3.4. The function dys,, will be referred to as the Ledrappier potential
of p. The flow ¢¥ will be called the @-refraction flow of p.

5.4. The 9-limit cone. We mimick some celebrated results by Benoist [7] for
Zariski dense subgroups and ¢ = A.

Lemma 5.4.1 (Benoist [6, Proposition 5.1]). For every compact set L C G there
exists a compact set H C E such that for every g € G one has a(LgL) C a(g) + H.

Let us also denote by ay = py o a.

Proposition 5.4.2. Let p: T — G be a 9-Anosov representation, then there exists
a compact set D C Ey such that ay(p(T")) C Ay(p(T)) + D.

Proof. As T is finitely generated and word-hyperbolic, there exist £ > 0 and two
elements u, v C I" such that for every non-torsion v € I" there exists f € {u, v} such
that f~ verifies

dor ((f1)", (fv)7) > &

As p is ¥9-Anosov, the above equation implies the element p(f7) is (r,e)-proximal
on 9 for some r only depending on . By Proposition 4.8.1 one has

llas (p(f)) = Mo (p(f1)| < K,
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for some K only depending on s and p. We consider the compact set H from the
Lemma above applied to L = p({u™!,v71}) and we let D := py(H) + B(0,K). O

We will mainly use the following direct consequence:

Corollary 5.4.3. If p € int (3’19,,))* then the exponential rate
1
0% := limsup glog #{yveT :¢(a(y,) <t} <.
t—o0

Proof. If o € ¥ then, since both intersections ker @, N &y, , and ker N Ly, , vanish
(the first one always does, the second one by the assumption on ¢) the function
¢/w, is bounded below away from zero on %y ,. By Proposition 5.4.2 there exist
positive ¢ and C such that for all hyperbolic v € T one has

90(‘1(7;))) > W, (a(’}’p)) -C.
Lemma 4.10.1 gives then the desired result. O
5.5. Patterson-Sullivan Theory along the Anosov roots: existence. In this
section we will construct, for each ¢ € int (Zy,)" a B,-Patterson-Sullivan mea-

sure'. The procedure is standard and follows the original idea by Patterson.
We begin by considering the Dirichlet series

po(e) = gl
yer

It is convergent for every s > 0% and divergent for every s < §¥. As it is customary
when constructing Patterson-Sullivan measures, we can assume throughout this
subsection that P?(d¥) = oo, otherwise one would consider the series

s+ Z h((p(a(yp)))qfw(a(%))

yerl

for some real function h defined, for example, as in Quint [62, Lemma 8.5].
For s > 6% consider the probability measure on Fy defined by

1 —sp(alv,))
— ® 0
YT Pe(s) ;q "0 ()

Lemma 5.5.1. For every n € I the signed measure

£, 5) = ()5 — %() Sarr s,
yer

weakly converges to 0 as s\, 6%.

This is a standard argument that can be found, for example, in Pozzetti-S.-
Wienhard [59, Lemma 5.11].

IThe 9-Anosov property is not really used until the uniqueness corollary, the existence pre-
sented here works for any discrete group whose limit cone on E does not intersect any wall asso-
ciated to 9 and replacing £7(9I") by

() {Us(g) : g € A with min o(a(g)) 2 n}.
neN
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Proof. 1t is sufficient to check the convergence for continuous functions. If f : Fy —
R is continuous then

le(n, 8)(F)] <

W1(s) S goelaon) £ (100 (1) = £ (Us (17,))

By Lemma 4.9.2 and uniform continuity of f the convergence follows. O

Lemma 5.5.2. Let v¥ be any weak-star limit of vs when s\, 6%. Then the support
of v is contained in £°(OT). Moreover, for every n € T one has

dom)v? o —el(5e(0))

dT(x) =q .
Proof. The first statement follows at once from Lemma 5.2.5 since we assumed
P#(0¥) = oo. For the second statement, consider a sequence s N\, 6% such that
Vg, — v%. One then has

Sk 1 —S8
p(n)«v** = e(n, sk) + P (58) Erq W(“(%))éw(nm)
YE

1 e at
=e(n, sx) + Po(a0) Z q sk (aln; ’Yp))éUﬁ(%)

yerl
1 —s a(n, —a —s a
=€(n,sk)+7w($k)zq v (aln; " 9)=a(30) g =swe (vp>)5Uﬁ(%)
yer
—s =1 ’
= e(n,51) + = > W(ﬂﬂ(np o))< (W))q*S’““"(“(”"))SUmp)

q
fPLP(Sk) vyer

where, by Quint’s Lemma 4.9.3 and the fact that ¢ o py = ¢, one has €'(n,v) — 0
as minyeg o(a(v,)) — oo. Taking limit as s; N\, 6% one has, since we assumed
P?(0¥) = oo, that only elements v € I' with arbitrary big |y| count in the sum.
Since p is ¥-Anosov, this is equivalent to considering elements v € ' such that

min o (a(v,))

is arbitrary big. The result then follows as (7, sx) — 0 by the Lemma above and
¢'(n,v) is arbitrary small. O

Since Assumption C holds for f (Lemma 5.3.2), § 3.3 applies to give:

Corollary 5.5.3. For every ¢ € int (ffﬁ,p)* there exists a B,-Patterson-Sullivan
measure p? = (£°).v% of exponent §?. Such a measure is ergodic and moreover
one has 0¥ = /. If ¢ € int (gﬁ’p)* is such that p¥ < p? then for every hyperbolic
v €T one has

7o (Mo (7)) = 70 (Mo (7))

and, in particular, p¥ = p%.

The above corollary was previously stablished by Dey-Kapovich [29, Main The-
orem)] for real algebraic groups, i-invariant functionals ¢ € int(a™)* and i-invariant
subsets ¥. The equality ¥ = %, together with more information, can also be found
in Glorieux-Monclair-Tholozan [32, Theorem 2.31 (2)] for real groups.
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Remark 5.5.4. We conclude by remarking that, for ¢ € int (Z,,)", the existence
assumptions of §3.3 are guaranteed for .. Indeed Proposition 5.5.3 states the
existence of a Patterson-Sullivan measure p¥ for 3. On the other hand the cocycle

B(v,2) =iBig(7p €7 (2))

is dual to B and moreover, from equation (22), the function [+, ], : 9°T — R

2.1l = 2 (%0 (€7(2).€°(v)) (26)

is a Gromov product for the pair (B, B,). Finally, exchanging ¥ with i1, Propo-
sition 5.5.3 provides a Patterson-Sullivan measure for 3,. We can thus apply the
results from §3.4 and §3.5.

5.6. Cartan’s basins have controlled overlaps. The job of understanding the
overlaps of Cartan’s bassins for Anosov representations has been carried out in
Pozzetti-S.-Wienhard [58]. The idea is to compare the Cartan’s basins of elements
Vp, for hyperbolic v € T', with the coarse cone type of .

Let cg,c1 be positive and I C Z an interval, then a (co, ¢1)-quasigeodesic is a
sequence {a;}ier € T such that for every pair 4,1 in the interval I one has

1. . .
C—|j =l =1 <dr(ay,0q) <colj =l +ca.
0

The coarse cone type at infinity of v € T consists of endpoints on OI' of quasi
geodesic rays based at y~! passing through the identity (see Figure 1):

e (7) =

{[{aj}gﬂ € Il : {a;}5° is a (co, c1)-quasi-geodesic with ag =y, e € {aj}}.

e ()
VT

Y

%

FIGURE 1. The coarse cone type at infinity, the black broken lines are
(co, c1)-quasi-geodesics.

Pozzetti-.S.-Wienhard [58, Prop. 3.3] together with Bochi-Potrie.S. [10, Lemma
2.5] (see also Pozzetti-S.-Wienhard [59, Proposition 3.3]) give the following. The
last statement can be found on Pozzetti-S.-Wienhard [58, Proposition 3.5]:

Proposition 5.6.1 (Pozzetti-.S.-Wienhard [58, Prop. 3.3]). For a given a > 0
there exist cg, c1, depending on a and the domination constants of p, such that for
every hyperbolic v € T one has

(€)" (Bo,a(1p)) C €2 (7).
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Reciprocally, there exists o; only depending on cy,c1 and the domination constants
of p, such that

CL(7) C (€) (Bo,ar (10))-
There exists then N € N, only depending on cy,c1 and the domination constants of
p such that, for all t € N the family
U, = {VPB&Q (vp) < |y <t+ 1}

is an open covering of €7 (AT) and such that every element £”(x) belongs to at most
N elements of the covering U;.

5.7. Sullivan’s shadow lemma. We establish now a version of Sullivan’s shadow
Lemma.

Lemma 5.7.1. Consider ¢ € (Eg)* and let p be a B,-Patterson-Sullivan measure
of exponent 8. Let v = €2, then given o > 0 there exist constants C, C' and L € N
such that for every v € T with |y| > L one has

q—&wp(a('yp)) c’ < V(’YpBﬂ,a('Yp)) < Cq—(s'sﬂ(a(’)’p)).

Proof. Tt suffices to stablish that there exist o and k > 0 such that for all large
enough v € T one has v(By,a(v,)) > . Indeed, using this fact the Lemma follows
from the defining Equation (27) and Equation (23).

In order to stablish the desired lower bound we suppose by contradiction that
there exists o, — 00, 7, — 00 such that v(By,q, ((7n),)) — 0 as n — co. We can
extract then a subsequence (7,, ) such that

Uig((’y;})p) =Y €Ty, k— oo.
Moreover, since p is ¥-Anosov, Lemma 5.2.5 guarantees that Y = ¢'?(y) for some

y € OI'. Also, since V(Bg’ank ((Yny)p)) — 0 and @, — 0o we get that the comple-
ment

(Bo.an, ((1ni)p)) ={X € Ty : Fo € ¥ s.t. oGy (Uio((11)p), X) < —an}
converges to the subset of Fy
{Xedy: (X.67() ¢ 737},

and that this subset has total v-mass. Since the support of v is contained in £?(9T")
and the equivariant maps are transverse (Proposition 5.2.3), one has that

(W)} = {(2): (£ (x), 67 (y) ¢ TP}

has total v-mass. However, considering v € I with vy # y we get, since

d(7p)sv *5-90(%(7_1 '))
SNp)=2 (y _ o 9
DY , (27)
that v{€!(yy)} > 0, contradicting that {£”(y)} has total v-mass. O

Corollary 5.7.2. For every ¢ € int (319,;))* one has Z q*‘w“”(“(m’)) = 0.
yer

Proof. We apply Sullivan’s shadow Lemma 5.7.1 to the measure ¥ of Lemma 5.5.2.
Indeed, considering the coverings of £”(9T") given by Proposition 5.6.1 one has

L= (E@EN) < Y By <0 Y g0 lw)

t<|y[<t+1 t<|y[<t+1
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for all large enough ¢, giving divergence of the desired series. O

5.8. Patterson-Sullivan Theory along the Anosov roots: surjectivity. We
prove here surjectivity of the map ¢ — p? defined in §5.5.

The following proposition should be compared with Pozzetti-S.-Wienhard [58,
Theorem 5.14], where a similar result is obtained for measures on the flag space Fy,
for 0 not necessarily equal to ¥ but assuming that 9 N6 # .

Proposition 5.8.1. Consider ¢ € (Eg)*. If there exists a (,-Patterson-Sullivan
measure (1 of exponent § then ¢ € int(Ly,,)*, § = 6% and p = p?.

Proof. We let v = &7 . Using Proposition 5.6.1 we get a family of coverings U; with
bounded overlap. In combination with Lemma 5.7.1 one has for ¢ large enough that

1= l/(fﬂ(ar)) > K Z 6—680(11(7;1))’
yit<|y|<t+1
for some constant K > 0. This is to say, there exists k > 0 such that for all t € R,
large one has 3o\, <¢41 675"”(“('70)) < k, which gives in turn that

3 o—02(a0)) < p.

yilv|<t

A standard argument (using for example §4.8) permits to replace Cartan projec-
tions with Jordan projections giving

Z e—w(x(%)) _ Z e—fag;p(v) < Wt
(D)<t (D)<t
for a suitable «’, where p([y]) is the g-period of the periodic orbit associated to [v],

and J% , 18 the Ledrappier potential of . Formula (5) for the pressure function
gives then

P(-433,) <0.

Consequently, Lemma 2.2.7 gives that J7 p 18 Liv§ic-cohomologous to a positive

function, this is to say, ¢ € int (gﬂ7p)*. Finally, since Remark 5.5.4 guarantees the
existence assumptions of § 3.3 for 3., the remaining two equalities in the statement
follow from Corollary 3.3.2. d

5.9. The critical hypersurface parametrizes Patterson-Sullivan measures.
By Lemma 5.3 Assumption C holds for 3 and thus § 3.4 applies. Define the 9-critical
hypersurface, resp. V-convergence domain, of p by

*

Q1= 0p = {p € int (L))" s iy = 1},
Dy, :=Dp = {gp € int (3197,,)* 17y € (0, 1)}

Moreover, by Corollary 5.5.3 one has 6¥ = %, so one has the equalities
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Qﬁ’p = {(p € int (319’p)* 1 0% = 1},

@ﬂyp = {(p € int (319 p)* 1 0% € (0, 1)}

{<p€ (Ey)* Ze “"a(”’ <oo}

yer

where the last equality comes from Corollary 5.7.2.
For ¢ € Qy , we consider the dynamical intersection map I, = If3 (Ev)* = R,
associated to the cocycle 3 as in §3.4 and defined by

7/’ ’Yp
= Jim oS 2
t—o0 #Rt ey ( ) ( )
where R;(¢) = {7 € T" hyperbolic : ¢(A(7,)) < t}. Let Ann(Zy,,) be the annihilator
of the ¥-limit cone and denote by

7T1Z : (E19>* — (Eg)*/Ann(ng,p)
the quotient projection. As before, the map IP is also well defined on Wg(Qﬂ,p) X
(E9)*/Ann(Zy,p).
Some statements in the following corollary were previously stablished in S. [64]

for K = R and Zariski-dense ¥-Anosov representations of closed negatively curved
manifolds.

Corollary 5.9.1. The sets Qy,, and Wg (qu,p) are closed co-dimension-one analytic
sub-manifolds, the latter bounds the strictly conver set ﬂg (Dﬂ7p>. The map

o= Tem, (Qg p) = kerI,

is an analytic diffeomorphism between 77“3 (Qﬁ,p) and directions in the relative inte-
rior of Ly, p-

We now prove the following:

Proposition 5.9.2. The map ¢ — u? is an analytic homeomorphism from the
manifold ﬂg (ngp) to the space of Patterson-Sullivan measures supported on £°(0T).

Proof. By uniqueness in Corollary 5.5.3 the map ¢ +— p¥ is well defined and in-
jective. Regularity follows from Remark 3.3.3 and analytic variation of equilibrium
states (Theorem 2.3.3). Surjectivity follows from Proposition 5.8.1. O

Proposition 5.9.2 was previously stablished by Lee-Oh [46, Theorem 1.3] for
K = R and A-Anosov Zariski-dense representations. The convergence domain Da ,
is dual to Quint’s growth indicator function [61].

Remark 5.10. Observe that, by definition, a ,-Patterson-Sullivan measure has
its support on 9T, and thus on £¥(AT") when pushed to Fy. One could more generally
study measures on Fy verifying

d(vp) v -5 Sl
L () = el 0), (25)
without imposing conditions on their support. Such measures exist, for example the
K-invariant measure on Fy, but their exponent is too large. The question would be
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totally settled if the following had affirmative answer: Is the support of a measure
verifying (28) with § = 6% necessarily contained on ¢(9TI)?

5.11. Variation of the critical hypersurface. We record the following conse-
quence of Bridgeman-Canary-Labourie-S. [17, §6.3]

Corollary 5.11.1 (Bridgeman-Canary-Labourie-S. [17]). Let {p, : T = G}yuep be
an analytic family of ¥-Anosov representations. Then Livsic-cohomology class of
the Ledrappier potential Jpe. : UT' — Ey associated varies analytically with u.

Consequently we can apply Corollary 2.6.5 to obtain:

Corollary 5.11.2. Let {p, : ' = G}luep be an analytic family of ¥-Anosov repre-
sentations, then the critical hypersurface Qg ,, varies analytically (on compact sets
of Ey) with the representation w.

5.12. Consequences of the skew-product structure. Consider ¢ € int (‘Sﬁgyp)*.
By Remark 5.5.4 we can freely apply results from § 3.4 and § 3.5 to the cocycle .
Let uy, = Ty,,Q0,, € P(Zy,,) be the growth direction of . By §3.4 the half line
u, N Zy,, lies in the relative interior of %y , (and every direction in this relative
interior is obtained in this fashion).
Consider the ¢-Bowen-Margulis measure 2% on T\ ((’92F X Eﬂ), defined as the
induced on the quotient by

e e i @ ¥ @ dLeb. (29)
Consider u,, € u, with ¢(u,) = 1 and denote by w? = (w{ : T\ (0T x Ey) —
M\ (87T x Ey))

reg the directional flow, induced on the quotient of

t-(z,y,v) = (z,y,v — tuy).
The ergodic dichotomy from § 3.6 gives then:

Theorem 5.12.1. Assume K =R and p is Zariski-dense, and let ¢ € int (319,p)*.
If |9] < 2 then the directional flow w¥ is ergodic w.r.t Q?, in particular K(w¥) has
total mass. If |9 > 4 then K(w¥) has measure 0.

Proof. The non-arithmeticity assumption for  holds by Benoist’s Theorem 4.10.2
and thus Corollary 3.6.1 applies. ]

5.13. Directional conical points. The present task is to study the set of points
on OI" that are conical in the direction u,,.

Consider y € 9I' and a sequence {7y,} C I with ~,, — y. Then we say that v,
converges conically to y if for every z € oI — {y} the sequence 7, (z,y) remains
on a compact subset of 9T.

Remark 5.13.1. Equivalently, since any compact subset of 9°T is contained in
a compact subset of the form {(a,b) : dor(a,b) > } for a fixed k, one has that
~n — y conically if and only if there exists a geodesic ray {o;}5° on I', converging
to y, such that {v,} is at bounded Hausdorff distance from {a;}3°. It follows then
the existence of constants, cg, ¢; such that for all n one has

Tn Y € CL (). (30)
Let us fix an (auxiliary) Euclidean norm on Ey and denote by B(v,r) the asso-
ciated ball of radius 7 about v. The tube of size r about u,, is the tubular neighbor-
hood:
T,(u,) ={v € Ey:B(v,r)Nu, # 0}.
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Definition 5.13.2. We say that y € 9l is (r, p)-conical if there exists a conical
sequence {v,} C I" converging to y such that for all n

ag(('yn)p) € T, (uy).

We say that y is p-conical if it is (r, ¢)-conical for some r.

Let us denote by 0,,,I" C 9T the set of (r, p)-conical points and by 9,I" the set
of y-conical points. We now establish the following dichotomy.

Theorem 5.13.3. Assume K = R and that p is Zariski-dense. If 9] < 2 then
p(0,7) =1, if 9] > 4 then p#(9,T) = 0.

The Theorem follows directly from Theorem 5.12.1 and the following proposition.
Let us denote by p : 9°T x Ey — T\ (82F X Eﬂ) the quotient projection.
Proposition 5.13.4. A point y € O belongs to 0,1 if and only if for every pair
(x,v) € (O — {y}) x Ey one has p(z,y,v) € K(w?).

Proof. If (z,y,v) € 9T x Ey is such that y € 9,T, then consider r > 0 and 7,, — y
conically such that a((v,),) € T,(uy). By equation (30), there exists e given by
Proposition 5.6.1 (only depending on ¢y and ¢;) such that for all n

€°(y) € ()pBo.((n)p)-

Consequently equation (23) gives

1Bty y) +as(p(r)) || = || = B - 9) + as(p()) || < K. (31)

By assumption ay (p(7n)) € T, (uy) and one finds thus a divergent sequence t,, € R,
such that

1B vty ) + taugll < K7, (32)

for some K’ only depending on r and e. The sequence
W?y Yo (@,y,0) = (v w1 g0 = B ) — taug)

is thus contained in {(z,w) € 0°T : dor(2,w) > k} x B(v,K'), for some £ only
depending on dor(z,y), in particular p(z,y,v) € K(w?) as desired.

Reciprocally, if p(zo, Yo, vo) € I'\ (0T xEy) belongs to K(w?), let B be a bounded
open set to which the w?-orbit of p(xo, yo,vo) returns to unboundedly. Considering
an accumulation point of the orbit points in B we can assume that B = p(B) for
some B of the form

{(z,w) € 0T : dor(z,w) > K’} x B(v,c).
We obtain thus divergent sequences {v,} C ' and {¢,} C R* such that for all n
dor (Y, "0, 7y 'y0) > " and [|B (v, yo) + tauy || < K. (33)

Considering subsequences we can assume that v, 2o — Too and v, 90 — Yoo-
Necessarily oo # Yoo since they are at least x’ apart. The sequence {~v,} is thus
conical, but it is still to be determined whether it converges to zy or to yq.

Using the last inequality in (33) we deduce, since t,, — +00, that for all o € ¢

Weo (B (7;17 yO)) — —o0.
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By definition of 3 and the interpretation of the Buseman-Iwasawa cocycle via rep-
resentations (equation (21)) one has log (||¢op(7,*)v||/|lv]]) — —oco for any non-
vanishing v € S, (519 (fy,jlyo)), or equivalently, as n — oo

[dop(v vl

— 0.
[[v]]

We now use a standard linear algebra computation® to conclude that

sin £ (E'dla (519 (yO))7 Ud—l (¢a(7n)p)) — 0.
By Lemma 5.2.4 one concludes that

Ur(do(p(m))) = Zo. (€7 (%0)),

as n — oo for all ¢ € 9. Again by Lemma 5.2.4 one has 7, — yo as n —
(in T'U OT) and thus, by conicality of {7,}, that for all z € aI' — {yo} it holds
Y1z = woo. It follows then that

Us ((1300(%)_1) - Ezyc, (5“9(1'00))’

and, since v, 1Yo — Yoo 7 Too, that
£(Ze, (€ (1 '90)), Ua—1 (bop(yn) ")) > K.

Since the latter lower bound holds for all ¢ € ¥ one concludes that £”(v, 'yo)
belongs to the Cartan basin By . (p(7,)). Thus, as in equation (31), one has

1B (v tsw0) + as(p(wm)) || < K,

for some K only depending on x”. The latter, together with the second inequality
from equation (33) implies that yg is @-conical, as desired. O

Proof of Theorem 5.13.3. Consider a positive . Fix y € 0,I",x € 0T —{y} and two
neighborhoods A~ and A™ of z and y respectively so that for all (z,w) € A=, AT

one has |[z,w], — [#,y],| < e. Pick also an arbitrary T > 0 so that the quotient
projection p is injective on B = A~ x At x B(0,T). We can thus compute the

measure of B = p(B) by the formula (29).
If we let K(w?) = p~!(K(w?)), then the Lemma above asserts that

A™ x (AT Nd,T) x B(0,T) = X(w?)NB.
If [9] < 2 Theorem 5.12.1 states that Q¢ (B) = Q¥ (j{(ww) N B), which implies, up
to e=%7¢, that
WP (AF) = p# (A% N 0,1,
Since ¢ is arbitrary one concludes ;% (9,I") = 1. On the other hand, if |¢| > 4 then
we have (2% (JNC(LU‘/’)) =0so u?(A* N9,I) =0 and the theorem is proved. O

1

Lemma 5.13.5 (Bochi-Potrie-S. [10, Lemma A.3]). Let A € GL4(R) have a gap at ay, then for
every v € R% one has

A
4wl | Allsin £ (R - v, Ug_1(A™Y)).

o]



42 A. SAMBARINO

APPENDIX A. ERGODICITY OF SKEW-PRODUCTS WITH VALUES ON R

We freely use notation from Proposition 2.4.2 which we intend to prove. The
proof presented here is mainly a collection of results.

We say that K is recurrent if for every measurable set A C ¥ with v(A) > 0 and
every neighborhood N(0) of 0 in V there exists n € Z — {0} such that one has

V(Aﬁ o "AN{x: z”: K(o'z) € N(O)}) > 0.
k=0

It is proven in Schmidt [67, Theorem 5.5] that K is recurrent if and only if the
skew-product fX: ¥ x R — 3 x R is conservative (see Aaronson book [1, §1.1] for
the definition). It is moreover a general fact that mean-zero cocycles over the reals
are conservative, see [1, Cor. 8.1.5] from which we state here a particular case.

Corollary A.l. Since by assumption [Kdv = 0, the cocycle fK is conservative
and so K is recurrent.

The proof of Proposition 2.4.2 ends with the following theorem of Coelho (ob-
tained by the combination of Example 2.4 and Corollary 3.4 of Coelho [26] ), specific
to sub-shifts and equilibrium states.

Theorem A.0.1 (Coelho [26]). Assume K is non-arithmetic and let v be an equi-
librium state of o for a Hélder potential. Then f is ergodic w.r.t Q, if and only if
K is recurrent.

APPENDIX B. MIXING

In this appendix we give a quick outline of the proof of Theorem 2.5.2. We use
small modifications of classical computations dating back at least to Babillot [3] and
appearing also in Babillot-Ledrappier [5], Ledrappier-Sarig [45] and more recently
in Oh-Pan [52] and Chow-Sarkar [25], where an extra parameter (an holonomy
with values on a compact group) has been added to the Ruelle operator. We thank
M. Chow and P. Sarkar for pointing out an issue in the argument presented in S.
[66], F. Ledrappier for suggesting the reference [45] and H. Oh for pinpointing the
reference [52].

It is first convenient to straighten the flow action by means of twisting the r-
action.

Lemma B.1. Let U = Rx W, and let k : ¥ — U be k(z) = (r(z), for(w) K(z,s)ds),
then:

- there exists p € U* such that p(k) =1 > 0,

- [kdv = ([ rdv,0) # 0,

- there exists a bi-Holder homeomorphism E : L. x W — X X U/IAc, where
‘1%(1‘7u) = (O’(I),U - k(x))v

which is a measurable isomorphism between Q and v @ Leby /I;:, that con-
jugates 1 with the flow induced on the quotient by

(z,u) = (z,u —t7),

where T € [ kdv is such that o(7) = 1.
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Proof. Define E: £, x W — X x U/k by E((z,t),w) = (x, (t,w+ fot K(x,s)ds)).
It is well defined since the above formula is equivariant, indeed one has

t

t—r(x)
/ K(o(x),s)ds = K(o(z),s —r(x))ds
0 (z)

t
= K(x,s)ds (K is f-invariant)

()
t r(x)

:/ K(x,s)ds—/ K(z,s)ds
0 0

which implies

E(#(z,t), w) = (o(x), (t —r(z),w+ /Ot—m) Koo S)ds))

= (a(:z:), (t—r(z),w+ /Ot K(x,s)ds — /OT(I) K(zx, s)ds))
= I;;(E((x,t),w)).

as desired. The remaining assertions follow similarly. [l

We will work from now on with this latter flow, still denoted by % in order not
to overcharge with notation. Up to Livsic-cohomology we may assume that k is
defined on X7,

By measure-theoretic arguments we consider F,G : ¥+ x U — R that we can
assume have separated variables, i.e. can be written as F(z,u) = pp(z)vr(u), with
pr and pg Holder-continuous and vy and vg smooth with compact support. We
have to show that, as t — oo,

tImW2Q(F - Goty) — Q(F)Q(G).

Tracing back the definitions one is brought up to understanding the limit as t — oo
of

N
where S,k(z) = > i, k(o'(z)) is the Birkhoff sum. We focuss on the integral

d—
between brackets, only to multiply at the very end of our computation by v/t 1,
where d = dim U. The above integral becomes

/ Z pr(z)pe (0" z)vp(u)vg (v — Spk(z) — t7)dv(z)d Leby (u).
StXU L eN

tdim W/Z(/ZerU Z F(z,u)G(0"2,u— Syk(z) — tT)dvd Leby ), (34)
ne

Recall that by assumption there is ¢ € U* so that ¢(k) = hr > 0 and that
P(—hr) = 0, so up to Livsic-cohomology we can assume that —p(k) = —hr is
normalized, i.e. so that the Ruelle operator, defined by

sop@) = Y e lWag)
yio(y)=z

verifies L7V = v, in particular, for every pair of Holder-continuous functions j, ! on
St one has [, j(ox)l(x)dv = [, j(@)(L,l)(x)dv.
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Denote by Leby« the Lebesgue measure on U* defined by the Fourier inversion
formula

va(w) = /* e Fye (¢)d Leby- (1)

for the Fourier transform Fvg if vg. As in Babillot-Ledrappier [5, §2.3] we can,
and will, assume that Fvg is of class CV for some N > (d — 1)/2 and has compact
support.

We will suppress the notation v, Leby and Leby« from the integrals from now
on. The desired integral, equation (34), then becomes

/WU > (Lhpr)(@pa(@)vr(u)vg (u = Spk(x) — tr)dedu

neN

*

:/g;+ U Z (LgpF)(@pG (x)vp(u)/ eiw(u_s"k(w)_”)S"UGW)d@/Jdmdu,
x neN
N /E+ U / Z (LZH@ZJPF) (@)pa(x)vr (U)ew (U7t7) Fvg(y)dypdrdu

x " neN

:/E+XUpc(w)vF(u) /U g’:\l(L’;+ipr)(x)ew(u—tf)gUG(z/J)dwdxdu. (35)

We seek thus to understand the nature of ¢ — > LZHW for which one is
brought to understand the spectral radius ry of £,44y. Applying Parry-Pollicott
[53, Chapter 4] we obtain that for every ¢ € U™ one has ry € (0,1]. We then
distinguish two situations.

The spectral radius ry, is smaller than 1; in which case

ne Z Ly = (1= Loppin) ™",
neN

is analytic on a neighborhood of .
The spectral radius ry, equals 1. One has then the following:

Theorem B.1 (Parry-Pollicott [53, Chapter 4]). One has ry = 1 if and only if
there exists a Holder continuous wy : 3+ — St such that for all x € ¥ one has

ot k(@) — Ao wy (o (7)) _
wy ()

In this situation the function wy is unique up to scalars.

Applying moreover Parry-Pollicott [53, Theorem 4.5] and the perturbation the-
orem [53, Prop. 4.6], there exists a neighborhood O, of 9 such that for all n € O
one has

Lopyin = AQpn + Ny (36)
where @), is a rank-one projector, N, is an operator with spectral radius strictly
smaller than r, = |\,| and such that Q,N, = N, @, = 0. The above objects are
analytic on Q. The operator My = 3 Ny is hence well defined and analytic
on Oy. Observe that, as we have assumed —¢(k) to be normalized, one has

Qo(f)(x)= ([ fdv)-1. (37)

>+
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Remark B.2. On the other hand, since k has dense group of periods on U, ¢(k) :
YT — R has dense group of periods as soon as ¥ # 0, and Parry-Pollicott [53,
Theorem 4.5] implies that {A}}, : n € Z} is dense in S' = dD. In particular Ay # 1,
unless 1 = 0. Consequently, if 1 # 0 then for all n € O the operator

Q
1),

_]\477

is well defined and analytic on O.
Lemma B.3. Ifr, =1 then for alln € Oy — {9} it holds r, < 1. Consequently

n — Q
= Z[‘wﬂ'n = (1= Lpyin) ' = 1 _n/\n + M,

neN

is analytic on Oy — {¥} and, if ¢ # 0, it extends analytically to Oy, as the right-
hand-side of the equation is well defined on .

Proof. As n — )\, is analytic on Oy, together with the above density result, it
follows that there isa neighborhood (possibly smaller but) still denoted by O, such
that if |[A,| =1 then A\, = Ay. One has then applying Theorem B.1 that

o= (k(z)) _ wy(o(x)) | 1 wy(x) :(ww/wn)(U(f))
Av wy (z) Ay wy (o (x)) (wy/wy) ()

The remark and Theorem B.1 give ¢ — 7 = 0 and so the lemma is stablished. [

One obtains then that the operator »_, L3,y is well defined and varies ana-
lytically on ¢ except at ¢ = 0. One is thus taken to localize the integral (35) about
0. To that end one considers an auxiliary C* function & : U* — R, supported on
the neighborhood Oy where equation (36) holds, with x(0) = 1, and we seek to un-
derstand the modified integral over U* on equation (35) given, for (z,u) € ¥1 x U,
by

| 0=n) T (€ upr) @ g0 w)a. (38)
neN

Consider from §2.6 the critical hypersurface 9, C U*. It follows from Babillot-
Ledrappier [5] that one has Q;, = P~!(0) and the tangent space T,Q;, = {1 € U* :
Y(7) = 0}. For ¢ € U™ let

Y = sy + Yo (39)

be its decomposition along U* = Rp®T,Q;. Decomposing di) as dsdi)g, the integral
(38) becomes

L [ e k) X (6 ape) @)Foa()dvnds =0 Y) - (10)
R TeQs neN
as it is the Fourier transform of the integral over T,Qy, which is, by Lemma B.3

as regular as Fvg (1), and this function was chosen to be of class CVV for some
N> (d-1)/2.
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We can thus focus on the integral from equation (35) localized about 0, so it
becomes, using again Lemma B.3,

Lo (22 4 e @)oo e (=) o )

+O0@t™N). (41)

We first treat the term containing M., which is dealt with as we did with equa-
tion (38). Indeed, for the same reasons one has for all (z,u) € ¥ x U, the integral

/ 5(9) (Mgpr) (@)e™ (=17 Fog ()i
/ / €0 () (Mypr) (2)Fo (1) dibods
T, Q%

=0o@t™N). (42)
We effort then on understanding the integral
T iap(u—tr

| QL o) gy, (13)

the issue being the singularity at ¢ = 0 of 1/(1 — A\y). To that end, consider the
function Q : T,Q; — R defined implicitly by the equation
Q(vo)p + 1o € Q..

It is analytic, critical at 0 with Q(0) = 1, and has positive-definite Hessian at 0,
Hessg Q, using Taylor expansion one writes

Q(¢o) =1+ (1/2) Hessg Q(v0) + O([[vhol[?)-

One applies the Weierstrass preparation Theorem [38, Theorem 7.5.1] to express
1 — Ay about 0 as

1= Ay = a() (isy — (1/2) Hesso Q(o) = O([lwo]?) )

(recall the decomposition of ¢ from equation (39)) where a is real-analytic and
a(0) = h [ rdv (see Babillot-Ledrappier [5, page 37] or Ledrappier-Sarig [45, page
17] for details). Whence, as in [5, Lemma 2.3], using the formula 1/z = — [ eT#dT
one has

1 _ 1 /OO eT(isw—(l/Q)Hesso Q(wo)_o(uwoll2))dT’
1=2Xy a(¥) Jo

and equation (43) becomes, denoting by C(¢, z) = K(w)wgvg(qﬁ) o lighten

the notation,

/* ew(“_”)n(w)wgvc(w)/o eT(is,,ﬁU/z) Hesso Q(wo)fo(l\fbolﬁ))dewodS

o0 ) i (u)— essg 0 o ol
:/ /e,m,m/ Ol 2y T(H Q(¥0)/2+0(JIvoll >)dw0dsdT.
0 R Ty Qk
(44)
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Using Taylor series on the t-variable we may, and will, assume that C'(¢, z) is
of the form ¢, (sy)b(¢o). Equation (44) now becomes

00 i (w)— ess 2
/ /e—i(t—T—w(u))scr(S)ds/ b(¢0)€ o (u) T(H OQ(wO)/Q—i—O(HwOH >)d’L/J()dT
0 R T, Qk

_ / ?cw (1‘; 7 @(u)) / b(wo)eid’o(u)*T(HesSo Q(¢O)/2+O(Hw0‘|2)> dwodT

0 T,k

_ / Feo(t - T) / b(%)ewom)f(w(w)(Hessono)/zw(uwon )) dibodT.
©

(u) Tv;Qk-

/ Fe(t—T) / R G L TR G0 ) I
(u)) T, Q0

max(t/2,¢
(45)
where the last equality is, as in [5, page 27], essentially due to the fact that ¢, has

compact support and is of class C¥ . Applying the change of variables 1 — g /NT
the last integral becomes

/oo Feo(t—T) ; ﬂ)ei%(m—(l_%
max(t/2,0(u)) \/Td_l T, VT

/min(t/2,tso(u)) f}'cm(S) / ) Yo )ei\/%(u)_(l_fgg)(HQSSOQ(wO)/Qﬁ-O(“;’L’Bgz
) \/tfsd_l TeQk \/t—S

ess w
)(H 0 Q(tho)/2+0 (140 )>d1/JOdT+O(t_N)

>) dipodS + Ot~ N).
(46)

d—
We finally multiply by v/# 1, take limit as ¢t — oo and trace back our definitions

to get, as we assumed N > (d — 1)/2, the convergence of equation (46) (and thus
that of equation (43)) to

lim Vi [ () QT i (etr) g

t—o00 U= 1— )\1[)
b(0) / Feu(S)dS / ¢~} Hesso Qo) gy
© e
= Cg (O)b(O) / 67% Hesso Q(wo)dwo
T,
Yo(pr)(2)Fv (0) / ¢~ & Hesso Q(vo) gy,
a(0) .0,
- f2+ deV fU e (U)du / 67% Hessg Q(’lﬁo)d?/}o (47)
h f2+ rdv T )

where we have used equation (37) and the formula Fvg(0) = [;; va(u)du. Observe
that, as Hessg Q is positive-definite, the integral fTka e~ 5 Hesso Q(¥0) gy is finite
(and non-zero).

Remark B.4. If one modifies the action (z,u) — (z,u—t7) to consider the induced
on the quotient by (z,u) — (z,u — t7 — /twg) for a fixed wy € ker ¢ then tracing
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the compuations one readily sees that

Jim Vi [ o) G e ) gug gy

_ Jsyr prAv [ ve(u)du / ¢~ %0 (o) o= Hesso Qo) gy
hf2+ rdv To Q%

 Jsw prdv [ va(u)du
N h [ rdv

?H(’UJ())7
where we have defined
H(wo) _ 67(1/2) Hesso(zpo)'
Observe that, as H(1o) = H(—1y), the value of the Fourier transform FH(wo) € R.

We finally group back the equations to get the desired result. Indeed, equation
(34) is

\/idi1 Z F(z,u)G(c"z,u — Syk(z) — t7)dvd Leby
TtxU neN

=i [rotwrrtu) [ s FERE ) ot pvud + 011
1

_ fz}+ prdv fU ve (u)du

a h [sy rdv

_ _JH(0)
~ h g, rdv

/pg(z)vp(u)dxdu/ e~ 3 Hesso Qo) gy, 4+ O(1/t)
To Ok

/ FdvdLeb / GdvdLeb+0(1/t),

where we have used, in the first equality, equations (40) and (42) and the fact that
N > (1/2)(d — 1) and, in the second equality, the convergence from equation (47).
This completes the sketch of proof.
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