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Abstract We study special flows associated to Hitchin representations of a surface group,
namely the simple root flows. We introduce and discuss the Liouvlle geodesic current which
plays a singular role amongst all the natural invariant currents associated to such a represen-
tation. Finally, we discuss a rigidity result and a pressure metric associated to the first simple
root flow.
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1 Introduction

Anosov representations [15,20] from a hyperbolic group to a semi-simple Lie group are
characterized by their dynamical nature. In the context of projective Anosov representations,
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we [7] previously associated a metric Anosov flow to such a representation and showed that
the (thermo)dynamical properties of this flow yield in turn new structures on the deformation
space of these representations: entropy functions, (pressure) intersections and a pressure
metric.

In this paper, we focus on Hitchin representations of a surface group into PSL;(R). We
associate a wealth of flows to a Hitchin representation, and hence geodesic currents, entropies,
pressure forms etc., depending essentially on an element in the Weyl chamber.

Let us be more specific. If E is a real vector space of dimension d and S is a closed
surface, a representation p : 7(S) — PSL(E) is d-Fuchsian if it is the composition of a
Fuchsian representation into PSL(2, R) and an irreducible representation of PSL(2, R) into
PSL(E). A representation p : 71(S) — PSL(E) is a Hitchin representation if it may be
continuously deformed to a d-Fuchsian representation. Hitchin [17] showed that the Hitchin
component Hy(S) of (PGL(E)-conjugacy classes of) Hitchin representations into PSL(E)
is an analytic manifold diffeomorphic to R@=DIx$)I Labourie [20] showed that a Hitchin
representation is a discrete, faithful quasi-isometric embedding and that the image of every
non-trivial element y is diagonalizable over R with eigenvalues of distinct modulus:

AL(p(y) > A (p(y)) > - > g (p(y)) > 0.

Moreover, there are Holder-continuous, p-equivariant limit curves &, : doom1(S) — P(E)
and S/’)‘ ¢ 9som1(S) — P(E*) whose images are C!**-submanifolds. This last feature is
very specific to Hitchin representations—see Sect. 3.2 (Theorem 3.2) and Guichard [14] for
details.

LetG(S) = 0oom1 (S)z\A be the space of distinct points in the Gromov boundary dx, 771 (S)
of 71(S). We say that a flow over G(S) is an R-principal bundle L over G(S) equipped with
a properly discontinuous and co-compact action of 1(S) by bundle automorphisms. The
R-action on the quotient space Uy = L/m1(S) is a flow, which justifies the terminology.
Given a geodesic current w, i.e. a 7r1(S)-invariant locally finite measure on G(S), we define
a pairing

(w | L) ::/ o ® dt
UL

where dr is the element of arc length given by the R action.
We focus on the simple root flows associated to a Hitchin representation p (see Sect. 3.3).

Foreachi € {1,...,d — 1} there is a flow Lgi over G(S) such that if §, is the geodesic
current with Dirac measure one on every (oriented) axis of an element conjugate to y, then
, Ai (p(¥))
8, 1 L%) = L, (p(y)) = log (7 :
oy 1L7) = La Liv1 (0(¥))

Equivalently, if we let Uy, (p) be the quotient flow with associated element of arc length dsf)”' ,
then the period of Uy, (p) associated to y € m1(S) is given by Ly, (0(y)), the Ly, -length
function.

We also consider the Hilbert flow LH( p) associated to p which is determined, up to Holder
conjugacy, by
ra (p(y))

)
<5V | L;i> =Ly (p(y)) = log (M) ,

for any non-trivial y € m1(S).
Potrie and Sambarino show that the entropy of simple root flows is constant and charac-
terize Fuchsian representations in terms of the entropy of the Hilbert flow.
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Theorem 1.1 (Potrie-Sambarino [32]) The topological entropy of a simple root flow is 1 for
all Hitchin representations. Moreover, a Hitchin representation p € Hq(S) is d-Fuchsian if
and only if the topological entropy of the Hilbert flow is %

One of the main constructions of our paper is to single out, amongst all geodesic currents
associated to a Hitchin representation, a specific asymmetric current called the Liouville
current w,. This Liouville current was introduced in [21] and characterized by the cross ratio
b, of p as discussed in Sect. 4.1. If (¢, x, y, z) are four points in cyclic order in do71(S),
then

1

wp ([t, x] x [y, z]) = *10g<

(u | @)(v | W)
5 .

(u | W)(v | @)

where u, v, ® and W are non zero elements in £, (), §,(x), E; (y) and é—‘;‘ (z) respectively.
As a consequence of Labourie’s work on cross ratios for Hitchin representations [21], this

gives an embedding of the space of all Hitchin representations into the space of geodesic

currents.

Theorem 1.2 If p and o are two Hitchin representations—of possibly different dimensions—
with the same Liouville current, then p = o.

The Liouville current enjoys the following properties.

Theorem 1.3 If p is a Hitchin representation, then

(1) The current w, is the unique current—up to scalar multiplication—in the class of the
Lebesgue measure for the C! structure on G(S) associated to the embedding (&, &").

(2) Themeasure w,® dsg‘1 is—up to scalar multiplication—the unique measure maximizing
entropy for the flow Uy, (p).

(3) If i is a geodesic current, then

i (u, a)p) = <,u | Ly>.

Our Liouville current is closely related to the symmetric Liouville currents defined by
Bonahon [1], when d = 2, and Martone—Zhang [26]. In fact, one may view their Liouville
currents as symmetrizations of our Liouville current.

We define the Liouville volume of a representation, by

VO]L(p) = i(wp, a)p)r

and establish the following volume rigidity result, which is motivated by work of Croke and
Dairbekov [12].

Theorem 1.4 If p, n € Hy(S), then

2
H H
o B I volito) (8, ILF)
yEmN <3y | L!?> Svolim T\ yemen <8y | Lg>

and equality holds in either inequality if and only if either p = n or p = n* where n* is the
contragredient of n.

When d = 3, we apply work of Tholozan [36, Theorem 3] to obtain a simpler volume
rigidity result.
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Corollary 1.5 If p € H3(S), then
vol(p) = 47 [x(S)].

Moreover, equality holds if and only if p is 3-Fuchsian.

We return to the themes explored in [7], by constructing a new, hopefully more tractable,
pressure metric on a Hitchin component. If p, n € H;(S), we define their Liouville pressure
intersection to be

1 o >
Ia] (p,n) = <wp | Lgl) <w:0 | L'l .
If p € Hq(S), we define a function (I, ), : Ha(S) — R by letting (Iy,),,(17) = Ly, (0, n).

Using the thermodynamic formalism developed by Bowen [3], Ruelle [33] and Parry—
Pollicott [30] we show that (I,), has a minimum at p, and its Hessian Py, at p is positive
semi-definite. We call Py, the Liouville pressure quadratic form. This construction is moti-
vated by Thurston’s version of the Weil-Petersson metric on Teichmiiller space (see Wolpert
[37]) as re-interpreted by Bonahon [1], McMullen [27] and Bridgeman [5].

We show that P, is non-degenerate, hence gives rise to a Riemannian metric, and apply
work of Wolpert [37] to see that it restricts to a multiple of the Weil-Petersson metric on the
Fuchsian locus.

Theorem 1.6 The Liouville pressure quadratic form Py, is a mapping class group invariant,
analytic Riemannian metric on Hq(S), that restricts to a scalar multiple of the the Weil—
Petersson metric on the Fuchsian locus.

The main tool in the proof of the non-degeneracy of Py, is that the L, -length functions
of elements of 71 (S) generate the cotangent space of the Hitchin component. More precisely,
if y € m1(S), let L}, : Ha(S) — R be given by

LY (p) = Loy (0(¥)) = (8, | L!).
Theorem 1.7 If p € H4(S), then the set

{D'O Lgl }VEm (S)

generates, as a vector space, the cotangent space T:‘)Hd(S ).

We can also give an interpretation of I, in terms more reminiscent of the construction
in [7]. This interpretation generalizes to give pressure quadratic forms associated to other
simple roots. If 7 > O andi € {1,...,d — 1}, let

Re; (p, T) = {ly] € [m1 (HIN[I]} | L, (0(¥) < T}
We then define an associated pressure intersection

Z Lo; (n(y))

1. (o, =1 _—
o m = Jim Lo, (0(7))

P ¥Ry (0 T)

TR0 1) oy
The associated function (I, ), has a minimum at p, and we again obtain, by considering the
Hessian of (I, ),, a positive semi-definite quadratic pressure form Py, . It is natural to ask
when P, is non-degenerate. In a final section, we observe that P, is degenerate on H>,,(S)
at any Hitchin representation with image (conjugate into) PSp(2n), see Proposition 8.1.
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We recall that our original pressure metric from [7] was obtained as the Hessian of a
renormalized pressure intersection

J(p,m)

_ h(p) i 1 Li(n(y))
= m Z Li
h(m) 70 #R1(p. T) | 2= 1 L1 (p(¥))

where L1 (p()) = log 11 (0()), Ri(p, T) = {[y] € [ri (N[} | L1 (p(»)) < T} and
the spectral radius entropy /(p) is the exponential growth rate of R(p, T).

There are two main advantages of the Liouville pressure metric with respect to the pressure
metric defined in [7]. First, due to work of Potrie and Sambarino [32], we do not have to
renormalize the pressure intersection by an entropy. Second, the Bowen—Margulis measure
associated to the first simple root is directly related to the cross ratio of the representation.
We hope that these two facts will make the Liouville pressure metric more accessible to
computation. It follows from work of Zhang [38] and Theorem 1.4 that the Liouville volume
is non-constant on Hy(S) when d > 3, so one cannot directly use the Hessian of intersection
to construct a metric, as Bonahon [1, Theorem 19] does to reconstruct the Weil-Petersson
metric when d = 2.

2 Dynamical background

In Sects. 2.1 and 2.2 we recall the thermodynamic formalism of Bowen and Ruelle [3,4,33],
which was further developed by Parry and Pollicott [30]. We then discuss geodesic currents
(in Sect. 2.3) and describe the relationship between contracting line bundles and flows (in
Sect. 2.4).

2.1 Basic definitions

Let X be a compact metric space and ¢ = {¢; : X — X},;cr be a topologically transitive,
metric Anosov flow on X. (Metric Anosov flows were first defined by Pollicott [31] who
called them Smale flows.) Let Oy be the collection of periodic orbits of the flow ¢ and and
define

Ry(T) ={a € Oy | £(a) < T}
where £(a) is the period of a. The fopological entropy of the flow ¢ is given by

)= Jim. log #Ry(T)

If « > 0, let Hol*(X, R) be the space of w-Holder continuous functions on X.
If f € Hol*(X, R), let

t@= [ 1,
X
where Sa is a ¢-invariant measure supported on a with total mass ¢(a). Let
Ry(f.T)={a€ Oy |ts(a) <T}

and define

log#Ry(f, T)

b = fim S
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If f is positive, we obtain a new flow ¢/ on X by reparametrizing ¢ by f. Concretely,
¢/ is determined by the formula

B =6/ @)

where k¢ (x,t) = f(; f(¢sx)ds forall x € X and ¢ € R. Notice that if ds is an element of arc
length for the flow lines of ¢, then fds is an element of arc length for the flow lines of ¢/ .
The flow q,’)f is Holder orbit equivalent to ¢ and if a € Oy = 0¢ 7, then £¢(a) is the
pefriod of a in the flow ¢/ In this case, hg(f) is the topological entropy h(¢') of the flow
o7
We will say that f, g € Hol* (X, R) are Livsic cohomologuous if there exists U : X — R
such that for all x € X one has

fx)—gx) = 2 U(¢:x).
|19
Recall that f and g are LivSic cohomologous if and only if £ r(a) = £,(a) foralla € Oy.
Moreover, if f and g are positive, then ¢/ and ¢¢ are Holder conjugate if and only if f and
g are LivSic cohomologuous (see LivSic [25]).
If My is the space of ¢-invariant probability measures on X and m € My, let h(¢, m)
be the metric entropy of m. Then, for f € Hol*(X, R), the topological pressure is

Py(f) = sup {h(¢, m) + / fdm} .
meMyg X
A measure that attains this supremum is called an equilibrium state for f and an equilibrium
state for the zero function is called a measure of maximal entropy.
If f € Hol*(X, R) is positive, Bowen [2, Theorem 5.11] (see also Pollicott [31, Theorem
9]) showed that the measure of maximal entropy for ¢/ is given by the Bowen—Margulis
measure for ¢

A

. 1 da
P ¥Ry (. T) 2 g (@)

anx

where 8, is the product of Dirac measure on the orbit a and the element of arc length on a in
¢’

We make use of the following result of Sambarino [34, Lemma 2.4].

Lemma 2.1 Suppose that f € Hol* (X, R) is positive. If m_,(r) s is the equilibrium state
of —hy(f) f, then

# Jdm_pyp) s
S Fdm_pycpyp

is the measure of maximal entropy of ¢ .

dm

If f, g € Hol*(X, R) are positive, we define their pressure intersection! by

be(@) _ [gdm_npy
L@ [ fdm_pipyp

I(f.g) =l

%0 #Ry (. T) M

acRy(f.T)

I we emphasize the terminology pressure intersection which is meant to distinguish pressure intersection
from the intersection defined by Bonahon [1].
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The last equation follows from [7, Section 3.4]. We define the renormalized pressure inter-
section by

he(g)
o) = 200 (f 9).
J(f 8) o (f) (f. &

In [7, Cor. 2.5, Propositions 3.11 and 3.12], we used results of Parry—Pollicott [30] and
Ruelle [33] to prove the following.

Proposition 2.2 If ¢ is a topologically transitive metric Anosov flow on a compact metric
space X, then

(1) If f € Hol*(X, R) is positive, then the function J; defined by J;(g) = J(f, g) has a
global minimum at f. Therefore, Hess J 7 is positive semi-definite.
2) If {fi}ie(—e.ey C Hol*(X, R) is a smooth one-parameter family of positive functions,
then
2

ar2 ‘,=
if and only if, for every a € Oy, one has

Jfo. f) =0

ot ’z:

Q) If {fuluem and {gv}vemr are analytic families of positive a-Hdélder functions
parametrized by analytic manifolds M and M’, then J(f,, gv) is an analytic function
on M x M’

Oh¢,(f,)€f, (a) =0.

2.2 Expansion on periodic orbits

Assume now that X is a manifold and that ¢ is a C'*t® Anosov flow with unstable bundle
E". Denote by A’g : X — (0, 00) the infinitesimal expansion rate on the unstable direction,
defined by

0
}\u -
¢(x) 9

1 K
- / log det (dy¢y+s|E") ds
t=0 0

for some « > 0.
We record the following observations (see [32, Section 2.2] for further discussion):

(1) If a € Oy, then

E)\g)(a) = / '('; = logdet (dx(bg(aﬂEu)
a

is the total expansion of ¢ along a.
(2) The LivSic-cohomology class of kg does not depend on «.

3) If ¢‘1 is the inverse flow ¢; 1 ¢—;, it follows from LivSic’s Theorem [25] that ¢

preserves a measure in the class of Lebesgue if and only if )‘f;i is Liv§ic cohomologuous

to AZ?,.

We make crucial use of the following classical result of Sinai, Ruelle and Bowen.

Theorem 2.3 (Sinai—Ruelle-Bowen [4]) Let ¢ be a C'+* Anosov flow on a compact manifold
X, then P(— A;) = 0. Moreover, if ¢ preserves a measure in the class of Lebesgue, then this
measure is the equilibrium state of — Az).
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Bowen and Ruelle state their result in the C? setting, but the proof may be extended to the
C!*¢ setting by applying [16, Propositions 19.16 and 20.4.2].

2.3 Geodesic currents

Let I" be a hyperbolic group which is not virtually cyclic. Let G(I") be the space of pair of
distinct points, which we think of as the space of oriented geodesics, on the Gromov boundary
0o Of I

G() :=={(x,y) € doI" [ x # y}.

A geodesic current for I is a I'-invariant locally finite measure on G(I"). If y is a primitive
infinite order element of I with attracting fixed point y; € dooI" and repelling fixed point y_
and §x,y) is the Dirac measure supported at (x, y) € G(I'), we define the geodesic current

Sy = ) 85 g

yelyl

where [y] is the conjugacy class of y in I'. If &« = y” where « is primitive and n > 0, we let
8o =néy.

We let C(I') denote the space of geodesic currents on I and endow it with the weak-*
topology. When I' = 71 (S), for a closed surface S, we write G(S) and C(S) for G (r1(S))
and C (1(S)).

Following Bonahon [1, Section 4.2], we define a continuous, symmetric, bilinear pairing,
called the intersection

1:C(S)xC(S) — R

so that if o, B € T, then i (4, 8p) is the geometric intersection number of the curves on S
representing o and B. Let DG(S) C G(S) x G(S) denote the space of pairs (x, y) and (u, v)
of oriented geodesics which intersect, i.e. so that x and y lie in distinct components of
0001 (S) — {u, v}. We then define

i(u,v):/ du ® dv.
DG(S)/m1(S)

A geodesic current is symmetric if it is invariant by the involution ¢ : (x,y) — (¥, x).
Bonahon [1] works entirely in the setting of symmetric geodesic currents. In fact, he defines
a geodesic current as a measure on the space q (I') = G(I') /¢ of unordered pairs of distinct
points in dxoI". A geodesic current p in our sense naturally pushes forward to a geodesic
current / in the sense of Bonahon. Moreover, if i, v € C(S), then i (i, v) agrees with the
intersection, in the sense of Bonahon, of /1 and V.

2.4 Contracting line bundles and flows

Gromov [13] defined a geodesic flow U(T") for a hyperbolic group I', which is well-defined up
to Holder orbit equivalence, see Champetier [9] and Mineyev [28] for detailed constructions.
The closed orbits of U(I") are in one-to-one correspondence with conjugacy classes of infinite
order elements of I". There is a trivial Holder R principal bundle L = U(T") over G(I")
equipped with a properly discontinuous action of I' by bundle automorphisms, so that L/ T’
equipped with the flow coming from the action of R is Holder orbit equivalent to U(I").
Moreover, U(I") may be parametrized as G(I') x R where the action of R is by translation in
the second factor. We will mostly be interested in the situation where U(I") is metric Anosov.
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In [7, Section 5], we showed that, whenever a I' admits an Anosov representation, U(I")
is indeed metric Anosov. In this paper, we will focus on the case where I' = 71 (), in which
case U(I") may be taken to be the geodesic flow on the unit tangent bundle of a hyperbolic
surface Y homeomorphic to S, and will be denoted U(S), and L may be identified with the
geodesic flow on the unit tangent bundle of the universal cover of ¥, and will be denoted
u(s).

A flow over G(I') is a Holder R-principal line bundle L over G(I') equipped with a
properly discontinuous action of I" by Hélder bundle automorphisms, so that the quotient
flow on Uy := L/ T" is Holder orbit equivalent to the geodesic flow of I". In other words, one
may think of a flow over G(I") as a parametrization of the geodesic flow of I.

Given a geodesic current w and a flow L over G(I"), we define a pairing

(w | L) :=/ o ® dt
UL

where dt is the element of arc length on U|_given by the R-action. Given a flow L the function
o > {w | L) from C(T") to R is continuous.

We observe that, for every non trivial element y in ", (8), | L) is the length of the periodic
orbit associated to y in U, or, equivalently, the translation distance of the action of y on the
fiber L, - ,,+). The map y <8V | L> is the length spectrum of L. If U(T") is metric Anosov,
then, by LivSic’s Theorem, the length spectrum determines the quotient flow U up to Holder
conjugacy.

Let M be a Holder line bundle over U(I"), equipped with a lift of the geodesic flow {{/; };er
on U(T") to a Holder flow {W;};cr on M by bundle automorphisms (i.e. the restriction of W;
is a linear automorphism from M_ to My, ) for all z € U(T") and all € R). We say that M
is contracting if there exist a metric || - || on M and 7y > 0 so that

1
¥ Ol < 5 llaells

for all # in M. Every such line bundle has a contraction spectrum y + c¢(y), where if the
periodic orbit of U(I") associated to y € m1(S) has period t,,, then

I, (V) = e Py

for any vector v in a fiber over the periodic orbit. Again LivSic’s Theorem guarantees that
two line bundle with the same contracting spectrum are isomorphic.
The notions of contracting line bundles and flow are equivalent.

Proposition 2.4 Let I be a hyperbolic group whose geodesic flow is metric Anosov. Then

(1) Given a contracting line bundle M over U("), there exists a flow over G(I') whose length
spectrum coincides with the contracting spectrum of M.

(2) Conversely, given a flow L over G(I'), there exists a contracting line bundle over U(T")
whose contracting spectrum is the length spectrum of L.

Proof Given a contracting line bundle M over U(I"), we construct a flow Ly over G(I") by
the following procedure

(1) First, lift M to a line bundle M over G(F) and let {\TJ,},ER be the lift of the flow {V,},cRr
on M.

(2) We consider the corresponding R-principal line bundle Ly over U(I") equipped with an
action of " by bundle automorphisms; concretely the fiber of Ly over (x, y, s) € U(T")
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is (I\N/I(x;\yvs) —{0})/ £ 1, i.e. non-zero vectors up to sign, and the action of ¢ € R takes
[v] € (LM)(x,y,s) to [etv]~ R

3) Let 7 : U() — G(I). We define Ly := m,Lw, that is the bundle whose sheaf of
sections are the sections of Ly invariant by the flow: More explicitly, for all 7 € R,
(x,y,5) € UI) and [v] € (Lm)(x,y,5), We identify [v] with [‘Tlt(v)] and notice that the
quotient is a principal R-bundle over G(I").

The proof of [7, Proposition 4.2] generalizes immediately to yield the first part of our
proposition.
_ We now establish our second claim. Let L be a flow over G(I"). Consider the trivial bundle
M = L x R over L equipped with the trivial lift of the action of I given by y (x, v) = (yx, v).
Lift the flow {¢; };er on L to the flow

Trw,v) = (100, e ')

on M. These two actions commute and we obtain a contracting line bundle M := M /T over
UL equipped with the quotient flow {W,};cr whose contracting spectrum agrees with the
length spectrum of L. O

As an immediate consequence, the tensor product on principal R bundles gives rise to an
inner product, also called the tensor product,

(Lo, L) = Lo® Ly,

on geodesic flows, which is equivalent to the tensor product of the corresponding contracting
line bundles. The length spectrum of the tensor product is then the sum of the two length
spectra and thus for any geodesic current u € C(I")

(mllo®Ly) = (u|Lo)+(ulLy)

since any current may be approximated by linear combinations of currents associated to
group elements. Given a positive number 7, which we may view as an element of Aut(R),
we can renormalise the action of R on the R-bundle L to obtain a new bundle L so that

(Il =1r(ulL).
One can check then that for a positive integer ,

z—flﬁ
I"=L®. ---®L.

3 Hitchin representations and their associated flows

In Sects. 3.1 and 3.2 we recall the definitions and basic properties of projective Anosov and
Hitchin representations. In Sects. 3.3 and 3.4 we use the techniques of Sect. 2.4 to construct
families of flows associated to such representations.

3.1 Projective Anosov representations
It will occasionally be useful to work in the more general class of projective Anosov rep-

resentations. A representation p : I' — SL(d, R) with domain a hyperbolic group I' has
transverse projective limit maps if there exist continuous, p-equivariant functions
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£y 1 Bl — P(RY)
and
Er: Dol —> P(RY™)
so that if x and y are distinct points in dx ", then
£,(x) @ ker£%(y) = R?.

Recall that a representation p : I' — SL(d, R), with domain a hyperbolic group T,
gives rise to a flat R4-bundle E » over U(T") and that the geodesic flow ¢ on U(I") lifts to
a flow , parallel to the flat connection on E,. Explicitly, let E o = G(F) x R? and let
(lﬁp),(z, v) = ((/3, (z), v) where <f>, is the lift of the geodesic flow ¢; on U(T") to U(F). The
group I" acts on E o by the action of I" on the first factor and p(I") on the second factor, and
the quotient is the flat bundle £, and the flow {(I/;p)t}[e]R descends to a flow v, on E,,.

A representation p with transverse projective limit maps determines a v ,-invariant split-
ting 8, @ O, of the flat bundle E, over U(T"). Concretely, the lift E o of B, has fiber &, (x)
and the lift (:)p of ®, has fiber ker “;‘; (y) over the point (x, y, ) € G(I‘). One says that p is
projective Anosov if the resulting flow on the associated bundle

Hom(®,, E,) = E, ® O}

is contracting.

Projective Anosov representations are quasi-isometric embeddings with finite kernel, see
[15, Theorem 5.3] and [22, Theorem 1.0.1] for Hitchin representations. The following result
is also a standard consequence of the definitions, see, for example, [7, Proposition 2.6]).

Lemma 3.1 If p : m1(S) — SL(d, R) is projective Anosov and y € m1(S) is non-trivial,

then p(y) is proximal with attracting line & (y4) and repelling hyperplane 6 (y—). Moreover,
there exist positive constants B and C such that

o A(p(y)

A2 (p(¥)

where £(y) is the reduced word length of y.

Z Bl(y) - C

3.2 Hitchin representations

If p : 71(S) — PSL4(R) is a Hitchin representation, it admits a lift g : 771 (S) — SL(d, R).
We will abuse notation and denote the flat bundle E; associated to this lift by E,. (The flat
bundle depends on the choice of lift, but this choice will not matter for our purposes).

Labourie [20] showed that every Hitchin representation p admits a continuous
p-equivariant limit map ép 1 001 (S) — Fg where Fy is the space of complete flags
in R?. We summarize its crucial properties below.

Theorem 3.2 (Labourie [20]) If p € Ha(S), there exists a unique p-equivariant Holder
continuous map &, : doom1(S) — Fy such that

(1) Ifd =ny + - + ng, where each ny € N, and {z1, ..., zx} C d0om1(S) are pairwise
distinct, then

EMen @ @& () =R
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(2) The image §,§“(aoom (S)) is a C1 1@ manifold for some o > 0.
(3) The splitting @?:1 |\~/|;) opr into line bundles so that (MZ)(%W) = ?;A‘t()’) (x)ﬂé,gn_IH) )
descends to a splittin d_Mi of E, into line bundles, so that Mi ® (M2)* is con-
P 8 i=1"p P P o
tracting ifi < j.

It is well-known that any exterior power of a (lift of a) Hitchin representation is projective
Anosov (see for example Guichard—Wienhard [15, Pop. 4.4]). Guichard has shown conversely
in [14] that the existence of such limit maps characterize Hitchin representations.

Proposition 3.3 Ifp € Ha(S), 5 : 71(S) — SL(d, R) isaliftof p, k € {1, ...,d — 1}, and
EXG : m1(S) — SL(AYRY) is the k™ exterior power of p, then EX § is projective Anosov.
If p € Hy(S), then
£y =£ =" and ker&(x) =ker&i(x) =E{"V(x),

(d—1)
o

ie. &7 (x) is the projective class of linear functionals with kernel £ (x). More generally,

if p € H4(S), we may choose for each x € 0,71 (S) abasis {e; (p, x)} for R so that él(,j)(x)
is spanned by {ej(p, x), ..., e;(p, x)}. The limit maps for EXj5 are given by
ek (x) = (e1(p, x) A= Ner(p, x))

and
Ker &2 5(¥) = (ejy (0, X) Ao Aejy(p, ) [ 1< ji < jo < < jis k> k).

One may check directly that Hom(®gx 5, Egx 5) is contracting and hence that EX 5 is projective
Anosov, by applying part (3) of Theorem 3.2.

If we apply Lemma 3.1 to the exterior product E’ 5 of a (lift of a) Hitchin representation
we obtain:

Lemma3.4 [fp € Hy(S)andi € {1,...,d — 1}, then there exist B; > 0 and C; so that

oz Ai (p(¥))
Ai+1 (0(¥))

where £(y) is the reduced word length of y.

= Bil(y) —Ci

Lemma 3.4 can also be derived directly from part (3) of Theorem 3.2.

3.3 Flows for Hitchin representations

Theorem 3.2 provides several contracting line bundles over U(S) associated to a Hitchin
representation p € Hy(S).

(1) The spectral radius line bundle ML.

(2) The simple root line bundles My’ := Mi, ® (Mi,“)*.

(3) The Hilbert line bundle M := M} @ (M4)*.

Proposition 2.4 shows that the associated flows

(1) The spectral radius flow U (p) := L:)/m(S).
(2) The simple root flows Uy, (p) = Ly /71(S).
(3) The Hilbert flow Up(p) := LH/m(S).
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are all Holder orbit equivalent to U(S). The corresponding length spectra are

(1) The spectral radius length L1 (o(y)) := log (A1 (p())).

(2) The simple root length Ly, (p(y)) = log (%)

(3) The Hilbert length Ly (p(y)) := log (;\»;((28:;;)

More generally, given any positive linear combination Ly = a1Lqy, + -+ +aq—1Lg, , of
the simple root length functions, we can find a flow Uy () so that the period of y € 71(S)
is given by

Ly (p(y)) =aiLly (p(¥))+---+as—1Lg,_; (0(¥)).

(See the discussion in Sect. 2.4.)

Finally, we observe that, by Theorem 3.2 and [32, Proposition 6.2], the flow M /1, is
obtained as a pullback of a smooth line bundle over the C!**_submanifold (& o X S;) (G(S)) of
P(RY) x P*(RY), so L}) inherits the structure of a C!'T¥-flow.

Potrie and Sambarino [32, Proposition 6.2] show that the unstable manifold EZ for L}) at
a point above (x, y) € G(S) may be identified with Hom (}52) x)n Aﬁ()d_l)(y), A[(,D(x)) and
so the infinitesmal expansion rate 1y, of Uy (p) has the property that

f Meds) = Lo, (p(¥))
Y

forall p € Hq(S), where dsll) is the element of arc length of U (p).

It follows that the reparametrization of U (p) by )\Z is Holder conjugate to Uy, (p). They
then apply results of Sinai, Ruelle and Bowen [4], to conclude that the entropy of Ug, (0)
is 1. They further show, with a more sophisticated argument in the general case, that all the
simple root flows have entropy 1.

Theorem 3.5 (Potrie-Sambarino [32, Theorem B]) If p € Hg(S) and i € {1,...,d — 1},
then Uy, (p) has topological entropy 1.

Remark One may also construct a flow Holder conjugate to U, (p) by constructing, as is
done in Sambarino [34], a positive Holder function on U(S) whose periods are given by
L, (p(y)), see also Potrie-Sambarino [32].

3.4 The spectral radius flow of a projective Anosov representation

Proposition 2.4 implies that if p : I' — SL(d, R) is projective Anosov, then the contracting
line bundle E, over U(I") gives rise to a spectral radius flow Lf over G(I') with quotient
U; (p) so that the closed orbit associated to € T" has period L (p(y)) = log(r1 (p(y)).

The spectral radius flow U (p) is Holder orbit equivalent to U(T"). In [7], we prove that,
up to Holder conjugacy, the reparametrization function can be chosen to vary analytically in
a neighborhood of p.

Proposition 3.6 [7, Proposition 6.2] Let {p, : m1(S) — SL(d,R)},ep be a real
analytic family of projective Anosov homomorphisms parameterized by a disk D about the
origin 0. Then, there exists a sub-disk Do about 0, « > 0 and a real analytic family
{fu + UT) — Rluep, of positive a-Holder functions such that if y € T, then
Ly, (y) =log k1 (ou(¥)).
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4 Liouville currents for Hitchin representations

In Sects. 4.1 and 4.2 we recall Labourie’s cross ratio, define our Liouville current and prove
that it determines the Hitchin representation. In Sect. 4.3 we establish relationships between
the Liouville current, Hilbert length Ly, the Bowen—Margulis current p,, for Ug, (), and
the equilibrium state m _ A for the (negative of the) infinitesmal expansion rate on U (p).

4.1 Labourie’s cross ratio

If V is a finite dimensional real vector space, let
P? =P(V) x P(V*) — {(L, ®) : L € ker ®}
and
P = {(L,®,D,¥): L ¢kerW¥ and D ¢ ker ®}.
Consider the cross ratio on P defined by

) ¥(v)
) o)’
where ¢ € ®, ¥ € W, u € L and v € D are all non-zero. Notice that the result does not

depend on the choices of ¢, ¥, u and v. Labourie observes that B is the polarized cross-ratio
associated to a symplectic form on P®.

B(L, ®, D, V) =

Proposition 4.1 (Labourie [21, Propositions 4.7, 5.4]) There exists a symplectic form Q on
P® so that if (L, ®, D, ¥) € PW, then

B(L, d, D, V) = ¢/ G2

where G : [0,11> — P® is a map such that the images of the vertices of [0, 11> are
(L, D), (L,V), (D, D) and (D, V) and the image of every boundary segment is contained
in either P(V) x {-} or {-} x P(V*).

Moreover, if p is Hitchin, the restriction of the symplectic form Q to the C' T -submanifold
(&, x S;‘) (G(S)) is non-degenerate.

Given p € Hq(S), Labourie defined a cross ratio b, on

Joo1 () = {(x,y,2,1) € doom1 () | x # 1, y # 2}
by setting

b,l)(x! )’7 2, t) = ]B (gp(x)s 5;()’% Sp(z)a S;(t)) .

Labourie and McShane [23, Theorem 9.0.3] show that b,(x, z,¢,y) > 1if (¢, x,y,2) is
cyclically ordered in doom1 (S).

Labourie [21, Theorem 1.1] proves that this cross ratio determines the representation and
has rank d. For any pair of (p + 1)-tuples of pairwise distinct points X = (xp, ..., x,) and
Y = (y0,...,Yp) in 0o (S), we define

xp(0p) (X, Y) = det (bp(xi, Yj» X0, yO))i ietlp)

Theorem 4.2 (Labourie [21, Theorem 1.1]) If p, 0 € H4(S), then b, = b, if and only if
p = 0. Moreover, xq(b,) =0 and xq—1(b,) never vanishes.
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Labourie [21, Theorem 1.1] also shows that the facts that x4(b,) = 0 and x4—1(b,)
never vanishes characterize cross ratios of Hitchin representations into PSL;(R) among all
71 (S)-invariant functions on 9,071 (S)® satisfying the basic properties of a cross ratio.

4.2 Liouville currents: basic definitions

Let w, be the geodesic current defined by

1
wp ([t, x] x [y, z]) = 5 logb,(x,z,t,y) >0

when (x, y, z, t) is a cyclically ordered 4-tuple in the circle d,771(S) and [x, y] denotes the
points between x and y in this cyclic ordering.
Proposition 4.1 implies that

1
wp ([, x] x [y, 2]) = = Q,

2 /quz,x])xs;([y,z])

SO w, is a measure on G(S) which is absolutely continuous with respect to the Lebesgue
measure obtained by identifying G(S) with the CHe_manifold (p x E;‘) (G(S)). We call w,
the Liouville current.

We observe that the Liouville current also determines the Hitchin representation.

Theorem 1.2 If p € Hy(S) and n € H;, (S), then w, = wy if and only if p = 1.
Proof of Theorem 1.2 Suppose that w, = w,. By definition,

bo(x,y,2,t) =wp([z, x] x [t, y]) = wy([z, x] x [t, y]) =by(x, ¥y, 2,0)
whenever (z, x, t, y) is cyclically ordered. Similarly, if (z, x, y, t) is cyclically ordered, then
1 1

Op ey 2 ) = X otD) — an(zal x o) e

(One may summarize these two observations, by saying that b, (x, y, z,t) = b, (x, y,z,1)
whenever the pairs (x, z) and (y, ) have non-intersecting axes, i.e. y and ¢ lie in the same
component of ds,71(S) — {x, z}.)

Suppose that m > d. Let X = (xp,Xx1,...,Xp—1) and ¥ = (yo, ..., Ym—1) be two
m-tuples in 0xo71(S) so that (xg, X1, ..., Xm—1, Y0, Y1, ---, Ym—1) is cyclically ordered.
It follows from the previous paragraph that b,(x;, y;, x0, yo) = by,(xi, y;, x0, yo) for
all i,j > 0. Theorem 4.2 then implies that every (d + 1) x (d + 1) minor of

b,(x;, yi, xo, ) is zero, yet
("’(’ Yj> X0, Y0) i jell,m—1) y

det (b, (xi, 7. 0. 30)) = det (b (xi. v, 30, 30)) #0

i,jefl,...m—1} i,jell,...m—1}

which is impossible. Therefore, we may assume that m = d.

By Theorem 4.2, it suffices to prove that w,, determines the cross-ratiob, (x, y, z, ) of any
4-tuple (x, v, z.1) € oo (S)™. By the observations in the first paragraph, and symmetry,
it suffices to also consider the case where (x, y, z, t) is cyclically ordered.

Fix a cyclically ordered configuration (x4, y4, X0, o) € 900771 (S)®. Choose pairwise
distinct points {xq, ..., xg—1} and {y1, ..., yg—1} in 0071 (S) so that (xo, X1, ..., X4—1, Yo,
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..y Yd—1,Xd, Ya) is cyclically ordered. Let X = (xp,...,x4) and Y = (yo, ..., ya). Theo-
rem 4.2 implies that

xa (b)) (X, Y)) = det (bp(xl',yj,xo’y())%’/e{l ..... 4

= det (b (vi, vy, %0.30)), = Ha BV =0

If i and j are not both d, then either (xo, x;, Yo, y;) or (xo, x;, ¥, o) is cyclically ordered,
so b, (xi, yj, x0, yo) = by(xi, ¥, X0, yo). One sees that all the coefficients in the matrices
above agree except for the term where i = j = d, moreover, again applying Theorem 4.2,
we see that the minors

det <bp(x,-, Yjs X0, yo)) = det (b(r (xi, ¥j, X0, )’0)) i) #0

ije(l,..d—1 ijefl,...

agree and are non-zero. It follows that, b, (x4, y4, X0, Yo) = by (x4, ya, X0, yo). This com-
pletes the proof. O

Corollary 4.3 The Liouville current is symmetric if and only if p = p*.

Proof There is a natural identification of P(R?) with P((R?)*), given by identifying v € R4
to the linear functional w — v - w. So, given a representation p € Hy(S), §,, = E;f and
%':* = &,. Therefore,

wp (2, x] x [y, 2]) = wp([y, 2] x [t, x]) = wp (e([2, x] x [y, z]))

whenever (x, y, z, t) is cyclically ordered. It follows that @, is symmetric if and only if
w, = wp,. Theorem 1.2 then completes the proof. O

4.3 Liouville currents, equilibrium states and Bowen—Margulis measures

We define the current
1 1

= fim —— 5, 2
7% #Re, (0, T) @y’ @

Hp
[¥1€Ra, (0. T) it

where Ry, (p, T) is the set of closed orbits of Uy, (p) of period at most T'. As was discussed
in Sect. 2.1, the measure of maximal entropy for Uy, (p) is the Bowen—Margulis measure for
Ug, (p), given by

1

ds¥ = lim ——
o ®ds, TLOO#R(,,(,O,T)[ 2

1.

S
o Y

¥1€Ra, (0.T) (r 151

where dsg‘ is the element of arc length on Uy, (p). We will refer to 11, as the Bowen—Margulis
current for Uy, (p).
The following result is an enlarged version of Theorem 1.3 from the introduction.

Theorem 4.4 Suppose that p € Hq(S), w, is its Liouville current, AZ is the infinitesmal
expansion rate of U1 (p) and i, is the Bowen—Margulis current for Ug, (p).

(1) Ify € 71(S), then i(8,. w,) = Lu (p() = (3, | LH)

) If e C(S), then i, w,) = {u | LY).
(3) The equilibrium state m_u Jfor the Hélder potential —},, on U1 (p) is a scalar multiple

of w, ® ds}) where ds}) is the element of arc length on U1 (p).
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(4) The equilibrium state m_ju is a scalar multiple of 1, ® ds}).
(5) The measure of maximal entropy for Uy, (p) is a scalar multiple of w, ® dsg‘.
(6) The Liouville current w,, is a scalar multiple of the Bowen—Margulis current (1.

Proof A standard computation, see for example [21, Proposition 5.8], shows that, for all
y € m1(S),

i(8y,wp) = wp([ys, =1 x [x, y ()] + 0p([y, y—1 x [y, (WD

1
= E(Iogbp(y_, Y (@), 4, x) +logb, (v, ¥ (), V4. ¥))

o AL (p(¥))
Ad (p(¥))
=Ly (py))

_ H
= 15)
where x and y are in distinct components of dx071(S) — {y—, y+}.
Since every current is a limit of positive linear combinations of currents associated to
elements of 1 () and the intersection function is continuous in the weak-* topology, we see
that

i1 0p) = (| LY)

whenever € C(S).
Since w,, is a measure on G(S) which is absolutely continuous with respect to the pullback
of the Lebesgue measure on the C!**_submanifold ¢, x S;) (G(8), 0w, ® dsll7 is in the class

of the Lebesgue measure on the C'*® manifold U (p). Theorem 2.3 implies that w, ® dsl(lJ
is a scalar multiple of the equilibrium state m _ A for —A‘; on U (p), i.e.

wp ®dsl1)
<wp | L}7>‘

Since Uy, (p) is Holder conjugate to the reparametrization of U;(p) by A, and Ug, (0)
has topological entropy 1, the equilibrium measure m .« is a scalar multiple of the pullback

3

m_ =
iy

of the measure of maximal entropy i, ® dsg' for Uy, (p) to Ui (p), see Lemma 2.1, i.e.

1
Hp ® ds
m_)\f7 = 71/) (4)
(“ﬂ | Lp)
Since, by Egs. (3) and (4), up ® ds}, is a scalar multiple of w, ® ds},, we see that 1, is a
scalar multiple of @, . Therefore, the measure of maximal entropy 1, ® dsf)’1 for Uy, (p) is
a scalar multiple of w, ® dsj'. O

As an immediate corollary, we obtain an expression for the intersection of two Liouville
currents.

Corollary 4.5 If p € H,,(S) and n € Hy(S), then
i(wp, wy) = (a)p | Lm

Remark Since symmetric geodesic currents are determined by their periods [29, Theorem 2],
our Liouville current w, pushes forward to Bonahon’s Liouville current on G(S), if d = 2,
and to the symmetric Liouville current defined by Martone and Zhang [26], if d > 2.
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5 Liouville volume rigidity

Recall that we define the Liouville volume of p € H;(S) by
_ H
vol(p) = (0, | L)
so Corollary 4.5 implies that
vol (p) = i(wp, ®p).
In this section, we apply Corollary 4.5, an argument of Labourie [19, Lemma 5.1] and a
length spectrum rigidity result [7, Theorem 11.2] to obtain a Liouville volume rigidity result.
Theorem 5.1 If p, n € Hy(S), then
voli (p) : Ly (o)’
> inf —_— .
vol () yem$)—{1) Ly (n(y))
Moreover, equality holds if and only if either p = n or p = n* where n* is the contragredient

of n.

Notice that, inf, ex, (s)—{1} Q:E'Z g;; is finite and non-zero, since Hitchin representations
are well-displacing (see [22, Theorem 6.1.3]). However, if d > 2, it can be arbitrarily close
to 0 or oo (see Zhang [38]).

Proof Let K = infex, (s)—(1) ﬁ:gj”% so thatif y € 71 (S) — {1}, then

18y, wp) = LH (p(y)) = KLy (n(y)) = K i(8y, wy).

Since w, and w, are both limits of positive linear combinations of currents associated to
elements of 771 (S), this implies that

i(wp,wp) 2 K i(wp, wy) and i(wy, wp) 2 K i(wy, wy).
Therefore, using the fact that i is symmetric,
VolL(p) = i(wp, @p) = K i(wp, wy) = K i(wy, wp) = K* i(wy, w,) = K*volL (7).
Now assume that, in addition, vol, (p) = K voli (1)), so
i(wp, wp) = K i(wp,wy) and i(wy, w,) = K i(w,, wy).

Since Uy (p), Uy(n) and Uy, (n) are all Holder orbit equivalent to U(S), we may assume
that, up to Holder conjugacy, there exist positive Holder functions g : U(S) — R and
j : U(S) — R so that

ds'[;| = gds,"—| and jdsy!' = ds,';'.
So, applying Corollary 4.5,
fgdw,, ®ds = /dw,, ®dsh = i(w,. @p) = K vol_(n)
and
/(g —K)do, ®ds! = /g dow, ®dsH — K / doy, ®ds!! = K vol_ (1) — K vol_ (1) = 0.
5
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On the other hand, since Ly (o(y)) = KLy (n(y)),
/(g —K) st = L (o) — KLu (1) > 0
Y

forall y € m1(S) — {1}.
Let f = (¢ — K)j. We will apply the argument of [19, Lemma 5.1] to establish our
rigidity claim. If y € m1(S), then

/fdsf;l :f(g—K)ds;' >0.
v v

Since measures supported on periodic orbits are dense in the space MUul(n) of all flow
invariant probability measures on Uy, (17) (see Sigmund [35]), we see that

/ fdp >0, ©)

forall u € /\/lUO(1 -
Since ., is a multiple of w,, Eq. (5) implies that

/fdun®ds;‘;l:/(g—K)denQods;‘;l:/(g—K)dune@dan:o, 7

SO

sup (h(u)— f fdu> < s h(w

neMug, neMug, o)
= h (Mn ® ds;;”)
—n (Mn ®ds$;1) - f £ duy ® ds?

< sup <h(u)— / fdu)
neMug, m

where the first inequality follows from inequality (6), the equality in the second line holds
because 1, ® dsf;” is the measure of maximal entropy for Uy, (1), the equality in the third
line follows from Eq. (7) and the final inequality holds by definition. Therefore,

P(—f)= sup (h(u)—/fdu> Zh(u,,®dsgl) —/fdun@)dsg',

neMug,

S0 iy @ dsy" is the equilibrium state for — f. Since w, ® dsy" is also the equilibrium state

for the zero function, [16, Proposition 20.3.10] implies that — f is LivSic cohomologuous to
a constant function A. However, A = 0 since

/ fdw, ® ds2t = 0.

It follows that for all y € m1(S),
Ly (p(y)) — KLy (n(y)) = / fdsyt =0.
Y

Therefore, Ly (p(y)) = KLy (n(y)) forall y € m1(S).
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We recall that since p and o are projective Anosov, Adp and Ad(c) are also projective
Anosov (see [15, Section 10.2]). Since A1 (Adp(y)) = Ly (p(y)) for all y € m1(S), [7,
Theorem 11.2] implies that K = 1 and either Adp = Adn or Adp = Adn*. Therefore,
either p = n or p = n*. (When d = 3, we could apply earlier results of Cooper—Delp [11]
or Kim [18]). m]

We obtain the following corollary, stated in the introduction as Theorem 1.4, by symmetry.

Corollary 5.2 If p, n € Haq(S), then

( Ly (p<y>)>2 volL () Ly
in < < sup _—
yeri\1} Ly (n(y)) volL(n) yem o\ Lr (M)

and equality holds in either inequality if and only if either p = n or p = n*.

If p € H3(S), Tholozan [36, Theorem 3] showed that there exists a 3-Fuchsian
representation o = 13 o op, where o9 : m(S) — PSL(2,R) is Fuchsian and
73 : PSL(2, R) — PSL4(R) is the irreducible representation, so that o dominates o, i.e.
Ly (p(7)) = Ly (6 () forall y € my(S). Since w, = 2wy, and i (oy, woy) = 72| x ()]
(see Bonahon [1, Proposition 15]), Corollary 5.2 implies that
voli (p) = vol (o) = 42| x(S)].

Corollary 5.3 If p € H3(S), then
voli (p) = 472 [x (S)!.

Moreover, equality holds if and only if p is 3-Fuchsian.

If p € H3(S), then, see Choi—Goldman [10], there exists a strictly convex open domain
Q,in RP? so that p (7 (S)) acts properly discontinuously and cocompactly on €2 - 1t would
be interesting to explore the relationship between vol| (p) and other notions of volume for
Q,/p (11(S)).

If o = 1300y € Hg(S) is d-Fuchsian, then w, = (d — 1wy, so
vol (o) = (d — 1)2n2|x(S)|. It is known that not every p € H4(S) dominates a Fuch-
sian representation, but one might still ask the following question.

Question Is it true that, for all d > 3,
volL(p) = (d = 1)*7%[x(S)]
Sforall p € Hq(S)? If so, does equality hold if and only if p is d-Fuchsian?

6 Pressure quadratic forms associated to simple roots

In [8, Section 3], we describe a general procedure for producing pressure metrics on defor-
mation spaces of representations based on the constructions in McMullen [27], Bridgeman
[5] and [7]. The first step in the process is to associate a flow to each representation. One
then defines an associated pressure intersection and renormalized pressure intersection. Fun-
damental properties from the thermodynamic formalism, as summarized in Proposition 2.2,
then guarantee that the Hessian of the renormalized intersection gives rise to a non-negative
quadratic form on the tangent space to the deformation space. The resulting quadratic form
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may or may not be positive definite and the analysis of its degeneracy is typically the most
difficult step in this procedure.

Recall that, in Sect. 3.3, we associated a family Uy, (p) of simple root flows to a Hitchin
representation. We interpret the next result to say that this family of flows varies analytically
over the Hitchin component.

Proposition 6.1 Foralli € {1,...,d — 1} and p € Hy(S), there exists a neighborhood V;
of pin Ha(S), vi > 0and an analytic map T; : V; — Hol" (U(S)) such that if o € V;, then
T; (o) is positive and L7,(5)(y) = Ly; (0 (y)) forall y € m1(S).

Notice that the conclusion of Proposition 6.1 implies that the reparametrization of U(S)
by 7; (o) is Holder conjugate to Uy, (o).

Proof Let p € Ha(S). Proposition 3.6 implies that there exists a neighborhood W of p,
B1 > 0 and an analytic map S; : W; — Hol# (U(S)), so that

Lsi0)(y) =logi (a(y))

for all y € m(S) and 0 € Wj. Similarly, since for all i € {2,...,d — 1}, the exterior
power E! 5 of a lift of p is projective Anosov, by Proposition 3.3, Proposition 3.6 implies
that there exists a neighborhood W; of p in Hy4(S), f; > 0 and an analytic map S; : W; —
Hol? (U(S), R) so that if o € W;, then

L0 () = logh1 (E'G(»)) = log (M (0() 22 (1)) -+ 24 (0 (1))

for all Y€ w1(S).
Let V1 = W n W2 and Uy = min{fB;, B2} and define an analytic map T1 Vi >
Hol’! (U(S)) by setting T1 (o) =281(0) — S»2(0). Then

A
€3,y (v) =2log Ay (0 (y)) —log Ay (E%0(y)) =1 (M

= LO{
P <o<y)>> o)

forall y € 71(S) and o € V).
More generally, if i € {2,....,d =2}, let V; = Wy nWan-.-N Wy and Vi =
min{fy, ..., Bi+1}, and define 7; : V; — Hol" (U(S)) by setting

Ti(0) = 28:(0) — Si41(0) — Si—1(0).

One easily checks that €7 ,,(y) = L, (0(y)) forall y € 71(S) and o € V. Finally, we
define ig,l : \71 — Hol%-1 (U(S)), where by_; = Dy, by T"d 1(0) = T"l(a) o F where
F : U(S) — U(S) is given by F(v) = — v, and check that £7,  ,(¥) = La; (a(y 1) =
Lo, (o(y))forally e m(S) and o € Vd 1= V1

It remains to alter each 7; so that, after restricting to a sub-neighborhood of V;, thei image
consists of positive functions. Since T (p) has positive periods, it is Liv§ic cohomologous to
a positive 7;-Holder function f;, for some 7; > 0 (see [34, Lemma 3.8]). Define 7; : V; —
Hol% (U(S)), where v; = min{?;, 7;}, by setting

Ti(0) = Ti(0) + (fi = Ti(0).
We now check that 7; has the properties we claimed.

(1) Since f", is analytic, and 7; is a translate of T}, T; is also analytic.
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(2) Since f; — ﬁ(p) is Livsic cohomologous to 0, 7; (o) is LivSic cohomologous to ﬁ (o).
In particular, they have the same periods, so €7, = Zfl_(a)(y) = L, (o(y)) for all
yem(S)ando € ‘71.

(3) Since U(S) is compact, the set of positive functions is an open subset of Hol" (U(S)).
Since T; (p) is a positive function and 7; is analytic, hence continuous, there is a neigh-
bourhood V; C ?, of p so that T; (o) is a positive function for all o € V;. O

We then define the pressure intersection

Lo, (n(y))

L, (0, ) = lim _ P s I(f" fi)
i(o,m) = _1n = o> Jn
T—oco #Ry, (p, T) yeRe 0.T) Leg; (p(¥))

forall p, n € Hq(S), where

Ro; (p, T) = {[y] € [mi(HIN{[11} | Lo; (p(¥)) < T}

and the reparametrizations of U(S) by f /‘; and f,; are Holder conjugate to Uy, (p) and Uy, (17).
For fixed p € Hq4(S), we further define (I, ), : Ha(S) — R by

(a;)p(0) =1g; (0, 0)

for all o € Hy(S). If V; is the neighorhood of p and T; is the map provided by Proposition
6.1, then

Ly (0, n) = I(T;(0), T;(n))
for all o, n € V;. By Theorem 3.5, Uy, (¢) has entropy 1, for all 0 € H4(S) and all 7, so
Iy, (o, n) =1(Ti(0), Ti(m) = J(Ti (o), Ti ()
for all o, n € V;. Proposition 2.2 then implies that
Po; IT,74(5) = Hessp(Ig;)p

is positive semi-definite and varies analytically over H;(S).

By construction, the extended mapping class group and the contragredient preserve each
P, . It follows immediately from work of Wolpert [37], that the restriction of each P, to
the Fuchsian locus is a positive multiple of the Weil-Petersson metric. Since Ly, (0(y)) =
Loy, (p(y™h) forall p € Hq(S) and y € 71(S), we see that Iy, (p, 0) = Ly, , (p, o) for
all p, 0 € Hy(S), so Py, =Py, ; foralli.

We combine these observations with the non-degeneracy criterion provided by Proposition
2.2 to obtain:

Proposition 6.2 Foreachi € {1, ...,d — 1}, there exists a positive semi-definite, analytic,
quadratic form Py, on TH4(S), which is invariant under the action of the mapping class group
and restricts to a multiple of the Weil-Petersson metric on the Fuchsian locus. Moreover, if
{p:}: € (—¢, €) is a smooth one-parameter family in Hq(S), then ||,(')0||%,a. = 0 ifand only if

9
% Ly; (p:(y)) =0

) 0
vi=-]_,

=0
forall y € m1(S).

Remark Labourie and Wentworth [24] evaluate the original pressure metric at the Fuchsian
locus. They remark [24, Section 6.6] that their analysis should extend to the pressure quadratic
forms Py, .
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Finally, we observe that, as was claimed in the introduction, we may rewrite the Liouville
pressure intersection I, as

1
Ly, (p,m) = m<0)p | Lf{‘>.

Notice that, by Theorem 4.4, w, is a scalar multiple of 1, so w, = ¢, for some ¢, € R.

. _ 1 s ar\ _
Since p, = Ry (0T ZRal (0.T) T:’(V”’ we see that (wp | Ly ) = cp and

(5)/ | '—%”) 1 Loy (1))

—— =0 lim —— _—
) Lay (p(¥)) T—o0 #Ry (0, T) Res (0. T) Loy (p(¥))
ay

Ray (p.T o0.T

Therefore,

1 . 1 Lo, (n(y))
B L) = fim —— Za YD) o).
(wp 1 L3T) <‘”" 'Ly > 7% #Re, (0, T) m%r) Lo, (0(7)) (P )

7 The Liouville pressure quadratic form is a Riemannian metric

The main work of this section is to show that the derivatives of the L, -length functions
generate the cotangent space of the Hitchin component.

Theorem 1.7 If p € Hy(S), then the set

(DL, }yem<S>

generates the cotangent space T;’; Ha(S).

Theorem 1.7 and Proposition 6.2 together imply that the Liouville pressure quadratic form
is a Riemannian metric.

Theorem 1.6 The Liouville pressure quadratic form Py, is a mapping class group invariant,
analytic Riemannian metric on H,(S), that restricts to a scalar multiple of the the Weil—
Petersson metric on the Fuchsian locus.

Proof of Theorem 1.6 Suppose that v € T,H4(S) and [[v|lp,, = 0. Proposition 6.2 implies
that DpL)Ofl (v) =O0forall y € m1(S). Theorem 1.7 then implies that v = 0. Therefore, since
we already know it is positive semi-definite, P, is positive definite. The remainder of the
theorem follows from Proposition 6.2. O

The remainder of the section will be taken up with the proof of Theorem 1.7. Theorem 1.7
generalizes [7, Proposition 10.1], which asserts that derivatives of the spectral radius functions
generate the cotangent space, and its proof follows a similar outline. We use an analysis of the
asymptotic behavior of the L, -length functions to show that if D, LY, (v) = 0 for all y, then
the derivatives of functions which record the eigenvalues are also trivial in the direction v.
We then apply [7, Proposition 10.1] itself to finish the proof, but we could also have observed
that the derivatives of all trace functions are trivial in the direction v and applied standard
facts about character varieties.
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7.1 Transversality results

Let @ be the lift of p(y) to SL(d, R) so that all of its eigenvalues are positive. Suppose
that {e1 (p(y)),...,eq (p(y))} is a basis of R4 consisting of eigenvectors for p(y) so that

p() (ei(1) = 1i (p()) ei (p(1))

for all i. Then we may write

d
P() =Y ki (e pi (p())

i=1

where p; (p(y)) is the projection onto the eigenline spanned by e¢; (o(y)) parallel to the
hyperplane spanned by the other basis elements.

In [6], we prove that if  and S have non-intersecting axes and p € H4(S), then the
bases {e; (p(«))} and {e; (p(B))} have strong transversality properties, which generalize the
transversality properties established by Labourie in [20].

Theorem 7.1 [6, Cor. 4.1] If p € Hq(S), o, B € m1(S) — {1} and o and B have non-
intersecting axes, then any d elements of

ler (p(@) . ... eqa (p(@).e1 (p(B)).....ea(p(B))}

span R, In particular,
pi (p(@)) (¢ (p(B))) #0
foranyi, j e{l,...,d}.

If p € Hq(S) and S?p : 1 (S) — SL (S? (Rd)) is the second symmetric product of a lift
of p to a representation into SL(d, R), then

d
S () =Y 2 (0N 2j (0() Pij (p())

N

and if E%p : m1(S) — SL (EZ(R")) is the second exterior product of a lift of p to a
representation into SL(d, R), then

d
E2p(r) =Y 2 (o) 2 (0() @ij (p())

i<j

where p;; (o(y)) is the projection onto the eigenline spanned by e; (o(y)) - ¢; (p(y)) and
q;j (p(y)) is the projection onto the eigenline e; (o (y)) Ae; (o (y)) parallel to the hyperplane
spanned by the other products of basis elements. (Notice that E2p and S?p are independent
of the choice of lift of p to a representation into SL(d, R).) Then

pii (p(¥)) (v-w) = pi (p(y)) (v) - pi (p(¥)) (w),
Pij (p(¥)) (v-w) = p; (p(¥)) (V) -pj (p(¥)) (W) +p; (p(¥)) (V) -pi (p(¥)) (w) fori # j, and
qij (p(¥)) A w) =pi (p(¥) W) APj (p(¥) (w) —pj (p(¥)) (V) Api (p(¥)) (w).

We use Theorem 7.1 to prove that various terms arising in our asymptotic analysis are
non-zero.
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Lemma 7.2 Ifa, B € m1(S) have non-intersecting axes and p € Hq(S), then

(1) Tr (pii (p(@)) prk (0(B)) ) #0, foralli,k €fl,....d},

) Tr(qij (p@)qu (p(B)) #0 ifi,j.k,le{l,....d}, i#jandk #1,
(3) Tr(pii (p(@)) S*p(B)) #0 ifi €{l,....d}, and

) Tr(qij (p(@)E*p(B)) #0 ifi,je{l,....dYandi # j.

Proof We fix p € H4(S) and identify p(y) with y, for all y € m;(S), throughout the proof
for notational simplicity. Choose bases {e] (), . .., eg(@)} and {e1 (B), ..., eq(B)} and define
t;j (o, B) so that

pi(@) (e;(B)) = tij (e, Plei(a)
foralli, j € {1,...,d}. Theorem 7.1 implies that t;; (o, B) # O for all i and j, so
Tr (pii (@)Pik(B)) = tik(or, B)*txi (B ) # 0.

Ifi < jandk <, we define s;jx; (a, B) by the equation

aB) neB) \ er(@) =sijule. p) (exa)Aej(a) N e@
ri,j r#i,j

Theorem 7.1 implies that s;jx; (e, B) # 0, s0
Tr (qij (@) qu (B)) = sijut (@, BIsiij (B, @) # 0.
Notice that we may choose the basis {e; (BB~} = {B (e; (@))}<_,, in which case
S*0(B) (ei(@) - ei(@) = e;(Bap™") - ei(Bap™).
One then computes that
Tr (pii (0)S*p(B)) = tii (a, fap™") #0.

(Notice that if « and 8 have non-intersecting axes, then so do « and Bap~L)
Similarly,

Tr (qi; (@)E?p(B)) = sijij (e, Bap™") # 0.

7.2 Trace asymptotics

If y € m1(S), let Ay, : Ha(S) — R be given by

A1 (p(¥))
A2 (p(¥))

and notice that L, = log A}, . An asymptotic analysis of traces yields:

AL (p) =

Lemma 7.3 Ifa, B € m1(S) have non-intersecting axes and p € Hq(S), then

i A8 () Tru (o) pu (0(A))

= 0
n—00 Ag'l’(p)Aﬁf(p) Tr (q12 (p(@) q12 (p(B))) #
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and

AL () _ T (e (0@) S0(p)
n—o0 AZ(p) Tr (q12(p(@)E?p(B))

#0

Proof We again fix p € H4(S) and identify p(y) with y throughout the proof for notational
simplicity. One can compute that

Tr(S2p@" ") _ Licicjca ki@ B @) ri(@"B")*(1+an)
Tr (E2p(@" ") Yicizjca M@ BOA@B) — M@ Bra(a”B7)(1 + by)
Aja" ")

Since lim,,_, oo =0ifi > j,by Lemma 3.4,a, — 0 and b, — O asn — oo.

Similarly,

CHD)

Tr (S2p@)S20(8") e ((Sicj hi@hj @ pij @) (i 24 (B (B (B)) )
Tr(E20@DE(BN) 1 (i (@@ @) (Siej 4B BMaii (8)) )
Tr (P11 (@)p11(B)) (1 + cn)
Tr (q12(@)qi2(8)) (1 + dp)

= A2 (AL (0

where ¢, — 0 and d,, — 0. Since the two expression are equal, we may take limits to
obtain the first equality in the statement. Notice that Lemma 7.2 is being used to guarantee
that Tr (p11(a)p11(B)) and Tr (q12(«)q12(B)) are non-zero so that the right-hand expression
makes sense and is non-zero.
To establish the second equality, we compute that
Tt (S’p(e"B)) M@ B)*(1 +ay)

Tr (E2p(@"B)) (" Bra(aB)(1+ b))’

where a;, — 0 and b, — 0, and that

T (Sp@)Sp) T ((Tic) 1@ @)pi(@) $20(8))

T (B20@DE20(H) e (3, ki@ j@nay @) E20(8))

AT (P11(@)S2(p(B)) (1 +¢)

T (qra(@E2p(B) (1 + d)
where ¢, — 0 and d, — 0. We obtain the second equation by setting the two expressions
above equal, taking limits and applying Lemma 7.2 to guarantee that the right-hand expression
makes sense and is non-zero. O

7.3 Derivatives of eigenvalue functions
Let A : Hq(S) — R be given by 1 (p) = A; (p(¥)).

Proposition 7.4 Ifv € T,Hq(S) and D, LY, (v) = 0 for all y € m(S), then DA (v) = 0,
foralli =1,...,dandall y € m(S).

Notice that the assumptions of Proposition 7.4 are equivalent to the assumption that

D, Agl (v) = 0 forall y € m1(S). The proof of Proposition 7.4 makes use of the following
elementary lemma:
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Lemma 7.5 Let a;, b;,ci,di, w; € R, fori =1,...k, withw; > wy > --- > wr > 0. [If,
foreveryn € N,

k k
Z(ai +nb)w; = Z(Ci +nd)w?,

i=1 i=1

then a; = c¢; and b; = d; for all i.

Proof We first divide by nw/ and take the limit to see that

k k
. 1 . 1
b = nl;rr;o m (izgl(ai +nbi)w;’> = nl;rr;o m <iE:](c,- +nd,<)wf’> =d.

We then subtract nbjw{ from each side, divide by w/, and pass to a limit to conclude that
a) = cj.
We may then remove the first order terms and proceed iteratively. O

Proof of Proposition 7.4 We will show that, if y € m(S), then Dp(log)»l).’)(v) =
D, (log A{)(v) forall i. Since A} --- A} =1,

D,(0)(v) =D, (logA}) (v) + -+ + D, (logA}) (v) = d D, (logA)) (v) = 0,

which in turn implies that D, )»g/ (v) =0 foralli.

We first notice that, since D, LY, (v) = 0, D,(logA})(v) = D,(logA})(v) for all y €
m1(S). We proceed iteratively. Assume that D, (log Ag/)(v) = D, (log )Jl’)(v) foralli < m
and y € m1(S). Notice that this is equivalent to the claim that Dp)\g’ v) = Dpk}l/ (v) for all
i <mandy € m(S).

Fixa € 71(S)—{1} and let B be an element of 71 (S), so that « and 8 have non-intersecting
axes and consider the family of analytic functions {F}, : H4(S) — R}, en defined by

Tr(pi1 (p(@))S*p(B")
Tr(qi2(p(@)EZp(BM)

(Aﬁ(p)>” <Tr (puw(a))pu(p(ﬂ)))) '
! Tr (1200 @)a12(0(8)))

Fu(p) =

Notice that, by Lemma 7.3, the numerator of F}, is an analytic function which is a limit
of analytic functions which, by assumption, have derivative zero in the direction v, so the
numerator has derivative zero in direction v. We may similarly use our assumptions and
Lemma 7.3 to show that the denominator of F), has derivative zero in direction v. Therefore,
D, F,(v) =0foralln € N.

We adopt the shorthand A; = Af (B) and expand the above equation to see that

W\ (2 \"
Zigjaij(p) (ﬂ) (ﬁ) _Zigjaij(p)”:'lu;!

F,(p) = n N .. non
Sicibue) (1) () Ziei b0y
where
air(p) = Tr (p11 (p(@)) pij (0(B))) by (o) = Tr (q12 (p(@)) gij (0(B)))
Y Tr (p11 (p(@) p11 (p(B))” Tr (q12 (p(@)) q12 (p(B)))’
U = ﬁ, and v; = )L—l
A Ao
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In particular, @y = b1 = 1 and, by Lemma 7.2, by,, # 0 for all m. Since D, F;,(v) = 0 for
alln e N,

D, [ > aijulu’ | (v) ((Zbk,uzvf) (p))

i<j k<l

= Zaiju?u;? (p) (Dp (Zbkzuﬁvln) (U))

i<j k<l

Letting U;jx = u;u jugvy, this becomes

) W uj n
Z clijbkl + na,-jbkl LT + ; ijki
i< k<l ¢ J

, P Uy
= Z (aijbkz + na;jby (ﬁ + sz)) Lkt

i< k<l

We group terms where U jy; agree and order so that, as sets, {ws}sﬂ’il = {Uijri}i<jk<
and w; > w;4+1 > 0 for all i. We may rewrite the expression above as

M M
> Ay +nBow! =Y (Cy +nDyw!

s=1 s=1

where Ay, Bs, Cy and Dy are constants depending only on s and not on . Lemma 7.5 implies
that A; = C, and By = Dy for all s.

By our iterative hypothesis, D,(logA;)(v) = D,(logiy) for all i < m, and m > 2.
Therefore, 1; = v; = 0 for all i < m. Since m > 2, the iterative step of the proof will be
completed if we show that either #,, = 0 or v,, = 0.

Consider s such that ws, = U111, = v, and notice that

wp U
B, = Z (aijbkl <I/T + ;)) .
(i<, k<l | Uijri=vm} ' J
If wy, = Ujju, then Ujjiy = ujujugv; = vy Since 1 = uy > up > -+ > ug > 0 and
I > v >u;foralli > 2, weseethat u; > ujujurvy = vy > Uy, s0i < j < m. Since
u; =0ifi < m, we see that By, = 0.

A similar analysis yields thatif U;jx; = u;u jugv; = vy, thenk < mand! < m.Therefore,
ity = 0and v; = 0if ] # m. However, ifl = m, theni = j =k =1, so

I Uy ) )
Dy, = > (aijbkl (uf + ;)) = aibim <vﬂ> = bim (Uﬂ> .
[i<jok<l | Ugjrr=vm} ke " m

so, since Dy, = By, = 0, we conclude that by,,0,, = 0. Since we have previously observed
that by, # 0, it must be that v, = 0 which completes the proof. ]

7.4 Proof of Theorem 1.7
Ifv € T,H4(S) and D, LY, (v) = Oforall y € 1 (S), then, by Proposition 7.4, D, (v) = 0

for all i and all y € 71 (S). However, Proposition 10.1 in [7] guarantees that {Dpk}f}y@”(s)
generates the cotangent space to H,(S) at p, so our proof is complete. O
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8 Degeneracy of Py, on H;,(S)

Bridgeman [5] showed that the pressure metric on quasifuchsian space is degenerate on
the Fuchsian locus. In [8, Section 5.8], we construct a pressure metric on H,(.S) which is
associated to the Hilbert length of elements of the image and similarly prove that this metric is
degenerate on the fixed point locus of the contragredient involution. A very similar argument
yields that P, is degenerate on Hp, (S).

Recall that the contragredient involution t : H2,(S) — H2,(S) fixes the submanifold
‘H (S, PSp(2n)) of Hitchin representations with image in PSp(2n).

Proposition 8.1 The pressure quadratic form Py, on Hy,(S) is degenerate on
H(S, PSp(2n)). In particular, if p € H (S, PSp(2n)), v € T,Ha(S) and Dt,(v) = —v,
then ||vllp,, = 0.

Proof Suppose that p € H (S, PSp(2n)), v € T,Hq(S) and Dt,(v) = —v. We choose
a path {p;}se(e,e) in H2,(S) such that pp = v and t(p;) = p—; for all € (—e, €). Since
A (0(y™h) = (ani (x(0)(y))) ™' foralli and all o € Hay,

n(or(y))
)\n+l (pt ()/))
forallt € (—e¢, €) and y € ((S). Therefore,

Lo, (pi(y)) = log ( ) = Lq, (p-1(¥))

E‘,zoLan (0 () =0

for all y € m1(S), so Proposition 6.2 implies that || o lp,, = llvllp,, = 0. m}

It is natural to wonder whether a similar symmetry is responsible for all degeneracies of
pressure metrics constructed in this fashion.
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